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Abstract

Let E be a real Banach space and T be a multivalued asymptotically

Φ-hemicontractive mapping. It is shown that the convergence of the

Mann iterative set sequence of T is equivalent to the convergence of the

Ishikawa iterative set sequence. The results presented in this paper

extend the corresponding results of Rhoades and Solutz.

1. Introduction and Preliminaries

In this paper, it is assumed that E is a real Banach space and ∗E  is

the dual space of E. The mapping 
∗

→ EEJ 2:  defined by

( ) { }xfxffxEfxJ ==∈= ∗∗∗∗∗ ,,:

is called normalized duality map of E, where ⋅⋅,  denotes the

generalized duality pairing between elements of E and that of .∗E
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Definition 1.1. Let the domain ( )TD  of mapping T be nonempty.

Then ( )TDT :  EE 2→⊂  is multivalued mapping.

(1) T is said to be asymptotically nonexpansive if there exists a

sequence { } [ ) ,1lim,,1 =∞⊂
∞→ nnn kk  such that

( ) ,1,,, ≥∀∈∀−≤− nTDyxyxkvu n

where ., yTvxTu nn ∈∈

(2) T is said to be asymptotically pseudocontractive if there exists a

sequence { } [ ) ,1lim,,1 =∞⊂
∞→ nnn kk  and there exists ( )yxJj −∈  such

that

( ) ,1,,,, 2 ≥∀∈∀−≤− nTDyxyxkjvu n

where ., yTvxTu nn ∈∈

(3) T is said to be asymptotically Φ-strongly pseudocontractive if there
exists a sequence { } [ ) ,1lim,,1 =∞⊂

∞→ nnn kk  there exist ( )yxJj −∈  and

a real valued function [ ) ( ) ( ) ,0inflim,00,,0: >Φ=Φ→∞=Φ
∞→

++ rRR
r

( ) ( )rrrh Φ=  nondecreasing such that

( ) ( ) ,1,,, 2 ≥∀∈∀−−Φ−−≤− nTDyxyxyxyxkjvu n (1)

where ., yTvxTu nn ∈∈  If Eq. (1) holds for ( )TFvxTu n ∈∈ ,  (the

fixed point set of T ), then T is called asymptotically Φ-hemicontractive
mapping.

We know that an asymptotically nonexpansive mapping is an
asymptotically pseudocontractive. An asymptotically pseudocontractive
mapping is an asymptotically Φ-strongly pseudocontractive. But the
converse is not true. Setting { } { },1,1 == nkn  we get the usual definition

of Φ-strongly pseudocontractive mapping. Setting { } { },1,0 =≥ nknn

( ) =Φ r ( )1,0, ∈kkr  and taking T to be a single valued mapping, we

get the definition of a strongly successively pseudocontractive mapping
([1, Definition 1(ii), p. 267]).
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The asymptotically nonexpansive mappings were introduced by
Geobel and Kirk [3] in 1972. Later, in 1991, Schu [8] introduced the
asymptotically pseudocontractive mappings. The authors [3, 4] discussed
respectively the iterative approximation of fixed point for an
asymptotically nonexpansive and asymptotically pseudocontractive
mapping in Hilbert and a uniformly convex Banach space. Zhang [12]
worked on the convergence of modified Mann and Ishikawa iterative
sequence with errors for single valued asymptotically nonexpansive
mappings in Banach spaces. The results of [12] extend and improve the
corresponding results of [3] and [8]. In [11], the author studied the
approximation of the new Ishikawa iteration with errors for multivalued
asymptotically Φ-hemicontractive mappings.

In this paper, we discuss the convergence of Mann iteration set
sequence which is equivalent to the convergence of Ishikawa iteration set

sequence for an asymptotically Φ-hemicontractive mapping in a real

Banach space.

Definition 1.2. Let ( )TD  of the mapping T be nonempty. Then

( ) EETDT 2: →⊂  is an asymptotically Φ-strongly pseudocontractive

mapping. For given ( ) { }000 , zOTDz =∈  (singleton), the iterative set

sequence is

{ } { }...,...,,, 10 nn OOOO =

generated by ( ) 11,...,2,1,0 ++ ∈∀=∈∀ nnnn OznOz  scheme

( ) ....,2,1,0,11 =α+α−∈+ nzTzz n
n

nnnn (2)

This iteration is known as the multivalued modified Mann iterative set
sequence. The multivalued modified Ishikawa iterative set sequence is

defined as follows: for given ( ) { }000 , xHTDx =∈  (singleton), the

iterative set sequence is

{ } { }...,...,,, 10 nn HHHH =

generated by ( ) 11,...,2,1,0 ++ ∈∀=∈∀ nnnn HxnHx  scheme

( ) ,11 n
n

nnnn yTxx α+α−∈+

( ) ...,,2,1,0,,1 0 =∈∀β+β−∈ nKxxTxy n
n

nnnn (3)
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where { } { } [ ]1,0, ⊂βα nn  are two real numbers sequences satisfying the

following conditions:

 (i) ,1,0 ≤βα≤ nn  for ...,,2,1,0=n

(ii) ( )∑
∞

=
∞→→β→α∞=α

1
.0,0,

n
nnn n

Definition 1.3 [11]. Let .,, NnEOO n ∈⊂  We say that { }nO

converges strongly to O if

( ) ( ).0infsup, ∞→→−=
∈∈

+ nxyOOW
OxOy

n
n

It is denoted by ( ).∞→→ nOOn

Example 1. Let { } { }

 −=≤≤≤≤=

n
xSxxxxS n

12:,32:10: ∪

.,3 Nnx ∈

≤≤  Then we have ( ).∞→→ nSSn

Remark 1. Let { }32: ≤≤= xxS  in Example 1. Then also we have

( ).∞→→ nSSn  Therefore, the set S is not unique.

Definition 1.4. Let E be a real Banach space and let ( )ECB  be the

family of all nonempty closed bounded subsets of E. A multivalued
mapping :T  ( )ECBE →  is called successively uniformly continuous if

,0>ε∀  then there exist 0>δ  and ,0 Nn ∈  such that ( ) ε<yTxTH nn ,

whenever δ<− yx  and ,0nn ≥  where H is the Hausdorff distance in

( ),ECB  i.e.,

( ) { ( ) ( )} ( ).,,,sup,,supmax, ECBBAyAdBxdBAH
ByAx

⊂∀=
∈∈

It is clear that a uniformly Lipschitzian mapping is much stronger
than a successively uniformly continuous mapping.

Lemma 1.5 [9]. Let { } { } { }nnn t,, µσ  be nonnegative real sequences. Let

00 ≥∃n  such that

( ) ,11 nnnn t µ+σ−≤σ +  for ,0nn ≥∀
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where ( )∑
∞

=
=µ∞=≤≤

1
.,,10

n
nnnn tott  Then ( ).0 ∞→→σ nn

Lemma 1.6 [1]. If E is a real Banach space, then the following

relation is true:

( ) ( ) ( ).,,,,222 yxJyxjEyxyxjyxyx +∈+∀∈∀++≤+

2. Main Results

Theorem 2.1. Let E be a real Banach space and let ( )ECB  be the

family of nonempty closed bounded subsets of E. Let ( )ECBET →:  be

successively uniformly continuous asymptotically Φ-hemicontractive

mapping with { } [ ) .1lim,,1 =∞⊂
∞→ nnn kk  If ,00 Exz ∈=  then the following

two assertions are equivalent:

(1) Multivalued modified Mann iterative set sequence { }nO  generated

by { }nz  converges strongly to { } ( );TFx ⊂∗

(2) Multivalued modified Ishikawa iterative set sequence { }nH

generated by { }nx  converges strongly to { } ( ).TFx ⊂∗

Proof. If the multivalued modified Ishikawa iterative set sequence

{ }nH  generated by { }nx  converges strongly to { },∗x  then setting ,0=βn

...,,2,1,0=n  we get the convergence of modified Mann iterative set

sequence { }.nO  Conversely, we shall prove that (1) ⇒ (2). In [11], we have

proved that the new Mann iterative set sequence and the new Ishikawa
iterative set sequence converge strongly to the fixed point set of T. Let

.n
n

n zTc ∈  Then (2) can be rewritten as

( ) ....,2,1,0,11 =α+α−=+ nczz nnnnn (4)

Let ., n
n

nn
n

n xTvyTu ∈∈  Then (3) can be rewritten as

( ) ,11 nnnnn uxx α+α−=+

( ) ....,2,1,0,1 =β+β−= nvxy nnnnn (5)
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First of all, for ,1≥n  we have ( ) ( ) ( ).ECBETET n ⊂⊂  Therefore the

sequences { } { } { }nnn vuc ,,  are bounded. We denote

{ } ,sup 0
0

1
∗∗∗∗

≥
−+−+−+−= xxxvxuxcM nnn

n

{ }.,max 010
∗

≥
−= xzMM

n

This implies that

( ) ( ) ( )∗∗∗ −α+−α−=− xcxzxz 00001 1

( ) .1 0000 Mxcxz ≤−α+−α−≤ ∗∗

Inductively, we obtain

Mxzn ≤− ∗   for 0≥∀n

as well as

., MxyMxx nn ≤−≤− ∗∗

Since ( ) ( ),, ECBzTcECByTu n
n

nn
n

n ⊂∈⊂∈  similar to Nadler [5], we

can prove that there exist 1111 , ++++ ∈λ∈ω n
n

nn
n

n zTxT  such that

( ),,11 11 ++ 




 +≤ω− n

n
n

n
nn xTyTH

n
u (6)

( ).,11 11 ++ 




 +≤λ− n

n
n

n
nn zTzTH

n
c (7)

From (4), (5), and 0,0 →β→α nn  as ,∞→n  we obtain

nnnnnnnnnn vuxxyx β−α+β+α−=−+1

( ) ( )nnnnnn vxux +β++α≤

( ) ( ),,0 ∞→→β+α≤ nDnn

nnnnnn czzz α+α−=− +1

( ) ( ),,0 ∞→→α≤+α≤ nDcz nnnn

where ( ) ( ) ( ){ } .,,max
0

∞<+++=
≥ nnnnnnn

vxczuxD  Since
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T is successively uniformly continuous, for ,0 Nnn ∈>  using (6), (7), we

have

( ) ( ) ( )1111 ++++ λ−−ω−=λ−ω−−= nnnnnnnnn cucuq

11 ++ λ−+ω−≤ nnnn cu

( )1,11 +




 +≤ n

n
n

n xTyTH
n

( ) ( ).,0,11 1 ∞→→




 ++ + nzTzTH

n n
n

n
n (8)

Using (4), (5), (8) and T is an asymptotically Φ-hemicontractive mapping,

we obtain

( ) 11
2

11 1 ++++ −−α−≤− nnnnnnn zxzxzx

( )11, ++ −−α+ nnnnn zxjcu

( ) 111 ++ −−α−= nnnnn zxzx

( )1111 , ++++ −λ−ωα+ nnnnn zxj

( ) ( ) ( )1111 , ++++ −λ−ω−−α+ nnnnnnn zxjcu

( ) 111 ++ −−α−≤ nnnnn zxzx

[ 2
11 ++ −α+ nnnn zxk

( ) ]1111 ++++ −−Φ− nnnn zxzx

11 ++ −α+ nnnn zxq (9)

because ( ),1,0,0 ∞→→→→α nkq nnn  then 00 nN >∃  such that

( ) 021 >+α− nnn kq  for .0Nn ≥  Without loss of generality, let

( ) 021 >+α− nnn kq  for .0nn >∀  Note that

 ( ) 111 ++ −−α− nnnnn zxzx

[( ) ]2
11

221
2
1

++ −+−α−≤ nnnnn zxzx (10)

( ).1
2
1 2

1111 ++++ −+≤− nnnn zxzx (11)
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Substituting (10), (11) into (9) we obtain

( )
( )

2
2

2
11 21

1
nn

nnn

n
nn zx

kq
zx −

+α−
α−

≤− ++

( ) ( ) 111121
2

++++ −−Φ
+α−

α
− nnnn

nnn

n zxzx
kq

( ) ,
21 nnn

nn
kq

q
+α−

α
+  for .0nn > (12)

It readily follows from (12) that 011 →− ++ nn zx  as .∞→n  However,

for completeness, we present the details. We discuss the following cases
which cover all the possibilities:

1. Suppose ,0inf 110
>− ++≥ nnn

zx  due to the assumption on the

function Φ, then there exists 0>r  such that

( )
,

11

11

++

++
−
−Φ

<
nn

nn
zx
zx

r  for .0nn >∀ (13)

Using (13), then (12) yields

( )
( )

2
2

2
11 221

1
nn

nnnn

n
nn zx

rkq
zx −

α++α−
α−

≤− ++

( ) rkq
q

nnnn

nn
α++α−

α
+

221
(14)

because ( ),1,0,0 ∞→→→→α nkq nnn  then there exists 01 nn >

such that

( ) ( )[ ]rkqr
nnnnnn α++α−





 α−−α− 221

2
11 2

( ) 0
2
312 2 ≤



 −α++α+−α= rrqk nnnnn  for 1nn ≥∀

and therefore, we get

( )
( ) ,

2
1

221
1 2

n
nnnn

n r
rkq

α−≤
α++α−

α−
 for .1nn ≥∀ (15)
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Using (15), then (14) yields

22
11 2

1 nnnnn zxrzx −




 α−≤− ++

( ) rkq
q

nnnn

nn
α++α−

α
+

221
 for .1nn ≥∀

Using Lemma 1.5, let ( ) .
221 rkq

q

nnnn

nn
n α++α−

α
=µ  Then we obtain

( ),0 ∞→→− nzx nn  which is a contradiction. This means that

2. ,0inf 110
=− ++≥ nnn

zx  then { } { }nnnn zxzx
jj

−⊂−∃ ++ 11  such

that ( ).011 ∞→→− ++ jzx
jj nn  Due to

( ),0,0,1 ∞→→→α→ nqk nnn  then for ( )1,0∈ε∀  there always

exists large enough positive integer 
0jn  such that

( ) ( ) ( )






εΦ<−εεΦ<εΦ<α

ε<− ++

4
11,

4
1,

4
1

11 00

nnn

nn

kq

zx
jj

(16)

for .
0jnn ≥  Our next step is to show that

,
00

ε≤− ++ inin jj
zx  for .1≥∀i (17)

In fact, as ,1=i  we know the conclusion holds from (16). As ,2=i

assume the conclusion does not hold, then we have

.22 00
ε>− ++ jj nn zx (18)

Using nondecreasing nature of ( ),rh  we have ( ) 222 000 +++ −Φ
jjj nnn xzx

( ) .20
εεΦ≥− +jnz  Let ( ) .

21
1

nnn
n kq

h
+α−

=  Then the first term of

(12) becomes

( )
( )

22
2

21
1

nnnn
nnn

n zxzx
kq

−=−
+α−

α−

( )[ ] .12 2
nnnnnnn zxqkh −+α+−α+
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Using (12) and (16), we obtain

2
11

2
22 0000 ++++ −≤−

jjjj nnnn zxzx

[ ( )


 α+−α+ ++++ 1111 0000

12
jjjj nnnn kh

] ( )


+εεΦ−−+ ++++ 1

2
111 0000

2
jjjj nnnn qzxq

[ ( ) ( ) ( ) ]

 εεεΦ+εΦ+εΦ⋅α+ε≤ ++

2
11

2
4
1

4
1

4
12

00 jj nnh

( ) ( )

εεΦ+εεΦ−

4
12

( ) ( ) 2
11

2 2
4
5

00
ε<





 εεΦ−εεΦα+ε≤ ++ jj nnh

which is a contradiction with (18). Hence ε<− ++ 22 00 jj nn zx  holds and

inductively we get (17). This implies that

.0lim =−
∞→ nnn

zx (19)

Suppose that the modified Mann iterative set sequence { }nO  generated

by { }nz  converges strongly to ( ),TFx ∈∗  that is { }( ),∞→→ ∗ nxOn  i.e.,

( )
( ).0supinfsup ∞→→−=− ∗

∈

∗

∈∈ ∗
nxyxy

nn OyTFxOy

Then, we have .lim ∗
∞→

= xznn
 The inequality

∗∗ −+−≤−≤ xzzxxx nnnn0 (20)

and (19) imply that .lim ∗
∞→

= xxnn
 Let nHδ  denote the diameter of the set

{ }.nH  Then we have

( )∞→→′−≤′−=δ
∈∈′

nxxxxH
nn HxHxx

n 0sup2sup
,
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( { }) ∗
∈∈

∗+ −=
∗

xxxHW
FxHx

n
n

infsup,

∗

∈
−= xx

nHx
sup

xxxx n
Hx

n
n

−+−≤
∈

∗ sup

( ),0 ∞→→δ+−≤ ∗ nHxx nn

i.e., { } { }.∗→ xHn  This completes the proof.

Remark 2. Theorem 5 and Theorem 8 of [7] are special cases of

Theorem 2.1.

1. The Mann iteration method and the Ishikawa iteration method in

[7] are replaced by the more general multivalued modified Mann iterative

set sequence and multivalued modified Ishikawa iterative set sequence,

respectively.

2. A strongly successively pseudocontractive mapping in [7] is

extended to an asymptotically Φ-hemicontractive mapping and uniformly

Lipschitzian of mapping T in Theorem 5 or uniformly convex of ∗E  in

Theorem 6 is replaced by successively uniformly continuous.

Corollary 2.2. Let E be a real Banach space and ( ) KTD =  be a

nonempty closed convex subset of E. Let KKT 2: →  be a successively

uniformly continuous asymptotically Φ-hemicontractive mapping with

{ } [ ) .1lim,,1 =∞⊂
∞→ nnn kk  Further, it is provided that there exist bounded

selections { } { } { }nnn cvu ,,  with .,, n
n

nn
n

nn
n

n zTcyTuxTv ∈∈∈  If

=0z  ,0 Ex ∈  then the following two assertions are equivalent:

(1) Multivalued modified Mann iterative set sequence { }nO  generated

by { }nz  converges strongly to { } ( );TFx ⊂∗

(2) Multivalued modified Ishikawa iterative set sequence { }nH

generated by { }nx  converges strongly to { } ( ).TFx ⊂∗
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If the mapping T does not satisfy successively uniform continuity,

then we have the following result:

Theorem 2.3. Let E be a real uniformly smooth Banach space and
EET 2: →  be an asymptotically Φ-hemicontractive mapping with

nonempty closed values and { } [ ) .1lim,,1 =∞⊂
∞→ nnn kk  Further, it is

provided that there exist bounded selections { } { } { }nnn cvu ,,  with

,n
n

n xTv ∈  ,n
n

n yTu ∈  .n
n

n zTc ∈  If ,00 Kxz ∈=  then the following

two assertions are equivalent:

(1) The multivalued modified Mann iterative set sequence { }nO

generated by { }nz  converges strongly to { } ( );TFx ⊂∗

(2) The multivalued modified Ishikawa iterative set sequence { }nH

generated by { }nx  converges strongly to { } ( ).TFx ⊂∗

Proof. Using (4), (5) and Lemma 1.6, since T is asymptotically

Φ-hemicontractive, we obtain

( ) ( ) ( ) 22
11 1 nnnnnnnn cuzxzx −α+−α−=− ++

( ) ( )11
22 ,21 ++ −−α+−α−≤ nnnnnnnn zxjcuzx

( ) ( )nnnnnnnn zyjcuzx −−α+−α−= ,21 22

( ) ( )nnnnnnn zyjzxjcu −−−−α+ ++ 11,2

( ) { 222 21 nnnnnnn zykzx −α+−α−≤

( ) }nnnn zyzy −−Φ−

( ) ( ) .2 11 nnnnnnn zyjzxjcu −−−−α+ ++ (21)

Let MM ,1  be as in Theorem 2.1. Then

1Mcu nn ≤−
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and we have

( ) ( ) ( ) ( )nnnnnnnn zzyxzyzx −−−=−−− ++++ 1111

nnnnnnnnnnnn czvuxx α+α−β−α+β+α−=

( )nnnnn czux +++α≤

( )nnn vx +β+

( ) ( ),0 ∞→→β+α≤ nDnn

where ( ) ( ){ } .,max
0

∞<++++=
≥ nnnnnnn

vxczuxD  Since

E is a real uniformly smooth Banach space, j is a single map and

uniformly continuous on every bounded set. So we have

( ) ( ) 011 →−−− ++ nnnn zyjzxj  as ∞→n .

Denote

( ) ( ) .2 111 nnnnnn zyjzxjM −−−α=σ ++ (22)

Again, using (4) and Lemma 1.6, we get

( ) ( ) ( ) 22 1 nnnnnnnn zvzxzy −β+−β−=−

( ) ( ) .,21 22
nnnnnnnn zyjzvzx −−β+−β−≤ (23)

For the second term of (23), we have

( ) nnnnnnnnnn zyzvzyjzv −−β≤−−β 2,2

[ ][ ]∗∗∗∗ −+−−+−β≤ xzxyxzxv nnnnn2

.8 2Mnβ≤ (24)

Substituting (24) into (23), we get

.8 222 Mzxzy nnnnn β+−≤− (25)
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Substituting (25) into (21), we obtain

[ ( ) ] 222
11 121 nnnnnnn zxkzx −α+−α+≤− ++

( ) 2162 Mkzyzy nnnnnnnnn βα+σ+−−Φα−

( ) ,22
nnnnnnnnn zyzyzx θα+−−Φα−−≤ (26)

where ( )[ ] ( ) ( )nnnnnnnnn zyjzxjMMkk −−−+β+α+−=θ ++ 111
2 21612

( ).0 ∞→→ n  Suppose ,0inf >δ=− nnn
zy  then for ,,0 δ≥−≥∀ nn zyn

( ) ( ) .0>δδΦ≥−−Φ nnnn zyzy  From ( ),0 ∞→→θ nn  we have

01 >∃n  such that ( )δδΦ≤θn  for .1nn ≥  Using (26), we get

( ) ,22
11 δδΦα−−≤− ++ nnnnn zxzx  for 1nn ≥

and thus

( ) ( )∑ ∑
∞

=

∞

=
++ ∞<−−−≤αδδΦ

1 1

2
11

2

nn nn
nnnnn zxzx

which is a contradiction with ∑
∞

=
∞=α

1

,
nn

n  i.e., .0=δ  This means that

{ } { }nnnn zyzy
jj

−⊂−∃  such that ( ).0 ∞→→− jzy
jj nn  Using (5)

we obtain

( )
jjjjjjjj nnnnnnnn zvzyzx −β+−≤−β−1

.2 Mzy
jjj nnn β+−≤

Thus { } { }nnnn zxzx
jj

−⊂−∃  such that ( ).0 ∞→→− jzx
jj nn  Therefore,

( ) 0,1,0 >∃∈ε∀ jN  such that ε<−
jj nn zx  for .1nNn j ≥≥∀  Moreover,

22
2 ε






 εΦ≤θn

( ) ( )
4
ε≤+α++α= nnnnnnn cuzxd
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for .jNn ≥  Using (5), we get

.
4
ε≤β+β≤− nnnnnn vxyx

In the next step we shall show that

.11 ε≤− ++ jj nn zx

If it is not the case, then we get .11 ε>− ++ jj nn zx  Using (5), we have

211
ε+−≤+−+−≤−<ε ++ jjjjjjjjj nnnnnnnnn zydyxzyzx

and thus

.
2
ε>−

jj nn zy

Because ( )rh  is nondecreasing,

( ) .
22
ε






 εΦ≥−−Φ

jjjj nnnn zyzy

Using (26), we get

222
11 22

2
22

2 ε≤ε





 εΦα+ε






 εΦα−−≤− ++ jjjjjj nnnnnn zxzx

which is a contradiction with .11 ε>− ++ jj nn zx  Inductively, we get

,ε≤− ++ mnmn jj
zx  for ,1≥m

i.e., .0lim =−
∞→ nnn

zx  The rest of proof have analogy with that of

Theorem 2.1. This completes the proof.

The results above also hold for Mann and Ishikawa iterative

sequences with errors, if such sequences admit appropriate conditions.
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