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Abstract

Let E be a real Banach space and T be a multivalued asymptotically
®-hemicontractive mapping. It is shown that the convergence of the
Mann iterative set sequence of T is equivalent to the convergence of the
Ishikawa iterative set sequence. The results presented in this paper

extend the corresponding results of Rhoades and Solutz.

1. Introduction and Preliminaries

In this paper, it is assumed that E is a real Banach space and E* is
the dual space of E. The mapping J : E — 2E>k defined by
J@)={f" e E" (e, )= M= 171 =1}
is called normalized duality map of E, where (-, -) denotes the

generalized duality pairing between elements of E and that of E*.
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Definition 1.1. Let the domain D(T') of mapping 7 be nonempty.

Then T : D(T) c E — 2% is multivalued mapping.

(1) T is said to be asymptotically nonexpansive if there exists a

sequence {k,} c [1, ©), lim k, =1, such that
n—o
u-v|<ky|x-y| Vx,ye DT)Vn=1,

where u € T"x, v € T"y.

(2) T is said to be asymptotically pseudocontractive if there exists a

sequence {k,} < [1, ©), lim k, =1, and there exists j e J(x — y) such
n—ow
that

(u-v, j) < ky|x —y||2, vx, ye D(T), Vn =1,

where u € T"x, v e T"y.

(3) T'is said to be asymptotically ®-strongly pseudocontractive if there
exists a sequence {k,} c [1, ©), lim k, =1, there exist j € J(x — y) and
n—ow

a real valued function ® : R* = [0, ©) - R*, ®(0) = 0, lim inf ®(r) > 0,
r—>0

h(r) = r®(r) nondecreasing such that

(u-v, j)£kn||x—y||2—(D(||x—y||)||x—y||, vx,ye D(T)Vvn >1, (1)

where u e T"x,v e T"y. If Eq. (1) holds for u e T"x,v € F(T) (the
fixed point set of T'), then T is called asymptotically ®-hemicontractive
mapping.

We know that an asymptotically nonexpansive mapping is an
asymptotically pseudocontractive. An asymptotically pseudocontractive
mapping is an asymptotically ®-strongly pseudocontractive. But the

converse is not true. Setting n = 1, {k,,} = {1}, we get the usual definition
of ®-strongly pseudocontractive mapping. Setting n > ng, {k,} = {1},
®(r) = kr, k € (0,1) and taking T to be a single valued mapping, we

get the definition of a strongly successively pseudocontractive mapping
([1, Definition 1(@i1), p. 267]).
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The asymptotically nonexpansive mappings were introduced by
Geobel and Kirk [3] in 1972. Later, in 1991, Schu [8] introduced the
asymptotically pseudocontractive mappings. The authors [3, 4] discussed
respectively the iterative approximation of fixed point for an
asymptotically nonexpansive and asymptotically pseudocontractive
mapping in Hilbert and a uniformly convex Banach space. Zhang [12]
worked on the convergence of modified Mann and Ishikawa iterative
sequence with errors for single valued asymptotically nonexpansive
mappings in Banach spaces. The results of [12] extend and improve the
corresponding results of [3] and [8]. In [11], the author studied the
approximation of the new Ishikawa iteration with errors for multivalued
asymptotically ®-hemicontractive mappings.

In this paper, we discuss the convergence of Mann iteration set
sequence which is equivalent to the convergence of Ishikawa iteration set
sequence for an asymptotically ®-hemicontractive mapping in a real

Banach space.
Definition 1.2. Let D(T) of the mapping T be nonempty. Then

T:DT)cCE— 2F is an asymptotically ®-strongly pseudocontractive
mapping. For given z, € D(T), Oy = {23} (singleton), the iterative set

sequence 1s

{0,} =10y, Oy, ..., O,, ..}
generated by Vz, € 0, (n = 0,1, 2, ...), V2,41 € O, scheme

Zp1 € M-0y)z, +0,T"z,, n=0,1,2, ... 2)

n»

This iteration is known as the multivalued modified Mann iterative set
sequence. The multivalued modified Ishikawa iterative set sequence is
defined as follows: for given x5 e D(T), Hy = {xg} (singleton), the

iterative set sequence is
{H,} ={Hy, Hy, ..., H,, ...}
generated by Vx, € H, (n =0, 1, 2, ...), Vx,,,; € H,,; scheme

Xp+1 € (1 - O(‘n)xn + Ochnyn’

v, € 0-B,)x, +B,T"x,, Vxoe K, n=0,1,2, .., 3)
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where {a,}, {B,,} = [0, 1] are two real numbers sequences satisfying the

following conditions:
@0<a,,pB,<1, forn=0,1,2, ..,
(i) Y o, =, 0, > 0,8, >0 (n—> )
n=1
Definition 1.3 [11]. Let 0,0, c E,ne N. We say that {O,}

converges strongly to O if

W*(0,,0) = sup inf|y—x| > 0(n — ).
ye0,, ¥€0
It is denoted by O,, — O (n — o).

Examplel.LetSz{x:OSxSl}U{x:2SxS3},Sn:{x:2—%

< xs3},ne N. Then we have S,, > S (n — o).

Remark 1. Let S = {x : 2 < x < 3} in Example 1. Then also we have

S, — S (n — ). Therefore, the set S is not unique.

Definition 1.4. Let E be a real Banach space and let CB(E) be the

family of all nonempty closed bounded subsets of E. A multivalued
mapping 7 : E — CB(E) is called successively uniformly continuous if

Ve > 0, then there exist § > 0 and ny € N, such that H(T"x, T"y) < ¢

whenever |x — y| <8 and n > ng, where H is the Hausdorff distance in
CB(E), ie.,

H(A, B) = max{sup d(x, B), supd(4, y)}, VA, B c CB(E).
xeA yeB

It is clear that a uniformly Lipschitzian mapping is much stronger
than a successively uniformly continuous mapping.

Lemma 1.5 [9]. Let {c,}, {1,}, {,} be nonnegative real sequences. Let

Ing 2 0 such that

6,41 < (1 -t,)o, +1,, for Vn = ng,
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where 0 <t, <1, Ztn = oo, u, = o(t,). Then 6, — 0(n — ).

n=1

Lemma 1.6 [1]. If E is a real Banach space, then the following

relation is true:

lx+y [ <[ x| +20, jtc+ ), Vx, yeE, Vix+y)e Jx+y).
2. Main Results

Theorem 2.1. Let E be a real Banach space and let CB(E) be the
family of nonempty closed bounded subsets of E. Let T : E — CB(E) be

successively uniformly continuous asymptotically ®-hemicontractive
mapping with {k,}c (1, ), lim k, =1. If zo = xo € E, then the following
n—>oo

two assertions are equivalent:

(1) Multivalued modified Mann iterative set sequence {0, } generated
by {z,} converges strongly to {x*} c F(T);

(2) Multivalued modified Ishikawa iterative set sequence {H,}
generated by {x,} converges strongly to {x"} ¢ F(T).

Proof. If the multivalued modified Ishikawa iterative set sequence
{H,} generated by {x,,} converges strongly to {x*}, then setting B, = 0,
n=0,12, .. we get the convergence of modified Mann iterative set

sequence {0, }. Conversely, we shall prove that (1) = (2). In [11], we have

proved that the new Mann iterative set sequence and the new Ishikawa

iterative set sequence converge strongly to the fixed point set of T. Let

¢, € T"z,. Then (2) can be rewritten as
zp4 =0-0a,)z, +a,c,, n=0,1,2, ... 4)
Let u, € T"y,, v, € T"x,. Then (3) can be rewritten as

Xn+l = (1 - OLn)xn T OyplUy,

Yo =0 =B,)x, +Buv,, n=0,1,2, ... 5)
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First of all, for n > 1, we have T"(E) c T(E) c CB(E). Therefore the

sequences {c,}, {u,}, {v,} are bounded. We denote
My = sup ey~ |+~ [+ o~ Dz ~x°
M = max{My, | zo - x" [}
This implies that
|21 =" | =@ —0p)(zo — %) + egco —27) |
< (@ -ag)fzo —a" [+ co —x" | < M.
Inductively, we obtain
|z, —x" | <M for Vvn >0
as well as
[xp 2" [ < M, [y, —x" || < M.

Since u, € T"y, < CB(E), ¢, € T"z, < CB(E), similar to Nadler [5], we

can prove that there exist ®,.; € T"x,,1, Ays1 € T"2,,1 such that

1
" Up — Op41 " = (1 + ;)H(Tnym Tnxn+1)> (6)

len = Aner | < (1 ; %)H(T”zn, Tz .1). )
From (4), (56), and a,, > 0, B,, > 0 as n —> o, we obtain
|21 = 2 | = 1= 0nn + By + otptty = Brop |
< ap (o 1+ [ )+ Balll2n [+ v )
<(a, +B,)D = 0, (n > ),
20 = 2nsa [ = = nzn + aney |
< a2, |+ en ) € 0D =0, (0 > o),

where D = max((] 5, | + [y [} (2 [+ [ I (12 |+ vy )} < . Since
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T is successively uniformly continuous, for n > ny € N, using (6), (7), we

have
qn = " Up = Cp — ((’)n+1 - kn+1) " = " (un - (’)n+1) - (cn - kn-%—l) "

<fun o+l en =2na |

< (1 ; %)H(T”yn, T, )
# (14 L H@" 2, T%00) > 0, (0 ) ®)

Using (4), (5), (8) and T is an asymptotically ®-hemicontractive mapping,

we obtain
| %ns1 = Znan 17 € 0= ) % = 25 Il %001 = 2 |
+ 0 Uy = Cpy J(*na1 — Zpi1))
=1 -ap)xn = 2n [ %1 — 2041 |
+ 0 (On1 = Apr1s J(*n41 = Zna1))
+ 0 ((Up = €p) = @ps1 = Apia ) J(@n41 = 2p41))
<@ -op) % =20 [ Xns1 = 2n41 |
+ ol Tt = 20t I
= (|| %41 = 241 DI %ns1 = 2nea |

+ (ann” Xn+l ~ 2n+l " (9)

because a, — 0,q, — 0, %k, —> 1(n — ), then 3N > ny such that
1-a,(q, +2k,) >0 for n> N, Without loss of generality, let
1-a,(q, +2k,) >0 for Vn > ny. Note that

(1 - (xn)" Xn ~ 2n " " Xn+l ~ ?n+l "

1
< G0 -0l 2n =~ 2 P+ 2pa1 = 2041 7] (10)

1
[ %p41 = 2n41 || < 5(1 + | Xpi1 — Zne1 ||2) (11)



204 LIPING YANG

Substituting (10), (11) into (9) we obtain

(1 B an)z 2
1- an(Qn + 2kn) " o " En ”

" Xn+l ~ ?n+l "2 <

20,
- 1- OLn(qn + 2kn) (D(” Xn+1l ~— @n+l ")" Xn+l ~ @n+l "

1-a,(g, +2k,)’

for n > ng. 12)

It readily follows from (12) that | x,,1 — 2,,1 | = 0 as n — . However,

for completeness, we present the details. We discuss the following cases

which cover all the possibilities:
1. Suppose inf(’)" Xp41 — 2n41 | > 0, due to the assumption on the
n>

function @, then there exists r > 0 such that

(D(" Xn+l ~ ?n+l ")

r< , for Vn > ny. (13)
" Xn+l ~ ?n+l "
Using (13), then (12) yields
2
1-a
st~ 2t P € ol e

1-a,(g, +2k,)+ 20,

1-a,(g, +2k,)+ 2a,r

(14)

because o, — 0,q, — 0, %k, —> 1(n — ), then there exists n; > ng

such that

,
(1 - OLn)z _(1 _Ean)[l - OLn(qn + 2kn)+ 20Ln7‘]
= ocn[Z(kn 1) +a, +q, +rlo, —gr} <0 for Vn 2 m

and therefore, we get

(1_an)2 r
<l-—- for Vn > ny. 15
1-a,(g, +2k,)+ 20,r g Ono TOL V=T (15)
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Using (15), then (14) yields
tnn = 2ma I = (1= a0 - 2

1-a,(g, +2k,)+ 2a,r

for Vn 2> n,.

%ndn

. Th btai
1= 0 (@ + 2ky) + 2a,r o e oA

Using Lemma 1.5, let u, =

| £, — 2 || = 0(n — <o), which is a contradiction. This means that

2. }gf(;" Yn+l ~ 2n+l ” =0, then E|{3an-+1 - an+1} c {x, —z,} such
that [ Xyl = Znj4l [ = 0@ — ). Due to
k, > 1,0, >0,9, > 0(m —> ), then for Ve e (0,1) there always

exists large enough positive integer n jo such that

" xnj0+1 _an0+1 ” <&
1 1 1 (16)
o, <=®E), q, < -DE), k, -1 < —(e)
4 4 4
for n > n io- Our next step is to show that
l X +i ™ Fnjy i | <e, for Vi=1. (17)

In fact, as i =1, we know the conclusion holds from (16). As i = 2,

assume the conclusion does not hold, then we have
I Xnjo+2 = #njy +2 > e. (18)

Using nondecreasing nature of h(r), we have O(|| X +2 ~Znjo +2 DI X 42

= Znj 42 | = ®(e)e. Let h, = T o (ql 2R Then the first term of
n n n
(12) becomes
(1 — OLn)z

2 _ e
1—0Ln(qn+2kn)"xn Zn " _"xn Zn ”

t R0y 20k, — 1)+ 0ty + @ 1| % — 2 [P
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Using (12) and (16), we obtain

" xnjo +2 = ano +2 "2 < " xnjo +1 ano +1 "2

+ hnjo +1%n;, +1{[2(knj0 a -+ Onjy +1

2
+ qnj0+1]"x +1 _znj0+1 " _2(D(8)8+qnj0+1}

Tjo

2
<e”+ h”jo 1%,

+1{[2 L)+ o)+ Lag)ee?
- 2®(g)e + ifb(s)e}

2 5 2
<e? + hnjO #1000 +1 {Z D(e)e — 2(13(8)8} <e
which is a contradiction with (18). Hence | Xjo +2 = Znjy 42 | < € holds and

inductively we get (17). This implies that

lim| x, -z, || = 0. (19)
n—w

Suppose that the modified Mann iterative set sequence {0, } generated

by {z,} converges strongly to x* € F(T), thatis O, — {x"}(n — «), ie.,

sup inf |y-x"| = sup|y-x"|—> 0(n — o).
€0, x*e F(T) ye0

n

Then, we have lim z, = x*. The inequality
n—o

0 <oy —x" [ <[y -2, [+]2, -7 | (20)
and (19) imply that lim x, = x*. Let 8H,, denote the diameter of the set
n—o
{H,}. Then we have

0H, = sup |x-x"|| <2 sup|x—x"|| > 0(n — )
x,x'eH, xeH,
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W*(H,,{x*}) = sup inf |x—x" |

xe Hy, ¥+€ F

*
= sup|x—x"|
xeHp,

< lxn = x" [+ sup [x, - x|

<|x, —x"||+8H, = 0(n — «),
i.e., {H,} — {x"}. This completes the proof.

Remark 2. Theorem 5 and Theorem 8 of [7] are special cases of
Theorem 2.1.

1. The Mann iteration method and the Ishikawa iteration method in
[7] are replaced by the more general multivalued modified Mann iterative
set sequence and multivalued modified Ishikawa iterative set sequence,

respectively.

2. A strongly successively pseudocontractive mapping in [7] is

extended to an asymptotically ®-hemicontractive mapping and uniformly

Lipschitzian of mapping 7' in Theorem 5 or uniformly convex of E* in

Theorem 6 is replaced by successively uniformly continuous.
Corollary 2.2. Let E be a real Banach space and D(T)= K be a

nonempty closed convex subset of E. Let T : K — 2K pe successively

uniformly continuous asymptotically ®-hemicontractive mapping with
{k,} C [1, =), lim k, =1. Further, it is provided that there exist bounded
n—oo

selections {u,}, {v,}, {c,} with v, € T"x,,u, € T"y,, c, € T"z,. If
2y = xo € E, then the following two assertions are equivalent:

(1) Multivalued modified Mann iterative set sequence {0,,} generated
by {z,} converges strongly to {x*} c F(T);

(2) Multivalued modified Ishikawa iterative set sequence {H,}

generated by {x,} converges strongly to {x*} c F(T).
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If the mapping T does not satisfy successively uniform continuity,

then we have the following result:

Theorem 2.3. Let E be a real uniformly smooth Banach space and

T:E > 2% be an asymptotically ®-hemicontractive mapping with

nonempty closed values and {k,} C [1, «), lim k, = 1. Further, it is
n—oo
provided that there exist bounded selections {u,}, {v,}, {c,} with

v, € T"x,, u, € T"y,, ¢, € T"z,. If z5 = x¢ € K, then the following

two assertions are equivalent:
(1) The multivalued modified Mann iterative set sequence {0, }

generated by {z,} converges strongly to {x*} c F(T);

(2) The multivalued modified Ishikawa iterative set sequence {H,}

generated by {x,} converges strongly to {x*} c F(T).

Proof. Using (4), (5) and Lemma 1.6, since 7T is asymptotically

®-hemicontractive, we obtain
2 2
" Xn+l ~ ?n+l " = ” (1 - O'vn)(xn - Zn) + OLn(un - cn) "
< (1 - Otn)2" Xn ~?n ”2 + 20tn<un —Cpn» j(xn+1 - Zn+1)>
= (1 - OLn)zll Xn = 2n "2 + 2an<un —Cp» ](yn - Zn)>
+ 2(xn<un ~—Cpns j(xn+1 - 2n+1) - ](yn - Zn»
<(1- 0Ln)2" Xn ~2n "2 + 20,4k, || yp - 2 ”2
- (I)(" Yn —2n ”)" Yn —2n "}
+ 20(n" Un —Cn " " j(xn+1 - Zn+1) - J(yn - Zn) " (21)
Let My, M be as in Theorem 2.1. Then

"un_cn "SMI
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and we have
1 n1 = 2n41) = (n = 22) | = [ (Fns1 = Yn) = Ens1 = 20) |
=] -0, +Bpxy, + 0y, —BpU, — 02y, + 00, ||
< (| 2n |+ [ wn |+ 20 [+ en )
+ Bl [+ vn )
< (o, +B,)D — 0(n — ),

where D = maxi(] %, | + | |+ 20 |+l 1) (15 |+ )} < oo Since

E is a real uniformly smooth Banach space, j is a single map and

uniformly continuous on every bounded set. So we have
J(xpi1 = 2p41) = J(yn —2,) >0 as n > .
Denote
o = 20, M1 j(x541 = 2p41) = J(¥n —20) |- (22)
Again, using (4) and Lemma 1.6, we get
19 =20 I = 1@ =Ba) G = 20) + Bul0n - 20) I
S U=Bu Pl xn ~ 20 [P +2Ba(0n — 20, Jn —20)) (23)
For the second term of (23), we have
2B1(0n = 20, i = 20)) < Bullvn =2l 30 = 20 |
< 2B, llon -+ [+]20 =" Ml 30 - " [+120 "]
< 8, M2 (24)
Substituting (24) into (23), we get

I n =20 |2 < | %n — 20 | + 8B, M2 (25)
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Substituting (25) into (21), we obtain
2 2 2
" Xn+l ~ 2n+l " = [1 + 20Cn(kn - 1) + (Xn]" Xn ~2n "
— 20, P(| ¥ — 2 DIl Y0 — 20 |+ 0 + 160.,B,,k,, M >
< " Xn = 2n "2 - 20an)(” Yn = %n ")" Yn = 2n " + O‘nen’ (26)

where 0,, = [2(k, —1)+ 0, + 168,k |MZ + 2M|| j(xps1 = Zps1) = i = 2)|l
— 0(n — o). Suppose inf| y, =z, =8> 0, then for Vn 2 0, ||y, —z, | 2§,
n
(| yp —2n D) ¥n — 20 | 2 ()8 >0. From 6, — 0(n — «), we have
3n; > 0 such that 0, < ®(8)8 for n > n;. Using (26), we get
I %ns1 = 2p41 "2 < xp -2, ”2 -0, ®(3)3, for n 2 ny

and thus

>8] 0
©©)3 D op < D (120 =20 I =201 =251 7)< o0

n=nl n=n1
o0
which is a contradiction with Zan = o, 1.e., & = 0. This means that
n=ny

3 {ynj - znj}c {yn — 2,} such that | Ynj = Zn; | = 0(j = o). Using (5)

we obtain
a _Bn])” xnj _an ” < ” ynj _an "+an" vnj _an "
< " ynj - an ” + 2anM'

Thus 3 {xnj — 2y, }c{x, —z,} such that | Xy, =2, | = 0(j — o). Therefore,

Vee (0,1),AN; >0 such that |x,. —z,. | <€ for Vn > N: > n;. Moreover,
J nj nj J 1

€ )€
< 20| = |=
Bn <2 ( j

dy = on(| 2 [+ 20 )+ on(lun | +len ) < 7
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for n 2 N;. Using (5), we get

I =0 | < Balma |+ Bl vn ] < -
In the next step we shall show that
” Xnj+1 = Pnj+1 ” S &

If it is not the case, then we get || Xyl = Znjel | > e Using (5), we have

€< " xnj+1 _an+1 " < " ynj _an ||+|| xnj _ynj "+dnj < " ynj _an ||+%

and thus

€
” ynj _an ” > E

Because h(r) is nondecreasing,

O(| 3, = 2n; D 2, = 2, |2 @(Ej

Do

Using (26), we get

2 2 €)¢€ €) &€ 2
a1 = 2nyen I S Dy = 2 12 = 20, 0 5] % 4 20,052 < 6

which is a contradiction with | Xpji1 = Znjel | > e Inductively, we get
[ Xnjim = Znjem | <e for m=>1,

ie, lim|x, —z,| =0. The rest of proof have analogy with that of
n—o

Theorem 2.1. This completes the proof.

The results above also hold for Mann and Ishikawa iterative

sequences with errors, if such sequences admit appropriate conditions.
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