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Abstract

This paper attempts to develop an analytic tool for exploring whether
dynamic processes in different complex adaptive systems share a
common evolutionary mechanism over time. A nonlinear
autoregressive integrated (NLARI) model is derived from a class of
nonlinear systems with resilience mechanisms by using Newton’s
second law to stochastic systems. Whether NLARI effectively models
a class of dynamic processes in complex adaptive systems with
common evolutionary mechanism depends on whether it can
characterize and predict major dynamics of time series data from these
systems. This study finds that a relative restoring coefficient controls
bifurcation and stability of NLARI’s deterministic system.
Unexpectedly, unstable oscillations may be because the relative
restoring coefficient is too large or too small due to a weak resilience,
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while a stable fixed point and stable period-2 cycle only occur in an
approximate value of the relative restoring coefficient.

1. Introduction

Complex adaptive systems are characterized by a high degree of adaptive
capacity, giving them resilience in the face of perturbation. A number of
studies focus on agent-based and complex network-based modeling
paradigms under the definition that a complex adaptive system is a dynamic
network of many agents [1, 2]. Much attention has also been paid to
signatures of complex system behavior over time for waves, rhythms,
oscillations, 1/f noise (see [3-6]), chaotic resonance [7, 8] and nonlinear
dynamics (e.g., [9, 10]). Surprisingly, little research has been devoted to
modeling dynamic processes that occur in different complex adaptive
systems but could share a common evolutionary origin based on the same
physical principle.

Apparent resilience mechanisms in living organisms, as a crucial
characteristic of complex adaptive systems, are associated with homeostatic
function of the body that reverts the disturbed system back to normal
[11]. However, the homeostatic control is challenged by findings on
nonstationarity [12] and nonlinearity or perhaps chaos in biological time
series like heart rate series [13]. Hence, identifying possible patterns and
control mechanisms of a dynamic process in complex adaptive systems
should be performed in a wide range of dynamics including stable fixed point
(corresponding to biological homeostasis), nonlinear stable and unstable
oscillations.

Recently, a new class of nonlinear autoregressive integrated (NLARI)
models was derived from economic systems with delayed resilience
mechanisms using Newton’s second law to stochastic systems [14]. When
the resilience mechanisms lose, NLARI is a nonstationary unit root process
(for definition, see Section 2). NLARI has a line time trend component equal
to the mean of the process generated by this model when disturbance mean is
not zero. The fact that NLARI has a unit root and a trend component explains
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the entanglement of the two dynamics in macroeconomic time series and thus
defuses a long standing debate about the nature of macroeconomic
fluctuations (see [15-19]). Simulations study shows that NLARI can
reproduce a wide range of dynamics from nonstationary unit roots to periodic
and aperiodic oscillations [14], but their control mechanisms are unclear.

This paper considers NLARI to describe the time evolution of a dynamic
process in complex adaptive systems. The NLARI model introduced by He
[14] has no time delay in a resistance. Herein, NLARI is extended to include
a delay in the resistance and it is given by

Yi=0+2Y% 1Yo - oV — Vi -1)

Yi e, — Mg
_ B t—xo Mt K2 . + g, (1)
expl(Ye—xc, = Ht—ic,)"]

where py = E(Yy |Yg, Y_1, ..., Y1_,) and it has been proved that
(O]
=Yy + 2t
Bt =Yo+

(for proof in k1 =0, see [14]); a >0, B > 0, and ® are constants, a is the
resistance coefficient, B is the restoring coefficient, k; and k, are time

delays in the resistance and restoration, respectively; and {g;} is a Gaussian
white noise process with E(g;) = 0 and E(stz) = 62,

We investigate dynamics and stability of NLARI’s deterministic system
(1) for lower order delays. Section 2 describes the derivation of NLARI.
Section 3 gives two exact solutions of NLARI’s deterministic system.
Section 4 analyzes stability control mechanism of the solutions. Simulations
are conducted to confirm theoretical results and to compare deterministic and
stochastic dynamics near critical values in Section 5. A final section briefly
discusses and concludes.

2. Derivation of Models

Consider that an object at a position y encounters a resistance force f, a
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restoring force g and a random force . Newton’s second law says that a net
force results in a change of momentum: F = d(my)/dt of which F = my is

just a special case only if mass m is constant. Without loss of generality, let
m =1 because the mass has only a scaling effect; thus,

F=f+g+e=1Y.

Resistance force is regarded as a function of velocity. When the velocity
is relatively slow, the resistance can be approximated as f = —ay for
o >0 like viscous resistance or frictional force by Stokes’ law [20].
Restoring force is a variable force that gives rise to an equilibrium in a
physical system. In a spring, this restoring force is directly proportional to
the distance that the spring is displaced from the equilibrium position [21].
Herein, the restoring force is defined as a function of the deviation from the
mean p = E(y), denoted by g(y — p). The function g should be absolutely
integrable on R to avoid an explosive solution as argued by [22]. We further
assume xg(x) <0 for x =y —p = 0 to reflect the nature that a restoring
force tends to bring the system back down- or up-toward equilibrium after
the system has been up or down perturbed away from the equilibrium,
respectively. Here, we adopt the function g(x) = —px exp(—x2) for B >0,
which satisfies these required conditions.

Consider that t; and t, are time delays in the resistance and restoration,
respectively. Then the motion equation is specified by

0 = —a(t — 1) — y(t — 1) — pu(t — 1) c(t). 5
)=t b ) —nt— oy @

Let 1 be the interval of the time series and «; , be the integer of 13 ,
with 11 > . Denote Yy = y(tv), & = e(t), pe = E(Y¢[Yo, Yoq, o Y1, ):
When 1=1 §(t) =Yy —2¥_3 +Yip, Y(t—7)= Y —Yi_iq-1, and
y(t—t2) = Yi_«,. Let @ = E(e) and & = & — . Substituting them into

equation (2) yields equation (1).
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This paper focuses on the resistance delays of x; =0 and k; =1.
Equation (1) can be written as

o 2+a 1y B Yickp ~Hircp i
t = EPVR S t-2 7
l+a 1+a 1+a 1+aexp[(Yt_K2_“'t—K2)2] l+a

for x; =0 and

Yt—KZ - “’t—Kz

Yi=0+(2-o)Y1+(a-1)Y o -B 5
exp[(Yt—Kz - ut—Kz) ]

+ &t

for k; =1.
The above two equations have the following compact form:

Yt—KZ — Mty
2
exp[(Y'[—KZ - “'[—KZ) ]

Yt = 60 + (1 + 61)Yt_1 — 91Yt_2 + 92 + Vi, (3)

where

o 1 B &t
0y =<1+a’ g =il+a’ g, =7 1+a’ y =Jl+a
®,

if ;7 =0,
t
1-a, —B, &t if i =1

We show that NLARI has a time trend component and a unit root
component. Using a similar method to «; = 0 in [14], we can prove that for

Ky =1,
()
},lt =YO +at

and the expansion of equation (3)

t oi-1

Yi = Yo +gt+zzeljvi_j

i=1 j=0

LIl Vi, —Yo-—o(i-i-xp)
+0,> > 0f 2 o . @)

1300 expllYije, Yoo (- i-w)l}
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When B = 0, equation (3) is the linear autoregressive model
Yt = 60 + (1 + Gl)Yt_l - 61Yt_2 + Vi,

whose characteristic equation A2 — (1-6)L -6, =0 hasaunitroot 2y =1
and a root satisfying |, | <1 for a < 2, thus, it is a unit root process or

integrated process in economics. Hence, equation (1) is called the nonlinear
autoregressive integrated model. A unit root process is nonstationary
because its standard deviation changes over time.

Equation (3) has a more compact structure by removing the process mean
ut (equal to a trend if ® = 0). Substituting pt = Yo + (®/a)t into equation

(3) yields
Yi —ue =0 +(L+61)Yi_g —01Y;_2
Yt—Kz - “’t—Kz

exp(Y—, — M-, )]

=(1+01)(Yioa —mi—1) — 01(Yi—2 — 1e—2)

+62

Yo - 2t

YI—KZ - “’t—Kz
2
exp(Yi—x, — Ht-x,) ]

+ 0, + Vi

provided by
()
00 = Yo — t+ L+ 0)ney ~ B2 = 0.
Letting X; = Y; — nt, equation (3) can be rewritten as

Xt—KZ

X¢ = (1+01) Xy — 01Xy 5 + 0 — 7
exp(Xt_KZ)

+ V. (5)

In what follows, we discuss the segmented trend NLARI model (5).
3. Solutions of Deterministic System

When the standard deviation of disturbance v; or & is small, equation
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(5) approximates to the following deterministic system:

=(1+0 -0 0 Xt_—KZ 6
X = (1+01)% 1 — 01X + 0 TR (6)
exp(xt_Kz)
where
1 .
o =41+a’ g,=1 1l+a’ i =0,
1-aq, B, if k; =1.

Next, we give analytical solutions of deterministic system (6).

Proposition 1. Let

B .
if K1 = 0,
y = 4 +B20(. . (7)
m if K1 = 1, o< 2.

(i) For any order delay «,, equation (6) has a unique fixed point
solution x;; = 0 when y > 0.
(if) For any odd-order delay «,, equation (6) has a period-2 cycle

solution Xx3; = (—1)t«/|ny and the periodic solution is unique when 1<y
<.

(iif) For any even-order delay «,, equation (6) has no nontrivial period-
2 cycle solution.

Proof. For x; = 0, we easily confirm that xj; =0 is a fixed point

solution of equation (6). If there is another fixed point solution x; = x; for

all t e Z*, then

X = (1+ Ol)xl — Glxl + 92

exp(x{)
which leads to 0,% exp(-xZ) = 0. Hence x; =0 by B> 0. This implies

that the system has a unique fixed point x;; = 0.
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When «, = 2s —1 for s e Z*, substituting x5 = (-1)'y/Iny into the
right-hand side of equation (6) yields

_ X254l
2
exp(X{_2s+1)

= (-1)'VIny [-@L+ 0) - 0y + 2(1 + 6y)]
= (-1)'y/Iny,

where the second line is given from 0, = —2y(1+ 0;). Therefore, x5 =

(L+6)X_1 — 61%_p + 0

(—1)tw/In v is a period-2 cycle solution for equation (6) when y > 1. If there
is another nontrivial period-2 cycle solution, then X = X_p = Xt_og = X

and X¢1q = Xt_1 = X_2s41 = X # X. Note that 6, >0 for k; =0 and
0, > —1 for i; = 1. Using equation (6) leads to ¥, = X, — 2yX, exp(—x3)
and x, = X — 2y% exp(—xZ) provided by 0, = —2y(1+0;) = 0. The two

equations imply that

2
2 201 o0 "X \2
X 42 1) _ o)

Set y = xlz. Consider the function of (y, y) on R? as
-y3\2
F(y, y)=e¥ +eV&2e )" oy
The partial derivatives
e V)2 _ _ -
Fy(r y) = ¢ +eY28 712y V) (L-2ye™Y + dyye ™)
are continuous in the region of its definition. If

—y\2
F(y. y)=¢ +e/&2¢7) oy,
then
Fy(r, y)=¢Y +(2y—eV)(1-27e7Y)(1-2e7 + 4yye™Y)

=Y —e (e = 2y)%(eY - 2y + 4yy).
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Let us now introduce the function
y
e
") =212y
We have
_3-2Y oy

h(y) = 20 2y)

eY ey
= + .
20-29) T 12y

Letting h(yg) = 0, we have yy = 3/2. Then

H(Ej: e’ + 2 et +4 et | :—£<O
2) 20-2y) “—2y2 (1-2y)p Yo=3/2 5 ="

It follows that

<.

ey 3 eve
2A-2y) < hmax (Y) = h(?) ==

For y < 1/2, we have
ey —2y+4y <0
which leads to Fy(y, y) > 0. Note that y = Iny is a solution of F(y, y) = 0.

According to the implicit function theorem, there exist open neighborhoods

Ay = (1, Ve) of vy and By = (0, 1/2) of y, such that, for all y e By, the
equation F(y, y) =0 has a unique solution y =Iny € By. Since y = X2,
thus, x; = (—1)tm is the unique period-2 cycle solution for equation (6)
when y e (1, Ve).

When k5, = 2s, if equation (6) has a nontrivial period-2 cycle solution,
then

X2

X =X + 2"{ ,
exp(x3)
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Xo =X + 2y ,
exp(x{)

which result in

X1 X2

(8)

N 2\

exp(x{’) exp(x3)
for y > 0. If X, =0, then equation (8) implies that x, = 0 so that X; = X,
= 0, which is inconsistent with the assumption of another nontrivial period-2

cycle solution. Therefore, x; # 0. Substituting Xo = X; + 2yX; exp(—xlz) into

the numerator x, of the second term of equation (8) yields
2 2\ _
exp(X{) +exp(x5)=-2y <0

because x; = 0 and y > 0. This implies that the assumption of the existence
of a nontrivial period-2 cycle solution is not true for an even number «.

Similarly, we can verify that the result holds for «; =1. O
Using Proposition 1 immediately leads to the following proposition.
Proposition 2. The deterministic system of NLARI (3) has a unique trend

solution y3; =Yg + (o/a)t for any order delay k, and a solution ys =

Yo + (w/o)t + (<1)'4/Iny for any odd-order delay k, and v e (1, Ve), but

no nontrivial period-2 cycle solution for any even-order delay «, after

detrending Yy + (w/a)t, where y is defined in (7).
4. Dynamic Analysis

We turn now to the stability of two solutions of equation (6). Note that
0, = —2(1 - 61)y for y defined in (7). Let

K2

X¢_
@(Zt1) = @+ 60) X1 — 01 X — 201+ 6y)y ———.
exp(X{,,)
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Denote

Az[é;} QQ“QZE%éjU

Then equation (5) can be written as

Zy = D(Zq) + U, 9)
where
1 B 1 o
912 1+a’ _ 4+B2a’ _ m(St,O) if k1 =0,
1o 4-2a’ (et, 0) if i =1

The deterministic system of equation (9) is given as
2y = D(z1), (10)
where z; = (X, xt_l)’.

Proposition 3. For equation (10) with k, =1 and y defined in (7), the

following results hold:

(i) A unique null-fixed point undergoes a transition from stable state
when 0 < y <1 to unstable state when y > 1.

(ii) A branch of additional period-2 cycle (—1)t«/Iny emerges when

v > 1 and the period-2 cycle is unique and stable when 1 < y < Je.

(iii) The period-2 cycle loses stability when y > Je.

Proof. Consider z; = (X, xt_l)' as a disturbance to the solution z’ft =
(Xt xj—‘(t_l))' (j =1, 2) for the deterministic system (10) and initiated at a

small disturbance zy = (Xg, X_1) . We have the approximate expression z; =

J jz¢_y for small disturbances where the Jacobian matrix
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1-2x2(t-1)

)= (1+67)-201+ el)ym -6,
1 0
for j =1, 2. The characteristic equations are given by
32 —(1+0)(1-2y)A+06, =0 (11)
for x;; =0 and
32 —(1+0))(4Iny—1)A + 06, =0 (12)

for x3; = (-1)'+/Iny. Due to |8;]| <1, we can prove that the eigenvalues
Mj (1 =1 2) of equation (11) satisfy
|7\,11|<1,|}\,12|<1if y<1
|7\,11|<1,7\,12=—1ify=1 (13)
|7\,11|<1, 7\,12 <-1if y>1
for x; = 0 (for the proof, see Appendix A) and that the eigenvalues vy
(J =1 2) of equation (12) satisfy

|7\,21|<1,|7\,22|<1if’y<'\/g
Aor =1 |Ap|<lify=+e (14)
Aor >1 | Mo |<lif y>+e

for x3; = (-1)'y/Iny (for the proof, see Appendix B).

Without losing generality, we let z; represent the eigenvector of Jj.

Then z; = Jjzq_q = Ajjz;_q which results in

[z _ dzl Nzl Jad gy
Izl lzeallzall fzoll 7"

for i, j =1, 2. Therefore, the Lyapunov exponent is given by
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oz
LEjj = In(|| ol In| %j; |

for i, j =1, 2. Using equations (13) and (14) yields

<0if y<1, <0ify<1
LE]_]_ <0ify=1, LE12 =0|f’Y=1
<0if y>1, >0if y>1
for x;; =0 and
<0if y<e, <0if y<+e
LE,;{=0if y=+e, LEy{<0ify=+e
> 0if y > e, <0if y>+e

for xo; = (—1)t«/In v. Hence, the deterministic system (10) or (6) gives rise
to a stable fixed point when 0 < y <1, an unstable fixed point when vy >1,

a unique stable period-2 cycle when 1<y < e, and an unstable period-2
cycle when y > Je [23]. We have thus proved Proposition 3. O
Proposition 4. For equation (6) with (kq, k5) = (0, 2), the unique fixed
point x; = 0 undergoes a transition from a stable state when 0 <y <1 to
an unstable state when y > 1 where y = B/a.
Proof. Let z, be a disturbance to the solution z* = (0, O)I. For small

disturbances initiated at zg = (xg, X_1), we have the expression z; = Jz;_4
with the Jacobian matrix J at the origin

] 1+61 —61+62
1 0

whose characteristic equation is given by

32 —(L+ 6% +6,—0, =0. (15)
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We can prove that the eigenvalues A, of equation (15) satisfy
| M| <lif B<a
|k1j|=1ifB=a (16)
|X1j |>1if B>a
for j=1,2 (for the proof, see Appendix C). Similar to the proof of
Proposition 3, we can obtain that
<0if B<a

LE1=LE2 =0ifB=OL
>0if B>a

for x; = 0. Therefore, the deterministic system (10) or (6) gives rise to a
stable fixed point for B < a and an unstable fixed point if B > o, which
completes the proof. O

Proposition 5. For equation (6) with (1, k) = (1, 2),
mip> a2/4, then we have the following:
(i) The unique fixed point x; = 0 is stable when 0 < y < 1.

(i) The unique fixed point x =0 loses stability when y > 1, where

v = B/a
(mrp< a2/4, then we have the following:
(i) When o < 2, the unique fixed point x; = 0 is stable.
(i) When o > 4, the unique fixed point x; = 0 is unstable.

(iii) When 2 < o < 4, the unigue fixed point x; =0 undergoes a
transition from an unstable state when 0 <y <1 to a stable state when
y >1, where y = B/(20. — 4).
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Proof. Let z; be a disturbance to the solution z* = (0, 0). For small

disturbances initiated at zy = (Xp, X_1) , we have the approximate expression

z; = Jz;_1 with the Jacobian matrix J at the origin

] :|:2—OL a—[}—l}
1 0

and the characteristic equation
W2 -(2-a)r—(a—-p-1)=0. 17)
When 8 > oc2/4, we can prove that the eigenvalues of equation (17)
satisfy
| A | <1if y <1,
| M |=1if vy =1 (18)
| Aqj | >2if y>1,

where y = B/a; when B < (x2/4, the eigenvalues of equation (17) satisfy
|aj <1 (19)
for 0 < a < 2,
M| <1 [ap | <lif y <1
|Mq| <1 Aqp =-1if y=1 (20)
A1 <1 Ao <-1if y>1
for 2 < a < 4, and
M1 <-1 Ao <-Llif y<1
AMp=-1 2 <-lif y=1 1)
A1) <l Mo <-1if y>1

for a >4, where y=8/(20.—4) (for the proofs of (18) to (21), see
Appendix D).
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Set LE; = In|Aq1| and LE, = In| Aq5 |. Using equation (18) yields

<0if y<1
LE; = LE,q=0if y =1, (22)
>0if y> 1.

From equations (19)-(21), we have the following results:

LE; = LE;, <0 (23)
for 0 < a < 2,
<0if y<1, <0ify<1
LE;<<0if y=1 LEy,q=0if y=1 (24)
<0if y>1 >0if y>1
for 2<a <4, and
>0if y <1, >0if y<1
LE;s=0if y =1, LEyq>0if y=1 (25)
<0ify>1 >0ify>1

for o > 4. Proposition 5 immediately follows from equations (22)-(25). O

Propositions 3 to 5 show that the parameter y controls the bifurcation and
stability of NLARI’s deterministic system. We give the following:

Definition 1. The control parameter

ﬁ if (x, 15) = (0, 1)
B if (11, 2) = (0, 2)
- 4_82a if (i1, k0) = (1L 1), o0 < 2 2 (26)
B it (i, 2) = (1,2), > &
% if (K11K2)=(1,2),0t>2'33a72

is called the relative restoring coefficient.
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5. Simulation Study

Simulations are carried out to confirm whether the relative restoring
coefficient (y) controls the dynamics and stability of NLARI’s deterministic
system (6) and to compare deterministic and stochastic dynamics near the
y critical values. Equation (5) with o =0 plots the trajectories of
deterministic dynamics over time, while the corresponding stochastic
dynamics are stochastic realizations of equation (5) with ¢ = 0.2. In each
case, k1 =0, ko =1 a= 7/3, the initial values are X_; =-0.1 and
X = 0.15.

5.1. A fixed point gains stability

Figure 1(a) shows that after disturbed by the non-null initial values, the
deterministic dynamics at the critical value y = 0 converges to a non-null
constant, while all the deterministic dynamics near the critical value y = 0.01

to 0.1 revert to zero. From Figure 1(b), we see that the corresponding
stochastic dynamics are differentiated into two completely different types:
deviation far from the null mean for y < 0.05 and fluctuations around the null

mean for y > 0.05. Consequently, simulation study confirms the theoretical

result that NLARI’s deterministic system represents an unstable fixed point
corresponding to a nonstationary unit root process in stochastic systems
when y = 0, but the fixed point gains stability when y > 0.
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0.3 T I I I 1

—=0.10 ——=0.09 —— ¥=0.08 |

——v=0.07 —— ¥=0.06 ¥=0.05
—— =0.04 1=0.03 —— v=0.02
0.1 —— v=0.01 — ¥=0.00
0
(a) o=0
-0.1 | | 1 1 1
0 100 200 300
I 1 I I I
ob

-8 r

L (b) 6=0.2 -
1 | | | 1
0 100 200 300

Figure 1. NLARI’s deterministic (¢ = 0) and stochastic dynamics (¢ = 0.2)
near the critical value y = 0. NLARI is a nonstationary unit root process
when y = 0 and a unique fixed point of NLARI’s deterministic system gains
stability when y > 0, where o is the standard deviation of disturbances and y
is the relative restoring coefficient.
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5.2. A branch of period cycle from a fixed point

19

I I I I I
1.1 —v=1.0 v=0.9
0.4 r T
™
0 lmuuﬁuﬂ‘.lzl.l&.u.kl.'hl"'wﬂmwuwuﬂr:l#ﬁmﬁmhuﬁm;quluululull;l‘lll|I |||” |I [I ALl Inl ||| Ly
0.4 1 T
(a) =0
1 | | | 1
0 100 200 300
I I ] I I
0.8 [ | 4
| | |
| l I | |
L || TR ' .
U | e | III | | | I I W l | |
(AR ] D (N fl Il
0| -“il I BV HLUTL N
0 0 ' o (A L
| e 11 | ! I| f |
Al f
_|,I| || {1 i |';| ||I_
| | | |
I
08 F ]
(b) 6=0.2
1 | 1 1
0 100 200 300

Figure 2. NLARI’s deterministic (c = 0) and stochastic dynamics (¢ = 0.2)

near the bifurcation y =1. A unique fixed point of NLARI’s deterministic

system loses stability and a branch of an additional unique stable period-2

cycle (—1)t*\/ Iny emerges when y > 1, where o is the standard deviation of

disturbances and v is the relative restoring coefficient.

Figure 2(a) indicates that NLARI’s deterministic dynamics near the
critical bifurcation value y =1 - 0.1 converges to zero, but exhibits periodic

oscillations at the critical bifurcation value y =1 and a regular period-2

cycle with +0.31 amplitudes near the critical bifurcation value y =1+ 0.1.



20 Zonglu He

Note that (- )t«/In 1.1 = £0.31. In contrast, Figure 2(b) shows that the

corresponding stochastic system produces sudden erratic bursts at and near
the critical bifurcation value y =1+ 0.1. These results confirm the theoretical

result that a unique period-2 cycle (—1)t +Iny bifurcates from a unique stable
fixed point when y > 1.

5.3. Period-2 cycle loses stability

1.6 T T T T T
— =185 —=1.65—y=1.45

[ I

L 1 A
i | I :_}I‘

(b) 0=0.2
-4 1

0 100 200 300
Figure 3. NLARI’s deterministic (¢ = 0) and stochastic dynamics (¢ = 0.2)
near the critical value y =+/e. A unique period-2 cycle (—1)t«/|ny of

NLARI’s deterministic system loses stability when y > Ve, where o is the
standard deviation of disturbances and y is the relative restoring coefficient.
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From Figure 3(a), we see that NLARI’s deterministic dynamics is a
regular period-2 cycle with amplitudes ++In1.65 = +0.71, ++In1.45 ~

+0.61 at and near the bifurcation value y =1.65 (» \/E), 1.65-0.2,
respectively, and irregular oscillations when vy =1.65+ 0.2. However,

Figure 3(b) displays that the corresponding stochastic system exhibits larger
irregular fluctuations than the deterministic dynamics at and near the critical
bifurcation value y =1.65+0.2. These results are consistent with the

theoretical result that a unique stable period-2 cycle (—1)t«/In v loses stability
when v > +e.

5.4. Unit root dynamics to unstable period-2 cycle

In Figure 4(a), we observe that NLARI’s deterministic dynamics reverts
to zero inside the stable fixed point range y = 0.01, 0.5 € (0, 1) but deviates
from zero at the critical value y = 0 after being disturbed, and moreover, the
deterministic system exhibits a regular period-2 cycle with amplitudes
++/In1.5 ~ +0.64 inside the stable period cycle range y = 1.5 e (1, ve) and
irregular oscillations inside the unstable period cycle range y =2.25 ¢

(JE, +). Figure 4(b) shows that the corresponding stochastic dynamics
has an obviously larger amplitude when y = 0, 0.01 than those when y =
0.5, 1.5 in which the dynamics for y = 0 as a unit root process is strikingly
similar to noise-disturbed unstable period-2 cycle for y = 2.25.



22 Zonglu He

| I | I |
s b —¥=225 — =15 v=0.5 |
—¥=0.01 —y=0.0

-12

0 100 200 300

Figure 4. NLARI’s deterministic (c = 0) and stochastic dynamics (c = 0.2).
NLARI can capture a unit root process when y =0, a stable fixed point

when 0 <y <1(y=0.5), astable period-2 cycle when 1<y < e (y =1.5),

and an unstable period-2 cycle when y > e (y = 2.25). The noise-disturbed
unstable period-2 cycle displays very similar dynamics to a unit root process.
The parameter o is the standard deviation of disturbances and v is the relative
restoring coefficient.
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6. Conclusion and Discussions

In this paper, we have demonstrated that the relative restoring coefficient
(y) controls dynamic patterns and stability of NLARI for lower order delays.

When y = 0, NLARI is a nonstationary unit root process in economics. For
the segmented trend NLARI’s deterministic system with k; =0 or 1 and
K, =1, a unique fixed point undergoes a transition from stable to unstable
dynamics and a branch of an additional unique stable period-2 cycle

(—1)t\/In vy emerges when y > 1, but the period cycle loses stability when

vy > +Je. Simulation results confirm these theological results and show noise-
disturbed deterministic dynamics near the critical values.

There is no universally accepted mathematical definition of chaos. In
economics, the behavior of dynamic systems that are highly sensitive to
initial conditions and exhibit irregular oscillations is often regarded as
chaotic dynamics. In this sense, we say that NLARI’s deterministic system

possibly exhibits chaos when y > Je.

It is difficult to derive a control parameter of NLARI in a higher order
delay because this problem refers to solving a high order polynomial
characteristic equation. In a separated paper, simulation study shows that a
higher delay not only affects NLARI’s dynamic patterns and stability, but
also induces a long memory or long-range dependence. The long-range
dependence is associated with fractals which appear in many complex
adaptive systems such as heart rate variability.
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Appendix A

Proof of equation (13). The characteristic roots of equation (11) are
given by

= A O0Q=20) £ VA+ 0020 40 53,

2
Recall that
o, = 1+ for k1 =0, (A2)
l1-a forgy =1 a<2
Denote A = (1 + 61)2(1 —2y)% - 46,. From (A2), we see that
|01 ] <1. (A3)
() | Mj|<lfory<land a<2ifi =1
For A < 0, we have
M) = 10+ 0020 -29)% — 1+ 0)2(1- 27)% + 40,] = 6y
which leads to | 24 | <1 by (A3).
For A > 0, if we can prove that
L+ 61)2(1—27)2 — 46, < 2+ (L+6;)(1L—2y), (Ad)

then | 145 | <1 holds. When 0 <y <1 and o < 2 for x; =1, we have
—40; <4+ 4(1+67)(1-2y)
which leads to

(1+0.)%@A—2y)° —40; < 4+ 41+ 07)(1— 2y) + (L + 6.)°(L— 2y)? (A5)



Dynamics and Stability of a New Class of Nonlinear Integrated ... 27
and
2+(1+6)(1-2y)>1-6; >0 (A6)
provided by (A2). Because A >0, (A5) and (A6), we get (A4) and thus
| Mj | <1
(i) My =06, e(-L 1) and Ap =-1if y=1:

According to (Al), we have

W SaIE: A+ 0% -40,  —(1+6)+(@1-6)
| = -

2 2

which leads to Aqq = —6; € (-1, 1) due to (A3) and X, = 1.
(iii)) [ Ay | <1 and Ao < -1 if y > 1:
Note that 1 — 2y < -1 for y > 1. Then we can write
A=(1+0)%0-2y)> —40; > (1+0;)* —40; = (1-0;)* >0
by (A2). Because
(1+60)%(1—2y)? —40; < 4+ (1+6;)*(1—2y)% — 4(1+ 6,) (1 - 2y) (A7)

provided by 1+ 6, > 0 and y > 0, thus,

L+ 0)2(L—2y)> — 40, <2 (L+0;)(L—2y) (A8)
dueto 2 > (1+ 61)(1 - 2y). Accordingly, A;; < 1. Note that
(L+0)2L-2y)% =40, > [2+ (1+0y) (1 - 2y)]?

provided by y > 1. Then

@+ 02— 2y)2 — 40, > +[2 + (L+ 07)(L— 27)], (A9)

from which %;; > -1 holds. It follows that | A7 | <1. Using (A9) yields
Mo < —1. We have obtained the result (13). O
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Appendix B

Proof of equation (14). The characteristic roots of equation (12) are
given by

s (L+6)(4Iny —1) + /(L + 6’ (4Iny - 1% — 40,
=

: (B1)
for j =1, 2. Denote A = (1+ 61)2(4Iny ~1)2 — 40,.
(i) | 2o <lifl<y<+e:
Dueto 1<y < /e, we have
-1<4lny-1<1 (B2)

which produces (1 + 6;)(4Iny -1) <1+ 6; < 2.

If A <0, then we have
2 1 2 2 2 2
ij = Z[(1+ 61) (4Iny —1) —(1+ 91) (4Iny—1) + 461] = 91
from which | 1, | <1 holds due to (A3).

If A >0, then we wish to prove that

Ja+0)2(4Iny —1)2 — 40, <2+ (L+0))(4Iny-1) (B3

from which | 1, | <1 holds. Using (B2) yields
2+ (1+0;)(4Iny—1) > 0. (B4)
From (B2), we have
—0; <1+ (1+0;)(4Iny —1).
Then
@+ 0,)%(4Iny —1)% — 40,
<4+ 41+0)(AIny-1)+(@L+0)%(4Iny—1)

which leads to (B3) provided by (B4).
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(i) Ayg =1and Loy = 0 € (-1, 1) if y = Ve

29

Substituting y = +/e into (B1) produces that Ay; =1 and A,y = 6;

implying that A,, € (-1, 1) due to (B3).

(ili) Aoy >1and [Apy | <1if y > e:

When y > Ve, we have 4Iny —1 > 1 and then

A=(1+0)%(4Iny—1)% —40; > (1+0;)*> — 40, = (1-0;)?
which implies that A > 0. Note that
1+6)l-(4Iny-1)]<0
because 4Iny —1 > 1. Therefore,
(1+060)%(4Iny —1)? — 46, > [2— (1+ 6;)(4Iny — 1))

resulting in

J@L+02(4Iny —1)% — 40, > =[2 - (L+6,)(4Iny - 1)]

from which 4,7 > 1 holds. According to (B5), we have

J@+0)2(4Iny —1)2 — 40, <2 —(L+06;)(4Iny —1)
and hence Ay, <1. Since o > 0 and y > e, thus,
40, < 4+ 4(1+0;)(4Iny 1)
and then
1+ 6,)%(4Iny —1)% — 40,
<4+41+0)(AIny—1)+(@L+06)°(4Iny—1)°.

Note that 2 + (1+ 6;)(4Iny —1) > 0. Hence we have

@024y —1)% —40, <2+ (L+6,)(4Iny -1)

(BS)
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or

A0, 2(4Iny -2 40, > —[2+ L+ 0)(4Iny-1)]  (B6)

Using (B6) yields L, > —1. It follows that |A,, | <1. Consequently,
we have obtained the result (14). O

Appendix C

Proof of equation (16). The characteristic roots of equation (15) are

given by
A= 2|14 +\/(1+ 1 )2—4“’3 (C1)
=21 " 1+a ™ 1+a 1+a

for j =1, 2. Denote

A=(1+ 1 jz i

1+a
(i) For B < %az/(1+ a), we have
B<a (C2)

and

JL14B _a® 4
1+oc_(1+a)2 1+a

which implies that

2 2
A2(1+ 1 ) - & 5+ 4 =0
1+a 1+ ) 1+a

Note that

(2+a)® —41l+a)L+p)<a?
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due to B > 0. Then we can write

1 ¥ 14B o 1
i\/(1+l+oc) _41+oc <l+0L _2_(1+1+0J

which leads to klj < 1. Obviously,

1 2 1+ 1
i\/(1+1+ oc) _41+oc <1Jr1+0L

from which 4;; > 0 holds. It follows that 0 <A, <1.

(i) For B > %0(2/(14- a), we have A < 0 and hence

2 _ 1+
» T l4+a”

Therefore, | A4j | <1 if B < a. Combining with (C2) yields

| M| <lif B<a
|hj|=1ifp=a
| Aqj | >1if B>a

which immediately leads to the result (16).

Appendix D
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Proofs of equations (18)-(21). The characteristic roots of equation (17)

are given as

Mj=%e—aiJm-af+4m-ﬁ-n)mrj:Lz

Denote A = (2 - oc)2 + 4(a — B —1). Since

(2-a)® + 4o —PB-1) = o’ — 4B,
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thus,
M :%(2—a11/a2—4[3)f0rj=1, 2 (D1)

(For A<O,ie, B> oc2/4, we have
1
2 =Z[(2—0L)2+(4[3—(x2)]=1—a+[3.
Since B> a?/4>a -2, thus, 1—o + B > —1. Note that 1— o + B < 1 for
B<o. Then |2qj|<1if B<a. Itiseasytoseethat |Aj[=1if B=a
and | Aqj | >1 if B > o. Define y = B/o.. We immediately obtain the result
(18).
(i) For A>0, i.e, B < a2/4, we can show that for o < 4,
|7u11|<1,|7\,12|<1 ifB>20(—4
X11=3—OL, K12=—1ifB=20L—4 (D2)
|7u11|<1,7\,12<—1 ifB<20L—4
which implies that | A | <1(j =1 2) for 0 <o < 2 and
|7\.11|<1,|7\,12|<1if[3>20,—4
|7\.11|<1,7\.12=—1ifﬁ=2(x—4 (D3)
|7\.11|<1,7\.12<—1ifﬁ<20,—4

for 2 < a < 4. For a > 4, we can show that

M1 <1 App <1 if p> 20 -4
Mi=-1hAp=3-a<-1if B=20-4 (D4)
|| <1 Ay < -1 if B<2a-4.

Define v = B/(2a. — 4) for o > 2. We have proved the results (19) to
(21).

Consequently, we have obtained the results (18) to (21). O



