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Abstract

In this paper, we consider the existence, uniqueness of global solution
of impulsive functional differential equations with delay terms by the
nonlinear Leray-Schauder alternative theorem.

1. Introduction

The theory and application of impulsive differential equations stimulated
by biology, mechanics, ecology and epidemics, etc., have been an important
area of investigation in recent years. The theory of delay differential
equations has been studied by Benchohra et al. [1], Lakshmikantham et al.
[4] Samoilenko and Perestyuk [8] and Rogovchenko [7]. Quinn and
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Carmichael [6] have shown that the controllability problem in Banach space
can be converted into a fixed pointed problem for a single-valued mapping.
Recently, Hernandez [3] invested the existence of mild solutions for a class
of partial neutral functional integro-differential equations with unbounded
described in the form

9 () + (0, ) = Ax(D) + F(t, X, I;h(t, s, xs)dsj, tel =[],

X =9 €B

and Ouahab [5] studied the existence and uniqueness of solutions for first
order functional differential equations with impulsive effects and multiple
delay as follows:

y'(t)= f(t, y;)+ Z*:y(t -Tj)aeted =[0, b\, ty, ..., tn},

i=1
y(t) — vt ) = e (y(tc ), k=1,..,m,

y(t) = ¢t), tel-r 0]

In this paper, we study the existence and uniqueness of local and global
solutions for first order impulsive abstract functional differential equation as
follows by using nonlinear alternative of Leray-Schauder together with the
method by Quinn and Carmichael [6]:

%x(t) = AX(t)+ f(t, %), ted=[0, b\, ts, ..., tn},

X(t) = ¢(t), te (-, 0] (1.1)

li(x) = x)-xt) =12 ..,m,

where f:JxB — X is a given function, A:D(A)—> X is the

infinitesimal generator of strongly continuous semigroup of bounded linear
operators T(t), t > 0 and a phase space (¢ €)B will be defined later. We
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assume that history function x; : (o, 0] - B belongs to the abstract phase

space B and defined by

X (0) = x(t + 0), for 6 € (—oo, 0],
and x(t), x(t;") are left limit, right limit, respectively.
2. Preliminaries

In this section, we now introduce the concept of a phase space, the other

spaces, alternative of Leray-Schauder and Ll-Carathéodory function.

Throughout this paper, C([0, b], X) is the Banach space of all
continuous functions with the norm

Xl = sup{ x(1)|:0 < t < b}

and let PC = {x: (-, b] = X, and x(t]), x(t;") exist, x; € C(J;, X)} with
the norm

| X[lpe = sup{ x(s)|: 0 < s <b},
where X, is the restriction of x to J; = (t;, tj,1]-

And let Ll([O, b], X) be the Banach space of measurable functions

x : [0, b] — X are Lebesgue integrable with the norm
b 1
Ix]|s = j0| x(t)|dt forall x e LX[0, b], X).

Now we introduce the following definition:

Definition 2.1. The map f : [0, b]x B — X is said to be L*-Carathéodory
function if

(i) t > f(t, x) is measurable for each x € B,

(i) x — f(t, x) iscontinuous for t € J — {t;, to, ..., t,},
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(iii) for each k > 0, there exists h, e L}([0, b], R,) such that
| £(t, x)| < hy(t) forall | x|z <k andforteJ —{y, ty, ..., tp}.
Next, we will assume that a phase space B satisfies the following axioms:

(A) If x:(-o,b] > X, b>0, Xy eB and x(tj), x(t") exist with

x(tj)=x(t), i=12, .., m, then for every t in [0, b]\{t;, ..., t,} the

following conditions hold:

(i) x; € B and x; is continuous on [0, b]\{t;, ..., t,},
(i) [x(t)| < H[ % [g.
(iii) | % g < K(t)sup{]| x(s)[x :0<s<t}+M(t)] x|

where H >0 is a constant, K : [0, +o0) — [0, +0) is continuous function
and M : [0, +o0) — [0, +o0) is locally bounded, and H, K, M are independent
of x(t).

(A) For the function x(-) in (A), X is a B-valued continuous function
on [0, b\{t;, ..., t }.

(A2) B is complete.

In this paper, we assume that
[ ¢lg = sup{| o) [} <
and let
Q={x:(-o, b]> X|xe BN PC},
let |||, be the seminorm in Q defined by
I% g =1%o g +sup x(t)|:0<t<b}, xeQ

Next, we introduce the Leray-Schauder’s alternative theorem.



Existence of Solutions 33

Theorem 2.2 [8]. Let D be a convex subset of a Banach space Z and
F:D—> D be a completely continuous map. Then, either the set
{x e D:x =AF(x), for some 0 <X <1} is unbounded or F has a fixed

point in D.
3. The Existence of Mild Solutions for (1.1)

Assume that x, X" € Q, and x : J — X is a solution of (1.1). Then from

semigroup theory, we have
t
x(t) = T()(0) + jOT(t _5)f(s, x5)ds, tel0t),
and so

M) = THO) + [ 1Tl - 9) 15, x)ds, [0, 1)
Since 1;(x(t;)) = x(t") — x(t), for t € (t;, tp), we get
KO =T )x(E) + [ (-9 (s, x)ds
=T ) 6+ ) + [ (=9 (s, x)ds
i}
T | TN+ [Tl =) 165, 1)k + 140x)
t
+L1T(t —5)f(s, x)ds

t
=T(t)o(0) + IOT(t =) f(s, Xg)ds + T(t —t1)11(x(ty)).
Iterating in similar fashion, we can show

x(t)=T(t)¢(0)+J;T(t—s)f(s, xs)ds+ > T(t—t)li(x(t)), ted.

O<tj <t
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To show the existence of mild solutions for system (1.1), we need to
define the mild solution of system (1.1).

Definition 3.1. A function x € Q is said to be a mild solution of system
(1.2) if (1.1) is verified and

x(t):T(t)¢(0)+I(:T(t—s)f(s, x)ds + > T(t—t)li(x(t;), ted.

o<t <t
To get our results, we assume the following:
(H1) There exists constant M > 1 such that [ T(t)| < M, t € J.
(H2) f :J xB — X is Carathéodory function.
(H3) There exist a function pe Ll(J, R,) and a continuous
nondecreasing function y : [0, ) — [0, o) such that

|t %)y < p)w(| x |lg) forae. teJ andeach x; € B
with

tl [ee] 1
.[0 KpMp(s)ds < J.B(O)wds'

where Ky, = sup{ K(t)| : t [0, b]}.

Theorem 3.2. Suppose (H1)-(H3) hold, then the system (1.1) has at least
one solution on (—oo, b].

Proof. Transform equation (1.1) into a fixed point theorem.

Let the operator @ : Q — Q be defined by

T(0)6(0) + I;T(t —s)f (s, x)ds
D(X)(t) = £ TE-t)hXxE) ted,

O<tj<t

o(t), t e (—oo, 0],
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and let y(-) : (—oo, b] — B be the function defined by
T(t)e(0), tel,
{¢(t), te (-, 0],
for each z € PC with z(0) = 0, we denote by Z the function defined by

v z(t), tel,
0= {0, t € (-0, 0].

y(t) =

Then we can have x(t) = Z(t) + y(t)(t € J), and in similar fashion, x; =

Z; + Yi(t € J), and so the function z(-) satisfies

z(t)=I;T(t—s)f(s, Zg + Ys)ds + Z T(t—t)1(Z(t) + y(t)), ted.

0<tj<t
Let Qg ={z € Q:z5 =0}. Then forany z € Qg, we have
[ 2l =170 ln, +supllz®)]:t e I} =supf| z(t)[: t € I}
and so (Qo, |- ”Qo) is a Banach space.

Define the operator P : Qg — Qg as follows:

I;T(t ) (s, Zy + yo)ds

(P2)(t) = £ TE-H)LEG) +yE) ted,

O<t; <t
01 (—(D, 0]

Then that the operator @ has a fixed point is equivalent to that P has a fixed
point, and so we will verify that P has a fixed point by using the Leray-
Schauder alternative.

Step 1. P is continuous.

Let {z,} be a sequence such that z, — z in Qg. Then
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b
| (Pz)(t) = (Pz)(t)| < jOT(t =s)| f(s, Iy, + ys) = f(s, Zs + ys5) [ds

MY () + y(E) - 1i(2Z) + yE)) |,

O<tj<t
and since f is Ll-Carathéodory, we have

”(Pzn)_ (PZ)"QO < M” f (s, zns +Ys)— f(s, Zg + ¥s) "L1

MO () + ¥() - 1) + yE) |

O<tj<t
Obviously, the right side of the above equation converges zero as n — .
Step 2. P maps bounded sets into bounded sets in Q.

For the continuous function K(t) and locally bounded M (t),
175 +¥s o <17 llag +1s lo,
< Kp(sup{| z(s)|: 0 < s < b} +|¢(0)]) + My ¢||QO, (E1)

where My =sup{ M(t)|:t [0, b];. Thus, | x| is bounded, and so by
(H3) and definition of space PC,

[(PD)llg, < Myl x1g)[p(s)ds + M sup{ 1(2(t) + y(t)
i=1

is bounded, too.
Step 3. P maps bounded sets into equicontinuous sets of Qg. For each

t, € [0, b], we have

[ (P2)(t, + &) - (P2)(t.)|

tit+e _
< L | Tty +e—5)—T(t« —=5) || f(s, Zg + ys)|ds

&3

Y | Tl+e—s) =Tt —9) || () + yt)) |

Oortj<t,, to+e<t
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Since f is L!-Carathéodory function, we understand that | (Pz)(t, +¢)—
(Pz)(t.) | converges to zero independently of z € Qp as € > 0. And so
from Arzela-Ascoli theorem, we can say that the image of P : Qg — Qg is

relatively compact.
Step 4. There exist a priori bounds on solutions.

Let z be a solution of the equation z = AP(z) for some A € (0, 1). Then

forall t € [0, t1],

t
2(t) = ijT(t _8)f(s, Zg + ys )ds.

And so

201 [ I Ta=9) (5.2 + yo)lds < M [ p(6)wl] 2 + s | ). (€2

Denote by w(t) the right hand side of (E1). Then we have | zZg + s ||Q0

< o(t) and so

20)] < M| ple)w(ols)ds, teoy]
Substituting (E2) for (E1), we get

oft) < KoM | P& v0(8)ds +[60)]|+ Mol b, <01} (€3

Denote by B(t) the right hand side of equation (E3). Then we have o(t)
<P(t) and B(0) = Mp| ¢, B'(t) = KyMp(t)y(a(t)) < KyMp(t)w(B(t)).
Thus for each t € [0, t;],

J‘B(t) 1

tl [ee] 1
B(O)wds < Jo KpMp(s)ds < I ——ds.

B(0) w(s)
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Thus, from (H3) there exists a constant G, such that B(t) < G,, t € [0, t]
and so | Z; + Vi ||QO < o(t) <G, t €[0, t;]. Hence, by equation (E1), there

exists a constant G; such that

G.
I2lg, <

- Gy
Now for t e (t, t,],
t
2(t) = xj T(t-s)f(s, Zs + ys)ds
t

and since z(tf") = z(ty) + 11(Z(ty) + x(ty)),

| 2(07) | <[ z(ty) [+ 1(z(t) + x(t) |
< Gy +sup{ lij(u)]:u| <Gy + M| d(0)[}.

Thus, in similar fashion as the above proof we can show that there exists
G, > 0 such that

Iz]q, <Gz for telt, tp]

Iterating this process, we can show that there exists constant G such that
| z ||QO < max{Gy, Gy, ..., Gy} = G.

Let U = {x e PC [z, <G +1}. Then U — Qq is continuous and

completely continuous. For the choice of U, there is no z € U such that
z =\P(z) for some A e(0,1). By the nonlinear alternative of Leray-
Schauder, we can see that P has a fixed point z in U. Hence, @ has a fixed
point x which is a solution of system (1.1).

Now assume following hypotheses to give the uniqueness of the system
(1.2):

(H4) There exists an a e L}([0, b], R, ) such that
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| F(t, )= f(t, y)| <e @Mt x—y|; forall x, yeBand teJ,
where a € R, is sufficiently large number.
(H5) There exist constants dj > 0, i =1, 2, ..., m such that
[1i(x) = 1ij(y)| < dj| x—y] forall x, y € X.
m
Theorem 3.3. Suppose that hypotheses (H4), (H5) hold. If Z Md; <1,

i=1
then equation (1.1) has unique solution.

Proof. Let P : Qg — Qg be defined as in Theorem 3.2. We shall show

that @ is a contraction. For z, z* € Qg and for each t < [0, b], let
t
(P2)(V) = [ T(t-5)f(s, 2 +ys)ds

+ ) TE-H)EEG) + (b)), ted.

O<t;<t

Then

| (P2)(1) - (PZ")(1) |

t *
SIO|T(t—s)|| f(s, Zg + yg) — (s, Zg + ys) |ds

+ O ITE=t)] @) + y) - (2 @) + y©) |

O<t; <t

t R
sj Me @ S'ns\" Zg - 73 |gds + Z Md;| z(t) - 2" (%) |
0 O<tj<t

t .
s'[ Me SISl sup| zg — 2% |ds + Z Md;| z(t) - 2" (%) |
0 O<tj<t
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and so, by the Jordan’s inequality,

[ (P2)() - (P2')(1)| < M(%ﬂ Zdi]n 2-7|.
i=1

Thus, P is contraction and so has a unique fixed point z, that is, system (1.1)
has a unique solution.

4. The Existence and Uniqueness of Global Solutions

In this section, we show that the existence and uniqueness of global
solution of impulsive functional differential equations with infinite delay by
the nonlinear alternative in Fréchet spaces. We consider the following
system:

%x(t) ~ A+ (L %), ted =0, o\, b, .,

x(t) = ¢(t), te (-0, 0], (4.1)

li(x;) = Xt ) - x@), =12 ..,

where f : J x B — X is agiven function, A: D(A) — X is the infinitesimal

generator of strongly continuous semigroup of bounded linear operators
T(t), t >0 and a phase space (¢ €)B will be defined later. We assume that

history function x; : (=, 0] — B belongs to the abstract phase space B and
defined by

X (0) = x(t + 0), for 6 e (-0, 0],

and x(t), x(t;") are left limit, right limit, respectively.

© Let X be a Fréchet space with a family of seminorms {||-|,, n € N}.

Y < X is said to be bounded if for each n € N, there exists M,; > 0 such

that | y |, < forall y €Y.
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® Let {(X",]|]l,)} be a sequence of Banach space. For each n € N,

equivalence relation R, by x(R,)y < | x—-y|, =0 forall x, y € X.

® Let X" = (X/Ry. |-],) be a quotient space of X and let [x],, be the
equivalence class of x € X" for each x e X.

We now introduce contraction, nonlinear alternative of Leray-Schauder

type in Fréchet spaces, Ll—Carathéodory function and axioms for phase
spaces.

Definition 4.1. A function f : X — X is contraction if for each

n e N, there exists ¢, € (0, 1) such that
[ 1)~ T, < cal x—yl, forall x, y e X,

Theorem 4.2. Let X be a Fréchet space and Y — X be a closed subset
inXand let S:Y — X be a contraction such that S(Y) is bounded. Then

one of the following holds:

(i) S has a unique fixed point,

(ii) there exist A € (0,1), n e N and x € 9,Y " such that || x = AS(x) |,
= 0.

Definition 4.3. The map f :[0,b]x B — X is said to be Ll-Carathéodory

function if

(i) t = f(t, x) is measurable for each x € B,
(i) x = f(t, x) iscontinuous for t € J — {t;, t5, ...},
(iii) for each k > 0, there exists h, e L}([0, b], R,) such that
| £(t, x)| < h(t) forall [ x|z <k andforteJ —{t, tp, ...}.

Axioms 4.4. Assume that phase space B satisfies the following axioms:
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(A) If x: (-0, 0] > X, Xg € B and x(t), x(t") exist with x(t;) =

x(t7), i=12,.. then for every t in [0, ©o]\{tj, t,, ...}, the following
conditions hold:

(i) X € B and x; is continuous on [0, wo)\{t;, t,, ...},
(i) | x(t)[ < H % [lg.
(iii) | x; g < K(t)sup{]| x(s)[x :0<s<ty+M(t)] x|
where H > 0 is a constant, K : [0, +o0) — [0, +0) is continuous function

and M : [0, +0) — [0, +0) is locally bounded, and H, K, M are independent
of x(t).

(A1) For the function x(-) in (A), % is a B-valued continuous function
on [O, OO)\{tl, t2, }

(A2) B is complete.

In this section, we assume that
[ ¢lg = sup{l o) [} < o=
Let
Q= {x:(-o, ©0) > X|xe BNPC},
Qi ={xeQ:sup| x(t)| <o, t e dj},
where J; = (-0, tj] and let | - |, be the seminorm in Q defined by
[ %l =1%o llg +sup{{ x(t)]: 0 <t < o0, x € Q}.

To show the existence of solution for system (4.1), we need to define the
solution of system (4.1).

Definition 4.5. A function x € Q is said to be the solution of system
(4.1) if (4.1) is verified and
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KO =TOKO) + [ TE-9)1(s x)ds + D TE-H)I(x(t)) ted.

O<tj<t
To get our results, we assume the following:

(H6) There exists constant M > 1 such that | T(t)| < M, t € J.

(H7) f : J xB — X is Carathéodory function.

(H8) There exist a function peLl(J,R+) and a continuous

nondecreasing function v : [0, o) — [0, o) such that
[ f(t x) |y < p)w(|x [|g) forae. teJ andeach x; € B
with

1] 0 1
.[o KiMp(s)ds < J.ﬁ(o)wds,

where
Ki =sup{| K(t)|:te[0 t]i=12}
(H9) There exists an a e L1([0, b], R, ) such that
| £t %) - F(t yp) | <e ¥ x —y, |5 forall x, y; eBandteJ,

where a € R, is sufficiently large number.

(H10) There exist constants d; > 0, i =1, 2, ..., m such that

[1i(x) = 1i(y)| < dj| x = y]| forall x, y e X.

Theorem 4.6. Suppose (H6)-(H10) hold and ZMdi <1, then the
i=1

system (4.1) has a unique solution.
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Proof. Transform equation (1.1) into a fixed point theorem.

Let the operator @ : Q — Q be defined by

T(0)9(0) + I;T(t —8) (s, %) ds
D(x)(t) = + Z Tt -t)(x(t)), tel0, «),

O<tj<t

o(t), t e (-, 0],

and let y(-) : (oo, o) — B be the function defined by

T(t)d(0), teld,
y(t)_{w), t e (0, 0],

for each z € PC with z(0) = 0, we denote by Z the function defined by

e z(t), tel,
)= {0, t e (-0, 0].

Then we can have x(t) =7+ y(t)(t € J), and in similar fashion, x; = 7

+ y;(t € J), and so the function z(-) satisfies

z(t)=I;T(t—s)f(s, Zg + Ys)ds + Z Tt —t)(Z(t) + y(t)), teld.

O<tj<t
Let Qp = {z € Q; : zg = 0}. Then for any z € Q, we have
| z ”Qo =|lzp |lg +supi| z(t)|:t € I} =sup{| z(t)|: t € I}

and so (Qq, ||-||QO) is a Banach space. Let Qg = {z € Q:zg = 0}. Then
Qg is Fréchet space with a family of seminorms | - "Qo' Define the operator

P:Qy — Q as follows:
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J.;T(t—s)f(s, 7 + y,)ds

(P2)(t) = w3 TE-H)LEE) + ), ted,
O<tj<t
Ol (_w, 0]

Then that the operator @ has a fixed point is equivalent to that P has a fixed
point, and so we will verify that P has a fixed point by using the Leray-
Schauder alternative. Now we will use following four steps in similar fashion
as Theorem 3.2.

Step 1. Let {z,} be a sequence such that z, — z in Qy. By the
hypothesis that f is Ll-Carathéodory function, we can see that P is

continuous by calculating | (Pz,)(t) — (Pz)(t)|.

Step 2. Under the condition of the assumption (H8) and the definition of
space PC, we will show that || x |5 is bounded, and so || (Pz) ”50 is bounded,

too. Hence, P maps bounded sets into bounded sets in ﬁo.

Step 3. Since f is Ll-Carathéodory function, we understand that
| (Pz)(t. +¢) — (Pz)(t.)| converges to zero independently of z e Qq as

e — 0. Thus, P maps bounded sets into equicontinuous sets of QO and so
from Arzela-Ascoli theorem, we can say that the image of P : Qg — Qg is
relatively compact.

Step 4. Let z be a solution of the equation z = AP(z) for some A € (0, 1).

Then forall t e [tj_g, t;], from

(1) = xJ';T(t 8)f(s, Z + v )ds,

we will calculate || z |. Under the condition of (H8), there exists G; such that

| z ”50 < G, for t [0, t;] and generally there exists G; such that | z ||50
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< G;j for t e [tj_q, tj]. Thus, we can show that there exists constant G such
that | z||50 <max{G; -Gy, ..., G} =G. Let U ={xePC:|z "50 <G
+1}. Then U — Qg is continuous and completely continuous. For the

choice of U, there is no z € U such that z = AP(z) for some A e (0, 1).

That is, there exist a priori bounds on solutions. By the nonlinear alternative
of Leray-Schauder, we can see that P has a fixed point z in U. Hence, ® has a
fixed point x which is a solution of system (4.1).

Let z be such a solution. Then there exists some A < (0, 1) such that z =
AP(z). In succession, we can put constant G; > 0 such that | z ||Qi <G,

i=1 2, ... Now let
F={zeQq:{suplz(t)|:te i} <G +Li=12 .}

Then F is a closed subset of Qg And for z, z* € Qy and for each

t € [0, t;], by verifying
| (P)(0) - (P2)(1)| < M[%“;di]u 2-2"],

we can say that P : F — Q; is contraction and so from the choice of F,

there is no z € oF" such that z = AP(z) for some A € (0,1). Thus by

Theorem 4.2, P has a unique fixed point z, that is, system (4.1) has a unique
solution.
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