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Abstract

As a fourth part of a series of papers concerning morphisms of
equipped posets. In this paper, the authors discuss some categorical
properties of the short generalized version of the algorithm of
differentiation VII for equipped posets introduced by Rodriguez and
Zavadskij in [4].

1. Introduction

The algorithm of differentiation VII (D-VII) was introduced in 2003 by
Zavadskij to classify equipped posets of tame and finite growth
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representation type [5, 6]. Soon afterwards, Rodriguez and Zavadskij defined
a short version of this algorithm [4]. Such a version allows to describe D-VII
as a composition of functors whose categorical properties can be investigated
more easily. Actually, in [2], Cafiadas gave the categorical properties of
D-VII by establishing suitable categorical equivalences induced by the short
version of such algorithm. To do that, some subsets of equipped posets
considered in the original version were deleted. The purpose of this paper is
to describe categorical properties of the short generalized version of the
algorithm V11 without such changes.

Authors refer to the interested reader to [1, 2] and [3] to precise notation
and definitions. However, for the sake of clarity, we include here main
definitions and notation for categories of equipped posets.

A poset (P, <) is called equipped if all the order relations between its
points X <y are separated into strong (denoted x < y) and weak (denoted
X =< y) insuch a way that

x<y<zorx<dy<zimplies x <z, @
i.e., a composition of a strong relation with any other relation is strong.

In general, relations <0 and =< are not order relations. These relations are
antisymmetric but not reflexive. In particular, < is not reflexive (meanwhile
< is transitive) [4].

We let x <y denote an arbitrary relation in an equipped poset (P, <).
The order < on an equipped poset P gives rise to the relations < and < of
strict inequality: x <y (respectively, x < y) in P if and only if x <y
(respectively, x <y) and x = y.

A point x € P is called strong (weak) if x < x (respectively, x < x).
These points are denoted o (respectively, ®) in diagrams. We also denote
P° < P (respectively, P® < P) the subset of strong points (respectively,

weak points) of P. If P® = &, then the equipment is trivial and the poset
P is ordinary.
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Remark 1. Note that, if x <y in an equipped poset (P, <) and there

exists t € P such that x <t <y, then x, ye[P®, X<t and t=<y.
Otherwise, if x <t or t<y, then by definition, it is obtained the

contradiction x <.

If P is an equipped poset and a € P, then the subsets of P denoted

a¥,a, a’,a, a',a,, a’ and a, are defined in such a way that

a’ ={xePla<x}, a,={xeP|x<a},

a’ ={xePladx}, a,={xe?Pxda},

aV

a’\a, a, =a,\a,
a’ ={xePla=<x}, a, ={xeP|x=al.

Subset a“ (a,) is called the ordinary upper (lower) cone associated to the
point a € P and subset a” (a,) is called the strong upper (lower) cone

associated to the point a e P, whereas subsets a¥ and a, are called

truncated cones (upper and lower) associated to the point a € P.

In general, subsets a’ and a, are not cones. Note that, if x € P°, then

x' =x, =@.

The diagram of an equipped poset (P, <) may be obtained via its Hasse
diagram (with strong (o) and weak points (®)). In this case, a new line is
added to the line connecting two points x, y € P with x <y if and only if

such relation cannot be deduced of any other relations in P. In Figure 1, we
show an example of this kind of diagrams.
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7 8 17 ={1,3,4,8} 17 = {7}
2¥ ={2,4,7} 2" = {5,6,8)}
3" ={3,7} V=0

3« 4 5 9 6 4 ={4,7,8} 4=

5 = 5" = {5,8}

1 5 67 = {6,8) 6" =2
77 = {7} =0
8Y = {8} 8" =0

Figure 1

For an equipped poset (P, <) and Ac P, we define the subsets

AV, A and AY insuch away that

AV=Uav, AY=UaY, AV=UaV.

acA achA acA

Subsets A,, A, and A, are defined in the same way.

If P is an equipped poset, then a chain C ={c; e P|1<i <n,
Ci_1 <¢Cj if i >2} < P is a weak chain if and only if c;_; < ¢; for each
i > 2. If ¢ <cp, then we say that C is a completely weak chain. Moreover,
a subset X < P is completely weak if X = X® and weak relations are the
only relations between points of X. Often we let {c; < ¢, <---< ¢, } denote
a weak chain which consists of points ¢, ¢y, ..., C,. An ordinary chain C is
denoted in the same way (by using the corresponding symbol <).

For an equipped poset P and A, B — P, we write A< B if a<b for
each a e A and b € B. Notation A< B and A < B are assumed in the

same way.

Let F < G be an arbitrary quadratic field extension with G = F(u) for

some fixed element u € G. Then each element x € G can be written
uniquely in the form o +uf with a, p € F in this case (analogously to

the case (F, G)= (R, C)) a is called the real part of x and B is the

corresponding imaginary part of x.
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The complexification of a real vector space can be generalized to the
case (F, G), where G = F(u) is a quadratic extension of F. In this case, we

assume that u is a root of the minimal polynomial t2 + put+a, A =0

(A, u € F). In particular, if Uy is an F-space, then the corresponding
complexification is the G-vector space Ug also denoted Uo. As in the case

(R, C), we write UZ =Uq + uUg = U,.
To each G-subspace W of GO, it is possible to associate the following
F-subspaces of Uy,
W' =ReWg = ImWg and W™ = gen{a e Ug|(c, 0) eW} W™,
and for a G-space Z, we have the following property:
Z" = F(Z) is called the F-hull of Z such that Z = F(Z).

The category of representations of an equipped poset over a pair of fields
(F, G) is defined as a system of the form

U =(Ug; Uy|xeP), )
where Uy is a finite dimensional F-space and for each x € P, U, is a
G-subspace of JO such that

x<y=U, c Uy,

x<dy= FUy)cUy.

For each x e P, we let U, denote the radical subspace of U, such that

U= > FU,)+ > U,

ZX Z<X

We let repP denote the category whose objects are the representations
of an equipped poset P over a pair of fields (F,G). In this

case, a morphism ¢@:(Ug; Uy |x e P)— (Vp; Vy|X € P) between two
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representations U and V is an F-linear map ¢ : Uy — V; such that

oUy) c V, foreach x e P,

where o : IJO - \70 is the complexification of ¢, i.e., the application
G-linear induced by ¢ and defined in such a way that if z = x+uy e Uo,

then (z) = 92(z) = ¢(x) + ug(y). The composition between morphisms of

rep P is defined in a natural way.

The short generalized version of the algorithm of differentiation VII
(denoted VIlg) was defined by Rodriguez and Zavadskij in the following

way [1, 2, 4]:

A triple of points (a, b, ¢) of an equipped poset P is said to be
VIl -suitable if the points a, ¢ are weak, b is a strong point incomparable

with a, ¢ and
P=a’+b,+{a< X <c=<VY},

where {a < X <c¢ <Y} is a completely weak set containing arbitrary

subsets X, Y (probably empty). Actually, in [2], it is assumed that Y = & to
obtain categorical properties of the algorithm of differentiation VII. In this
paper, such properties are discussed in the case Y = .

The derived or (a, b, c)-derived equipped poset with relations fP('a,b,c)
of the poset P is a pair
{P('a,b,c) = (j)(gs‘)byc)m(a,b,c))’
where

B0 = @)+ {c7, ¢}

is an equipped poset such that the pairs ¢~ < ¢*, X <c" and ¢c™ <Y are

completely weak, a <tc™, ¢~ <b and the partial order in fPf;’)b‘C) is
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induced by these relations and by the initial order in P\c, it is assumed that
each of the points ¢*, ¢ inherits the order relations of the point ¢ with the

points of the subset a” +b,. Further, Z(a,b,c) Is a set of two formal

relations

Z(abc) =€  c@+Y;b@a+X)c=c}

which means that the category rep fP('a,b,c) is a full subcategory of the
category whose objects W satisfy the relations

Wo MWy cW__, W, c F(W,)+ Wy,

where

xeX xeX

Ux = (|Ux. Ux) =[)Ux, )
xeX xeX

Ug =0, Ugk =Uy. (4)

(,'+C5+17:b(a+X)Cc’ |

Figure 2
The functor of differentiation D(g p ¢) : repP — rep Ry p,c) is defined

by the following identities for an object U’ = D5 p, ¢)(U ):
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Ug = Uy,

U(':+ =U. + FU,),

U(':_ =U; NUy,

Uk = Uy for the remaining points x € R p c),

¢ = ¢ for a linear map-morphism ¢ : Uy — V. 5)

If P is an equipped poset and A — P, then P(A) = P(min A) = (F; P,

|xeP), P =G if xe AY and P, =0 otherwise. In particular, P(J) =
(F;0,..0).

If a,be P®, then T(a) and T(a, b) denote indecomposable objects

with matrix representation of the following form:

a a b
T@=|1] ae?® T@@b)=|1|0 |witha<bh
u ul1l

If we consider the notation used in (2) for objects in rep®P, then the

object T(a) may be described in such a way that T(a) = (Tp; Ty |x € P),

where Ty = F2 and

To = G2, if xea,
T, =<G{@L u)}, if xea",
0, otherwise,

where (1, u)t Is the column of coordinates with respect to an ordered basis of
To.
On the other hand, representation T(a, b) may be described in such a

way that T(a, b) = (Tp; Ty | x € P), where Ty = F2 and
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G{L u)t}, ifa=<x=<b,
T, ={Tp =G2, if xea” UbY,

0, otherwise.

If aecP® and B < P is a subset completely weak such that a < B,

then we let T(a, B) denote the representation of P which satisfies the
following conditions with Ty = F2:
G{@ u)t}, if xea"\B,
T, ={Tp = G2, if xea’ +BY,
0, otherwise.
In particular, T(a, &) =T(a).
Note that, if Y =& in an equipped poset P with a triple of points
(a, b, ¢) VlIg-suitable, then P'(a) = P(a), and T'(a, ¢) =T'(a) = T(a).

2. Preliminaries Results

In [4] was proved the following theorem:
Theorem 2. Let (a, b, ¢) be a VI triple of points of an equipped poset
P and Ry pc) = (GD(Z,b,c)' Z(a,b,c)) the corresponding derived equipped
poset with relations. Then the short generalized differentiation functors
D(a, b, c) induce bijections between indecomposables,
IndP\[T(a, c), T(a, Y)] = Ind R p,c)\[T(a Y)].
The following results were proved in [2]:

Lemma 3. Let X; - < Xpp, Yy <Yy, Xj <Ug, Yj = Vp be
two chains of G-subspaces. Furthermore, let X < Ug, Y <V and ¢ be

two F-subspaces and an F-linear map, respectively, such that ¢ € [X, Y]
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~ . n+lr, > — _
and §(Xj)cY; for 1<i<n, then ge > " [(X+Xj_1), YNY],
where Xg =0 and Y1 = V.
Lemma 4. Let U and V be two representations of an equipped poset
P=a"+b, +{a< X <c}, where a,ceP® be? isa strong point
incomparable with a and ¢, {a < X <c} is a completely weak set

containing an arbitrary set X (eventually empty). Then for an F-linear map
¢ Uy — Vp, we have the following equivalences:

(CYRORS U<T(a)>\/ < oelUp+Ue), Vil oUe) < Vg,
(b) ¢ € y(T(a c))y = ¢ <[y +Uaix ) Va NV,
(B(UC) C\7aJr ﬂ\7_, (~P(Ua+X) <V, ﬂ\7_,

© ¢ uP@) < ¢elUs,Val

where if X cUg, Y <V, are the corresponding subspaces of the finite
dimensional k-vector spaces Uy and Vg, then [X, Y] is a subspace of

Homy (Ug, Vg) such that
o e[X,Y]ifandonlyif X < Ker ¢ and Imo Y.

For a category A, we let (Uj|i e I>A denote the ideal consisting of all
morphisms passed through finite direct sums of the objects Uj. That is, if
¢:U -V eU;liel),, then there exist morphisms f, g € A such that

f 9
9=U—>® U™ SV with m; = 0 foralmostall i.

Corollary 5. Let U and V be the representations of an equipped

poset P=a’ +h, +{a~<c <---<Cy}, Where {a<c <---<¢c,} is a

completely weak chain incomparable with the strong point b. Then for an
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F-linear map ¢ : Uy — Vg, we have the following equivalences if 1< i <n
(UCO = Ua):

@ ¢ eu(T@@c)y © oelUy +Ugq 1) Va ﬂVc;]:
oUc,) = Vo 9U ) = Vo' Vg, #Ug ;) = Va NV,

(0) 9 € y(T(@))y © @ €[Up +Ug, )", Vil oUc,) < Va.

Lemma 4 allows us to conclude the following result.

Lemma 6. ¢ € y(T(a)), if and only if ¢U,,x) <V, and ¢
[(Up +Uaix)™ Va |

If we fix two objects U,V € R being R = rep?P, then assuming the
following notation:

R=RU,V), R=RWU"V’), | =y(T(a)T(ac), is the ideal
which consists of morphisms passing through objects T(a) and T(a, c) in
R. Further, 1"= y«T(a)), is the ideal which consists of morphisms

passing through the object T(a) in R'.

Since ¢ = ¢, R c R’ and for two arbitrary objects U,V € R the
following inclusions hold:

lcl'cR, |l cRcR.
Proposition7. RN 1'=1 and R+ 1" = R".
Lemma 8. For each object W e repRj ), there exists an object

U e rep® suchthat U’ =W & T™(a) for some m > 0.

Proof. Suppose that W € rep :P(:';l,b,c)’ we present subspace WC+ in the

form WC+ =WC+ ® KC+ with KC+ =L, ® RC+ ) Kbc+' KC‘+ = KC1 N
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W, @ Ly, Ly acomplement, RC+ AW, =0, RC+ (]VVC_+ =0and Ky <
c
Wy W, .
We write subspace Kbc+ in the form Kbc+ = Kbc+ NFW; NW,) @ Z,..

Therefore, if we fix a basis of the complement Z, = G{e|Dj 1< j <t}, then

it is possible to define a new F-subspace Ey such that Ey = F{eqa, era}. If
0
we now build a subspace R, suchthat Ry =N, = G{eqa + uer_a}. then
] ]

the representation U e rep P given by the following formulas satisfies the
required condition:

Ug = Eg ® Wy,
Uy =W, + RN,

Ug =Uc\c +W- + L + R, + G{eq? + €, |

_ a’ N{x} i :
Uy =Wy + F(R; ) for the remaining points x e P. (6)
We are done. O

The representation reduced derived W of a representation U e rep P

denoted W = UV (unique up to isomorphisms) is the maximal direct
summand of U’ without direct summands of the form T(a), namely,

U =U¥®T"(a).

In [4], it is proved that (WT)L =W and (UL)T =U if U and W are

reduced objects, where WT =U is the object obtained in Lemma 8.
Therefore, Theorem 2, Proposition 7 and Lemma 8 prove the following main
result concerning differentiation VIl for equipped posets with a triple of

points VIl -suitable and Y = <.
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Theorem 9. Let P be an equipped poset with a triple of points (a, b, ¢)
VIl -suitable. Then the functor of differentiation

D(a,b,c) repP — rep UD(’a,b,C),

defined by formulae (5) induces an equivalence between the quotient
categories
R/T > RT,

where R = repP, R’ = repJH p, ) and

I=(T@) T(@chg I =(T(@)-

In particular, the functor induces mutually inverse bijections between
classes of indecomposables

IndP\[T(a), T(a, ¢)] = Ind iP(;L b, C)\[T(a)]
realized by the operations T and .

Corollary 10. If T(R) and T'(R") are the Gabriel quivers of the

categories R and X', then

TR\ (2), T(a, ¢)] = TRNT ()]
3. Differentiation VIlg with Y = &

In this section, we discuss categorical properties of the algorithm of

differentiation D5 p ) for a poset P such that P = a’ +b, +{a< X
<c=<Y} with Y = &. To do that, we consider the full subcategory

L crepP whose objects U e £ satisfy the condition Uy ﬂ Uy
yeY

(clearly, objects U’ e L' < repRj p, ¢ satisfy this condition). In this case,

T(a,Y), T(a,c)e L, T(a) ¢ L. Furthermore,

T'(a)=T(a), P'(a)=P(a), T'(a,c)=T'(a,Y)=T(a,Y).
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For a poset iPzav+bA+{a< X <c=<VY}, Y=, Lemma 4 has
the following interpretation:

Lemma 11. Let U and V be the representations of an equipped poset P
with a suitable triple of points VIl -suitable (a, b, ¢). Thenif X' =a + X,

Y'=a+ X +c+Y, then the following equivalences hold for an F-linear
map ¢ :Ug = Vp:

@ o e yT@Y)y © eelUp+Uc) Vil aUy)cVy,

furthermore Uy, ¢) < Va,
(b) e y(T(ac)y < oelUp+Ux)",Va NV,
oUy) = Vg, 6(U ) = Vg NV, Ux) = Va NV,
©) o eyu(T@Y)y & ¢elUp+Ux), Vq],

oUyne) © Va+v oUx') < Va.
Fixing two objects U,V e L with L < rep?P and defining L, L' as
R, R inthe case Y = &, we define J = 4(T(a, Y), T(a, ¢)), as the ideal
consisting of morphisms passing through objects T(a, ¢c) and T(a, Y) in L.
We let J' = y(T(a, Y))V, denote the ideal consisting of morphisms passing

through the indecomposable T(a, Y) in L'

Since ¢ = @', L < L' and for arbitrary objects U, V € L, the following
inclusions hold:

JcJ cl, JclLcl.
Corollary 12. LN J' = J.

Proof. Suppose that ¢ € L J". Then ¢(U,) < V,, foreach x € P, in

particular, ¢(U.) = V.. Lemma 11 allows to conclude ¢ e [(Up, +Uyx'),



A Note on the Algorithm of Differentiation VI for Equipped Posets 105

V;]. Therefore, ¢ [(U, +U;)", Vs ]+ [(Up +Ux)", Vo NVS ] Since
¢ can be written as a sum of the form ¢ = @; + @5, wWhere @, ¢, € J,

Lemmas 3 and 11 allow us to conclude ¢ € J. O

Arguments used in the proof of Proposition 7 prove the following result
for an equipped poset P which can be written in the form P =a" + b, +
fa< X =<c=<VY}Y=d:

Proposition 13. L+ J' = L".

Lemma 14. For each object W e L', there exists an object U € £ such
that U’ =W @& T™M(a, Y) for some m > 0.

Proof. We describe space WC+ as in Lemma 8, then the conclusion can

be obtained by using the same arguments described in such lemma. Actually,

space Uy and subspace U,, for each point x € P\a¥ +Y, have the form

described in formulas (6). In this case, for each point x € a” + Y, subspace
U, is presented in the form:

Uy =Wy + FRE N0 ™

O

Corollary 12, Proposition 13 and Lemma 14 prove the following
theorem.

Theorem 15. Let P be an equipped poset with a triple of points
(a, b, ¢), Vlig-suitable (a, b, c). Then the functor of differentiation

D(a,b,c) repP — rep fP('a,b,c)

defined by formulae (5) induces an equivalence between the quotient
categories

L/g - L/d,
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J=T(@c)T@VY).,, I=(T@a}VY)). O

Corollary 16. If T(L) and I'(L') are the Gabriel quivers of the

categories £ and L', then

(1]

(2]

(3]

[4]

(5]

(6]

C(L\[T(a, c), T(a, Y)]=T(L)N\T(a, Y)]. O
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