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Abstract 

Let R be a commutative local ring with the identity 1 and the unique 
maximal ideal ,m  M be a free module of rank n over R, and σ be in 

.Aut MR  

Then, we factorize M into a direct sum of m free submodules 

mMMM ...,,, 21  such that each iM  is σ-invariant modulo m  for 

mi ...,,2,1=  and m is the number of the polynomials in the system 

of invariants of σ modulo .m  

Further it is shown that there exists a basis X for M over R for which σ 

is factorized into a product of elements in MRAut  in the form of 
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,2121 mm γγγρρρ=σ  

where each iρ  is a cyclic permutation on X, each iγ  is simple, i.e., 

fixes 1−n  elements in X. If 2 is a unit in R, then mρρρ 21  can be 

replaced by a product of mn −  symmetries in .Aut MR  As a result if 

2 is a unit in R, then σ is a product of n or less than n simple elements. 

1. Introduction 

Throughout R is a commutative local ring with the identity 1 and the 
unique maximal ideal ,m  M is a free module of rank n over R, MRAut  is 

the automorphism group on M and σ is in .Aut MR  

We have two chanonical maps 

mRRRR =→π :   defined by  m+= aaa  

and 

MMMMM m=→π :   defined by  .Mxxx m+=  

Since R  is a field, we may regard M  as a vector space over R  of 

dimension n by the scalar multiplication axxa =  for Ra ∈  and .Mx ∈  

Clearly the ring homomorphism Rπ  is a surjective R-module homomorphism 

if we regard R  as a module over R by a scalar multiplication abba =  for 

a, .Rb ∈  Also Mπ  is a surjective R-module homomorphism, since M  is an 

R-module by axxa =  for Ra ∈  and .Mx ∈  

Further, for Mx ∈  and ,Aut MR∈σ  if we define ,xx σ=σ  we obtain 

an automorphism σ  of ,M  that is, .Aut MR∈σ  Thus, we have the third 

chanonical map 

MM RRE AutAut: →π   by  ,σσ  

which is also a surjective group homomorphism. 
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As we have mentioned in the abstract our purpose is to present 
factorizations of the module M and the automorphism σ on M. However, the 
details of the theorems will be stated explicitly in the next section, and the 
proofs of them will be done in Section 3. In our proof of the theorems, the 
structure theorem of a finitely generated torsion module over PID will play a 
central role. 

2. Statement of Theorem A and Theorem B 

Let [ ]tR  be the polynomial ring in t over R and [ ]tR  be the polynomial 

ring over the field R  in t. For ( ) [ ]tRtf ∈  and Mx ∈  if we define a scalar 

multiplication by 

( ) ( ) ,xfxtf σ=  

M  is endowed with the structure of [ ]tR -module. Since [ ]tR  is a PID, 

applying the structure theorem of a finitely generated torsion module over a 
PID, we have a set of monic polynomials 

( ) ( ) ( ){ }tftftf m...,,, 21=F  in [ ]tR  (2.1) 

such that 

{ ( ) ( ) ( )}tftftf m...,,, 21=F  in [ ]tR  with mfff 21 |  (2.2) 

is the system of invariants of .σ  

N  denotes the set of natural numbers. 

Theorem A. Let R be a local ring with 1 and the unique maximal ideal 
,m  M be a free module of rank n over R, and σ be in .Aut MR  Then, there 

exist mxxx ...,,, 21  in M and mnnn ...,,, 21  in N  such that 

mMMMM ⊕⊕⊕= 21  (2.3) 

and 

i
n

iii xRxRRxM i 1−σ⊕⊕σ⊕=   for ,...,,2,1 mi =  (2.4) 
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where i
n xiσ  is in iM  modulo ix,m ’s are unique for σ modulo m  and in ’s 

are unique for σ. 

In particular iM  contains a free submodule iL  such that 

rank 1−= ii nL  and ii ML ⊆σ  for ....,,2,1 mi =  (2.5) 

In Theorem B, we will try various factorizations of σ into a product of 
special automorphisms in .Aut MR  We will now introduce such special 

automorphisms. 

Let γ be in .Aut MR  If there are two bases { }121 ...,,,, −= nxxxxX  and 

{ }121 ...,,,, −′=′ nxxxxX  for M over R such that 

1=γ  on { }121 ...,,, −nxxx  and ,xx ′=γ  

γ is called a simple element with axis { },...,,, 121 −nxxx  or simply γ is simple 

in X. In particular, γ is a symmetry if xx −=′  and a transvection if 
yxx +=′  for some y in .121 −⊕⊕⊕ nRxRxRx  Further let ρ be in 

.Aut MR  If there is a basis { }nxxxX ...,,, 21=  such that ρ is a permutation 

on X, then we call ρ a permutation element in MRAut  with respect to X, or 

simply a permutation in X. In particular, we say that ρ is cyclic in X if it is a 
cyclic permutation on X. Also an element δ in MRAut  is said to be diagonal 

in X if the matrix of δ relative to X is diagonal. 

Theorem B. Under the same assumption as Theorem A we have a basis 
X for M over R with a partition nXXXX ∪∪∪ 21=  for which σ can 

be factorized in MRAut  in each way as (I), (II) and (III) following: 

(I) mγγργ=σ 21  with ,21 mρρρ=ρ   

where for mi ...,,2,1=  

 (i) iρ  is cyclic on iX  of length ,in  

(ii) iii fXn deg==  for an invariant system { }mfff ...,,, 21  of σ 

modulo ,m   
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and 

(iii) iγ  is simple on ,iX  i.e., fixes 1−in  elements in .iX  

(II) ,21 mττρδτ=σ   

where 

  (i) ρ is that of (I), 

 (ii) the matrix of δ is diagonal relative to X,  

and 

(iii) mτττ ...,,, 21  are transvections in X. 

(III) If 2 is a unit,  

21212121 τδτσσσ=γγγσσσ=σ −− mnmmn ,mτ   

where 

  (i) mn−σσσ ...,,, 21  are symmetries, 

 (ii) mγγγ ...,,, 21  are those of (I),  

and 

(iii) δ, mτττ ...,,, 21  are those of (II). 

3. Proof for the Theorems 

For an ideal a  of R and a subset S of M we denote the submodule of M 
spanned by S over a  by ,aS  i.e., 

∑
∈

=
Ss

sS .aa  

We need the following lemma. 

Lemma. For a subset { }nyyyY ...,,, 21=  of M, the following statements 

(a) and (b) are equivalent: 
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(a) Y is a basis for M over R. 

(b) Y  is a basis for M  over .R  

Proof. Let { }nzzzZ ...,,, 21=  be a basis for M over R. Then we have a 

matrix ( )RMP n∈  such that 

,ZPY tt =  

therefore 

.ZPY tt =  
Thus, 

( ) Pa  is invertible PPP 0≠∈/ m  is invertible ( ).b  

  

Since { ( ) ( ) ( )}tftftf m...,,, 21=F  is the system of the invariant of σ  in 

,Aut MR  by the structure theorem of M  we have vectors 

{ } Mxxx n ⊆′′′ ...,,, 21  

such that if we set for mi ...,,2,1=  

{ } ,deg,...,,, 1
iii

n
iii fnxxxX i =′σ′σ′=′ −  

then 

mXXXX ′′′=′ ∪∪∪ 21  

is a basis for M  over .R  

Choose an arbitrary inverse image Mxi ∈  of Mxi ∈′  by ,Mπ  i.e., 

ii xx ′=  for ....,,2,1 mi =  Set 

{ }i
n

iii xxxX i 1...,,, −σσ=   for mi ...,,2,1=  

and 
.21 mXXXX ∪∪∪=  

Then, since ii XX =  for ,...,,2,1 mi =  we have .XX ′=  Consequently X 

is a basis for M over R by the lemma. 

Now we prove our theorems. 
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(a) Proof for Theorem A. 

Let iM  be the submodule spanned by iX  for ,...,,2,1 mi =  and iL  be 

the submodule spanned by { }i
n

i xX i 1\ −σ  for ....,,2,1 mi =  Then Theorem 

A is straightforward. 

(b) Proof for Theorem B. 

By (2.1) we have a set of polynomials ( ) ( ) ( ){ }tftftf m...,,, 21=F  in 

[ ].tR  Before we begin the proof for Theorem B we want to observe that the 

constant term of the invariant ( )tfi  is a unit in R for ....,,2,1 mi =  To do so 

we write for mi ...,,2,1=  

( ) ( ) ( ) ( ) ( ) Riattiatiaiatf h
nn

ni ii
i ∈+−−−−= −
− ,1

110  (3.1) 

for .1...,,1,0 −= inh  The companion matrix ( )( )tfC i  of ( )tfi  is denoted 

by 

( )( )

( ) ( ) ( ) ( )⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

− iaiaiaia

tfC

in

i

1210

1000

0100
0010

 (3.2) 

and we set the block diagonal matrix A as 

( )( )
( )( )

( )( )

( ).

0

0

2 RM

tfC

tfC
tfC

A n

m

i

∈

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=  (3.3) 

Then the matrix A  of σ  is 

( ( ))
( ( ))

( ( ))

( ),

0

0

2 RM

tfC

tfC
tfC

A n

m

i

∈

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=  (3.4) 
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where 

( ( ))

( ) ( ) ( ) ( )

.
1000

0100
0010

1210 ⎟⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

− iaiaiaia

tfC

in

i  (3.5) 

This yields that 

( ) ∗∈ Ria0  (the unit group of R) (3.6) 

for ,...,,2,1 mi =  since σ  is an automorphism and so .0≠A  

Now we return to our proof for Theorem B, first we treat (I) of the 
theorem. For mi ...,,2,1=  define MRi Aut∈ρ  by 

1=ρi  on iXX \  

and on iX  by cyclic, i.e., 

,: 1
ii

n
iii xxxx i →σ→→σ→ρ −  

a cyclic permutation of length .deg ii fn =  Set .21 mρρρ=ρ  

Then, for mi ...,,2,1=  we have 

11 =σρ−  on i
n

i xX i 1\ −σ  (3.7) 

and by (3.4) and (3.5) it holds that 

( ) i
n

i
n xx ii σ=σσ −1  

( ) ( ) ( ) i
n

niii xiaxiaxiau i
i

2
210

−
− σ++σ++=  

 ( ) ,1
1 ii

n
n vxia i

i +σ+ −
−  (3.8) 
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for ,...,,2,1 mi =  where 

m121 −∈ ii XXXu ∪∪∪  

and 

.21 mmiii XXXv ∪∪∪ ++∈  

Hence, 

( ) i
n

i
n xx ii σρ=σσρ −−− 111  

( ) ( ) ( ) i
n

niii xiaxiaxiau i
i

2
121

1 −
−

− σ++σ++ρ=  

( ) ,11
0 ii

n vxia i −− ρ+σ+  (3.9) 

where 

,121
1

m−
− ∈ρ ii XXXu ∪∪∪  

mmiii XXXv ∪∪∪ 21
1

++
− ∈ρ  

and 

( )ia0  is a unit of R by (3.6). 

This implies that if we set 

{ },,...,,, 12
i

n
i

n
iii xxxxY ii σρσσ= −−  

i.e., replacing the last element i
n xi 1−σ  in iX  by ,1

i
n xiσρ−  then we see that 

mjjj XXYYYS ∪∪∪∪∪∪ 121 −=  

is also a basis for M over R for ,...,,2,1 mj =  where we understand that 

,211 mXXXS ∪∪∪=   i.e.,  ∅=−121 jYYY ∪∪∪  

if .1=j  
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Define MRj Aut∈γ  by 

1=γ j  on { } mjj
n

jj XXxXYY j ∪∪∪ 1
1

11 \...,, +
−

− σ  

and 

.11
j

n
j

n
j xx jj σρ=σγ −−

 

Then jγ  is simple and 

{ } { },...,,,...,,,: 21211 mm XXYXXXX →=γ  

{ } { },...,,,,...,,,: 321212 mm XXYYXXY →γ  

… 

{ } { },,...,,,,...,,,: 121121 mmmmm YYYYXYYY −− →γ  

i.e., 

.321
21

mSSSSX
mγγγ
→→→=  

On the other hand, since 

{ } { },...,,,...,,,: 2121
1

mm XYYXXX →σρ−  i.e., ,
1

1 mSSX
σρ−

→=  

we conclude that 

12
1 γγγ=σρ− m  

and so 

.122112 γγγρρρ=γγργ=σ mmm  

By a renumbering of ,...,,, 21 mγγγ  we have (I). 

Next we prove (II). Define MREnd∈δ  by D, a diagonal matrix in X 

such that 

( ) ( ) ( )( )mAAAD ...,,2,1diag=  with ( ) ( )( )iaiA 0,1...,,1,1diag=  

for ,...,,2,1 mi =  where 
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  (i) ( )iA  is an ii nn ×  diagonal matrix, 

 (ii) ( )ia0  is that of (3.6) and 

(iii) ( )ia0  is ( ) ( )( )inin , -entry in D for ( ) .21 innnin +++=  

Since ( )ia0 ’s are all units in R by (3.6), we have δ in MRAut  and by 

(3.7) and (3.9) we have 

111 =σρδ −−  on { }i
n

i xX i 1\ −σ  for ,...,,2,1 mi =  (3.10) 

and 

( ) i
n

i
n xx ii σρδ=σσρδ −−−−− 11111  

( ) ( ) ( ) i
n

niii xiaxiaxiau i
i

2
121

11 −
−

−− σ++σ++ρδ=  

,111
ii

n vxi −−− ρδ+σ+  (3.11) 

with 

,121
1

m−
− ∈ρ ii XXXu ∪∪∪  

.21
1

mmiii XXXv ∪∪∪ ++
− ∈ρ  

Note that for mi ...,,2,1=  the coefficient ( )ia0  of i
n xi 1−σ  is 1 in the 

above expression. 

This enables us to define transvections mτττ ...,,, 21  in MRAut  by 

1=τ j  on { } mjj
n

jj XXxXYY j ∪∪∪∪ 1
1

11 \ +
−

− σ  

and 

( ) ,111
j

n
j

n
j xx jj σρδ=στ −−−

 

for nj ...,,2,1=  for which we have 

.21
11

mτττ=σρδ −−  

Thus, we have obtained mττρδτ=σ 21  as was to be shown for (II).  
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Finally we treat (III). 

By (I) we have mγγργ=σ 21  with .21 mρρρ=ρ  Since a cyclic 

permutation is a product of transpositions, we have on iX  

( ) ( ) ( ) ( ).211
iiiii

n
ii

n
iii xxxxxxxxx ii σσσ=σσ=ρ −−  

Further if 2 is a unit in R, then we have 

ijiji
j

i RvRuxRRx ⊕=σ⊕  

for 

i
j

iiji
j

iij xxvxxu σ−=σ+= ,  

and the above transposition ( )i
j

i xx σ  acts 

( ) 1=σ i
j

i xx  on iju  and 1−  on ijv  

for mi ...,,2,1=  and .1...,,2,1 −= inj  Therefore, if we define symmetries 

MRij Aut∈σ  for mi ...,,2,1=  and mj ...,,2,1=  by 

1=σij  on { } { }i
j

iij xxXu σ,\∪  

and 
1−=σij  on { },ijv  

we have 

( )i
j

iij xx σ=σ  on { }i
j

i xx σ,   and  1=σij  on { }i
j

i xxX σ,\  

which yields that 

mρρρ=ρ 21  

( ( ) ) ( ( ) ) ( ( ) ).121212212111211 21 mmnmnn m σσσσσσσσσ= −−−  

From this and by 

( ) ( ) ( ) mnmnnnnnn mm −=−+++=−+−+− 2121 111  

we obtain (III), which completes our proof for Theorem B.  
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