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Abstract

Let R be a commutative local ring with the identity 1 and the unique
maximal ideal m, M be a free module of rank n over R, and o be in

AUIRM.

Then, we factorize M into a direct sum of m free submodules
M1, My, ..., M, such that each M; is o-invariant modulo m for
i =1 2, .., m and mis the number of the polynomials in the system
of invariants of c modulo m.

Further it is shown that there exists a basis X for M over R for which o

is factorized into a product of elements in AutgM in the form of
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G = P1P2  PmY1Y2 " Ym>

where each pj is a cyclic permutation on X, each y; is simple, i.e.,
fixes N —1 elements in X. If 2 is a unit in R, then pp;---py, can be
replaced by a product of n —m symmetries in AutgM. As a result if

2 is a unit in R, then o is a product of n or less than n simple elements.
1. Introduction

Throughout R is a commutative local ring with the identity 1 and the

unique maximal ideal m, M is a free module of rank n over R, AutgrM is

the automorphism group on M and ¢ is in AutgM.
We have two chanonical maps
ng : R —> R =R/m definedby ar>a=a+m
and
M —> M =M/mM definedby X X = X+ mM.

Since R is a field, we may regard M as a vector space over R of
dimension n by the scalar multiplication aX = ax for ae R and X e M.

Clearly the ring homomorphism 7t is a surjective R-module homomorphism

if we regard R as a module over R by a scalar multiplication ab = ab for

a, b € R. Also mp, is a surjective R-module homomorphism, since M is an

R-module by ax = ax forae R and X € M.

Further, for x e M and o € AutgM, if we define oX = &, we obtain
an automorphism G of M, that is, G e Autgy M. Thus, we have the third

chanonical map
g : AutRM — Aut§|\7 by o+ G,

which is also a surjective group homomorphism.
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As we have mentioned in the abstract our purpose is to present
factorizations of the module M and the automorphism ¢ on M. However, the
details of the theorems will be stated explicitly in the next section, and the
proofs of them will be done in Section 3. In our proof of the theorems, the
structure theorem of a finitely generated torsion module over PID will play a

central role.

2. Statement of Theorem A and Theorem B

Let R[t] be the polynomial ring in t over R and R][t] be the polynomial

ring over the field R in t. For f_(t) e R[t] and X € M if we define a scalar

multiplication by
f(t)x = f(o)X,
M is endowed with the structure of R[t]-module. Since R[t] is a PID,

applying the structure theorem of a finitely generated torsion module over a

PID, we have a set of monic polynomials
F ={f(t), fr(t), ..., fy(t)} in R[t] (2.1)
such that
F ={fit), (1), ..., fn(t)} in R[t] with ] fy| | (2.2)
is the system of invariants of G.
N denotes the set of natural numbers.

Theorem A. Let R be a local ring with 1 and the unique maximal ideal
m, M be a free module of rank n over R, and ¢ be in AutgM. Then, there

exist x;, X, ..., X inMand ng, n,, ..., Ny, in N such that
M=M &M, @ @M, (2.3)
and

M; = Rx; ® Rox; @ - ® Rs" 'x; fori=1,2,..m, (2.4)
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where c"x; isin M; modulo m, x;’s are unique for c modulo m and n;’s

are unique for .
In particular M; contains a free submodule L; such that
rankLj =n; -1 and oLj < M; fori=12,..., m (2.5)

In Theorem B, we will try various factorizations of ¢ into a product of

special automorphisms in AutgM. We will now introduce such special

automorphisms.

Let y be in AutgM. If there are two bases X = {X, X{, X, ..., X,_1} and

X" ={X, X{, X2, ..., Xy_1 } for M over R such that
y =1 on {X, Xy, ..., X,_1} and yX = X/,

y is called a simple element with axis {X;, X5, ..., X,_1}, or simply vy is simple
in X. In particular, y is a symmetry if x'=-x and a transvection if
X'=x+Yy for some y in RX; ® Rx, @ --- @ Rx,,_;. Further let p be in

AutgM. If there is a basis X = {X|, X, ..., Xp} such that p is a permutation
on X, then we call p a permutation element in AutgM with respect to X, or

simply a permutation in X. In particular, we say that p is cyclic in X if it is a
cyclic permutation on X. Also an element & in AutgM is said to be diagonal

in X if the matrix of o relative to X is diagonal.

Theorem B. Under the same assumption as Theorem A we have a basis
X for M over R with a partition X = X; U X, U---U X, for which ¢ can

be factorized in AutgrM in each way as (I), (II) and (III) following:
(D o =py1v2--Ym With p = pypy - pm,

wherefor i =1, 2, .., m
(1) pj iscyclicon X; of length n;,

(i) nj =| Xj| =deg fj for an invariant system {f, f,,.., f} of ¢

modulo m,
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and
(iii) y; is simple on X;, i.e, fixes nj —1 elements in X;.
() o = pd1yTp - T,
where
(i) p is that of (1),
(ii) the matrix of 6 is diagonal relative to X,
and
(iii) 1y, Ty, ..., Ty are transvections in X.
(TIT) If 2 is a unit,
G =010 " Op_mY1¥2 """ Ym = 0102 " On-mdTy T2 -+ s
where
(i) o1, 09, ..., Op_y are symmetries,
(i) vy, Y2, --» Ym are those of (1),
and

(iii) 8, 7y, T3, ..., Ty are those of (II).

3. Proof for the Theorems

21

For an ideal a of R and a subset S of M we denote the submodule of M

spanned by S over a by (S)_, i..,

(S)e = D us.

seS

We need the following lemma.

Lemma. For a subset Y = {y;, ¥s, ..., Yo} Of M, the following statements

(a) and (b) are equivalent:
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(a) Y is a basis for M over R.
(b) Y is abasis for M over R.

Proof. Let Z = {z;, z,, ..., Z,} be a basis for M over R. Then we have a

matrix P € M,(R) such that
vy = P'z,
therefore
Y =P'Z.
Thus,
(a) P isinvertible < |P|¢ m < |P | # 0 S P is invertible < (b).
[
Since F = {f;(t), f5(t), ..., fy(t)} is the system of the invariant of G in
Autﬁl\w, by the structure theorem of M we have vectors
X, X5, ., Xpt < M

such that if we setfor i =1, 2, ..., m

X! ={x,ox,. ., 5 X}, n =degf,
then
X' = X{UX&UU)(;T1
is a basis for M over R.

Choose an arbitrary inverse image Xj € M of X € M by my, ie.,
Xj =X fori=1,2,.. m. Set
Xi = {Xi, OXj, ooy G”i_lxi} for i = 1,2,...,m

and

X = X UXy U UXp,.
Then, since )Ti = Xj for i =1, 2, ..., m, we have X = X", Consequently X
is a basis for M over R by the lemma.

Now we prove our theorems.
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(a) Proof for Theorem A.
Let M; be the submodule spanned by X;j for i =1, 2, ..., m, and L; be

the submodule spanned by X;\{c" ™'x;} for i =1, 2, ..., m. Then Theorem
A is straightforward.

(b) Proof for Theorem B.

By (2.1) we have a set of polynomials F = {f;(t), f5(t), ..., f,(t)} in
R[t]. Before we begin the proof for Theorem B we want to observe that the

constant term of the invariant fj(t) is a unitin R for i =1, 2, ..., m. To do so

wewritefori=1,2,.., m
fi(t) = —ag(i) - ay()t -+ —ap (" +t ap()e R (3.D)

for h=0,1, .., n; —1. The companion matrix C(f;(t)) of f;(t) is denoted
by

0 1 0 0
0 0 1 0

C(fi(t) = (3.2)
0 0 0 . 1

ag(i) (i) ay(i) - ag_()

and we set the block diagonal matrix A as

C(fi(t) 0
A= C(h(1) e M, (R). (3.3)
0 | C(fm (1)
Then the matrix A of G is
C(fi(t) 0
A= C(h(0) . e M,(R), (3.4)

0 ()
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where
0 1 0
0 0 1
chy=|
0 0 0
) a) al)
This yields that

ay(i) € R* (the unit group of R)

for i =1, 2, ..., m, since G is an automorphism and so | A | = 0.

ol ol

1

ani—l(i)

(3.5)

(3.6)

Now we return to our proof for Theorem B, first we treat (I) of the

theorem. For i =1, 2, ..., m define p; € AutRrM by
Pij =1on X\Xi

and on X; by cyclic, i.e.,

Pj - Xj > OXj > —> O'ni_IXi - X,

a cyclic permutation of length n; = deg fj. Set p = p1py - pm-

Then, for i =1, 2, ..., m we have

nj—1

p_lc =1on Xj\c ' X

and by (3.4) and (3.5) it holds that

o(c" %) = c"ix

= Uj +ag(i)X +ay(i)oxj + -+ an_s(i)o

+ap, (i)™ I+ vy,

nj—2

X

(3.7)

(3.8)
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for i =1, 2, ..., m, where

U e (XU X U U Xz

and

Vi € (Xipp UXjo UeU Xy
Hence,

plo(c" %) = p~la"x,
= p Ui +ay(i)x + a,(i)ox; + -+ ani_l(i)o”i_zxi
+ag(D)a" 1 +p i, (3.9)

where

plui & (X1 U Xy U U Xisg)

p Vi € (Xixt U Xisa U U Xpp)yy
and

ao(i) is a unit of R by (3.6).
This implies that if we set
Y, = {X;, oXi, ..., " 2x;, p~laMx; ),
i.e., replacing the last element 6" 'x; in X; by p~'c"x;, then we see that
S; =Y UY,U--UYj UX;U-UXg
is also a basis for M over R for j =1, 2, ..., m, where we understand that

Sl = Xl U X2 UU Xm, i.e., Yl UY2 UuYJ—l =®

if j=1.
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Define yj € AutgM by

yj=1on Y, ... ¥j UX Mo U XU Xp
and
yjcnj_lxj = p_lcnjxj.
Then v is simple and
11 X ={X], Xo, s X} = Y1 Xo, ey X},

Yo ! {Yl’ X2, ooy Xm} —> {Yl, Y2, X3, cees Xm},

Ym : {Yl’ Yz, ooy Ym—l’ Xm} —> {Yl’ Yz, ooy Ym—l’ Ym},
1.e.,

Y1 Y2 Tm
X = Sl—)SZ —)83"'—)Sm.

On the other hand, since

-1
p ©
p o {X], Xg, s X} = Y1, Yo, s X by ie, X =S, > S,

we conclude that
-1
P O=Ym- Y271
and so

C=pPYm "Y2Y1 = P1P2 " Pm¥m - Y271-

By a renumbering of yy, v, ..., Ym, We have (I).

Next we prove (II). Define 6 € EndgM by D, a diagonal matrix in X
such that

D = diag(A(1), AQ2), .., A(m)) with A(i) = diag(l, 1, ..., 1, ao(i))

fori=12,.., m, where
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(i) A(i) is an n; x n; diagonal matrix,
(ii) ag (i) is that of (3.6) and
(iii) ag(i) is (n(i), n(i))-entry in D for n(i) = ny + Ny +--- + ;.
Since a(i)’s are all units in R by (3.6), we have 8 in AutgM and by
(3.7) and (3.9) we have
§p'o =1 0n X;\{c" Ix} fori=1,2, .., m, (3.10)
and
5 o7 lo(c" X ) = 57 p 6 x;

nj—2

=5 p7luy + a(i)x; + ay(i)ox; + -+ + an_1()o" 7x

+o"i I + 5717y, (3.11)
with

plui & (X1 U Xy U U Xisg)
p Vi & (Xisg UXja U U Xy

Note that for i =1, 2, ..., m the coefficient ay(i) of G _lxi is 1 in the

above expression.
This enables us to define transvections 1y, 15, ..., Ty in AutgM by

nj—l

tj=lon YUY, UXjMo ! XU X U Xy

and
ni—1 —1 =1 _Nnj
’Ej(G] Xj)ZS o] GJXJ',
for j =1, 2, ..., n for which we have
S_Ip_lc =TTy " Trp-

Thus, we have obtained 6 = pd1yT, -+ T, as was to be shown for (1I).
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Finally we treat (III).

By (I) we have o =py;yo---ym With p =pipy---py. Since a cyclic

permutation is a product of transpositions, we have on X;

nj _lxi)"'(xi szi)(xi OX; )

pi = (xi 0% --a %) =(x o
Further if 2 is a unit in R, then we have

RXi @ RGin = RUij (&) RVij
for

uij = X +GJXi, Vij =X —GJXi
and the above transposition (X; o!x;) acts
(Xi (SJXi) =1 on uij and —1 on Vij

fori=1,2,..,mand j=1 2, .., n; — 1. Therefore, if we define symmetries

cjj € AutgM for i=12,..,mand j=12,.. mby

O'ij =1on {UU}U X\{Xi, Gin}

and
Cijj = -1 on {Vij}a
we have
cij = (X iji) on {X;, cjxi} and ojj =1 on X\{x;, iji}

which yields that

p=pP1P2 " Pm

= (1(n-1) *012011) (62(n, 1) =+ 622621)** (Om(ny 1) ** Om2Om1 )

From this and by

(m-D+Mm-1)+-(Npy=1)=n+n+--+ny—m=n-m

we obtain (III), which completes our proof for Theorem B. ]
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