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Abstract

In this paper, we introduce and study the second kind twisted (h, q) -

Euler numbers E,({‘a,W and polynomials E,q‘()qyw(x).

1. Introduction

Many mathematicians have studied Euler numbers and Euler
polynomials. Euler polynomials possess many interesting properties and are
arising in many areas of mathematics and physics. In this paper, we introduce
the second kind twisted (h, q)-Euler numbers and polynomials. Throughout

this paper, we use the following notations. By Z, we denote the ring of
p-adic rational integers, Q denotes the field of rational numbers, Q, denotes

the field of p-adic rational numbers, C denotes the complex number field,
and C,, denotes the completion of algebraic closure of Q. Let v, be the
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normalized exponential valuation of C , with | p |p = p_vp(p) = p~L. When
one talks of g-extension, q is considered in many ways such as an

indeterminate, a complex number ¢ e C, or p-adic number q e Cp. If

q € C, then we normally assume that [ q| < 1. If g € C, then we normally

1
assume that [q 1|, < p P=1 5o that g* = exp(xlog q) for | X[, <1,

1-q*
1-q'

[X]q =[x:a]= cf. [1,2,3,4,5,6].

For

g eUD(Zy)=1{gl|9:Z, — Cy is uniformly differentiable function},

Kim defined the fermionic p-adic integral on Z , as follows:

jng(x)du_l(x)=Nlian > gD ef[L2. (1Y)

OSx<pN

From (1.1), we obtain
n-1 w
[, 9t mdu a0ty = (D" g(du 100 +2) ()" g(0)
Zy Z, =
(1.2)
2. The Second Kind Twisted (h, q)-Euler Numbers and Polynomials

Our primary aim in this section is to define the second kind twisted
(h, )-Euler numbers E,({‘g,,w and polynomials E,({‘alw(x) and to investigate

their properties. In this section, we assume that h € Z. Let T, = UNzlcpN

N
= limy_yo CpN, where CpN = {w|wP =1} is the cyclic group of order

pN. For w e Ty, we denote by ¢, : Z, — C, the locally constant function
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X > WX, In (L1.2), if we take g(x) = by, (x)q™e@*D then we easily see
that
[ u0a™e@ g 400 - — 25—
Zp the2t +1

Let us define the second kind twisted (h, q)-Euler numbers Ej ¢, and

polynomials Ep, g w(x) as follows:

n
J, un)ae® e (y)—ZE%“aWt_. @)
h S e (h t"
. BBy (y) - nz:ges,aw(x)ﬁ. (2.2)

By (2.1) and (2.2), we obtain the following Witt’s formula.

Theorem 1. For w e Tp and h € Z, we have

[, ow00a™@x +1"du () = EFY .
p

[, dwna™(@y + 1+ 0 du1(y) = ENY w0,
p

Let q be a complex number with | q| <1 and w be the pN th root of
unity. By the meaning of (1.3) and (1.4), let us define the second kind twisted

(h, q)-Euler numbers Er(]%,w and polynomials Er({‘()qlw(x) as follows:

hy o t"
h Zt nZ;‘)E( ),Wﬁ, (2.3)

wg''e

2" x_Nph) ot
—e =Y E (X)—=. (2.4)
wge?t + nz_(:) Al
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By above definition, we obtain

© | t
E(h) X t_:—ze eXt
,; g, )“ wq"e?t +1
:i IZE(h) o {-n
=g e (I=n)!

By using comparing coefficients t|_| we have the following theorem.

Theorem 2. For any positive integer n, we have
" n
SRS Y T
k=0

Over five decades ago, Carlitz [1] defined g-extensions of the classical
Bernoulli numbers B, and Bernoulli polynomials B,(x) and proved
properties analogues to those satisfied by B,, and B, (x). Carlitz’s g-Bernoulli
numbers B, = B ¢ can be determined inductively by [1],

1, ifk=1

- k_g, =
Po=1 a@ D ~Pi-{o

with the usual convention about replacing Bk by Bx. For the second kind

twisted (h, q)-Euler numbers, we obtain the following theorem.

Theorem 3. The second kind twisted (h, q)-Euler numbers Er(]t‘()],w are
defined, respectively, by

2, if n=0,

el e+ 1+ € -0 = {5 10T

with the usual convention about replacing (Eét‘&,)” by Er(,'l‘&,w in the

binomial expansion.
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Proof. From (2.3), we obtain

M " o eyt EN
ZEan :Z(Eq,w) ¢ o
wq het 4 o~ nt & -
which yields
g(h) (h) (h) _
2 = (wg"e! + e_t)e gt the(E qutl)t o (Bow-lt

Using Taylor expansion of exponential function, we have
0 tn
2= wa"(EQN + 1" + (BN - 1"}
n=0
= wa" (BN +1)° + (BN, - 1)°

00 n
+ 3 wg"(E + D" + (EP -1
n=1

nt’

The result follows by comparing the coefficients.

Because

& e 0= 600 = 3 & el

it follows the important relation

d
dx

We also obtain the following integral formula:

1
P, ¢ 000 = 2 (EQ) u(b) - £ (e

EY w(¥) = nE) o (%),

Since

© | t
t 2
IEO E|(,hq),W(X + y)F - ;e(x"'y)t

341
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we have the following addition theorem.

Theorem 4. The second kind twisted Euler polynomial Er(,ha w(X)

satisfies the following relation:
|
I
h _
BT (X +Y) = 2}[ jEé“a W)y
n=0

It is easy to see that

xt a.ah a at
= (-1)%q
thWmEth Z

h a 2
= > (De? e
Z thmemt +e—mt

(2a+xn:rl—m)(mt)

=n§(—1)aqahwaZE(h) (2a+x+1—mj(mt)n
a=0 n=0

n,q W m n!

X - h (h) 2a+x+1-m)|t"
_ n a ~al a -
_Z(m Z(—l) q'w En,qm,Wm(—m )JW

Hence, we have the below distribution relation.

Theorem 5. For m an odd positive integer and n € N, we have

En,g,w(X) = Z( -1)'q"wEe® (M) for n > 0.

n,gm, wm m
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