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Abstract

Our aim in the present paper is to introduce and study certain types of
fuzzy retractions of fuzzy closed flat Robertson-Walker space w4
model. Some kinds of fuzzy deformation retracts of W4 model are
obtained. The relations between the fuzzy folding and the fuzzy
deformation retracts of W* model are deduced. Types of fuzzy
minimal retractions of W* model are also presented. New types of
homotopy maps are deduced. New types of conditional fuzzy folding

of W% model are presented. Some commutative diagrams are
obtained.
© 2013 Pushpa Publishing House

2010 Mathematics Subject Classification: 53A35, 51H05, 58C05, 51F10, 58B34.
Keywords and phrases: fuzzy retraction, fuzzy deformation retract, fuzzy folding, fuzzy

closed flat Robertson-Walker space w4 model.
Communicated by K. K. Azad

Received November 10, 2012; Revised March 4, 2013



54 A. E. EI-Ahmady and A. S. Al-Luhaybi
Introduction and Background

Robertson-Walker space represents one of the most intriguing and
emblematic discoveries in the history of geometry. Although if it was
introduced for a purely geometrical purpose, they came into prominence in
many branches of mathematics and physics. This association with applied
science and geometry generated synergistic effect: applied science gave
relevance to Robertson-Walker space and Robertson-Walker space allowed
formalizing practical problems [13-15, 18, 19, 23]. As is well known, the
theory of retractions is always one of the interesting topics in Euclidian and
non-Euclidian spaces and it has been investigated from the various
viewpoints by many branches of topology and differential geometry [2-5, 7,
8, 11, 16, 17, 21]. There are many diverse applications of certain phenomena
for which it is impossible to get relevant data. It may not be possible to
measure essential parameters of a process such as the temperature inside
molten glass or the homogeneity of a mixture inside some tanks. The
required measurement scale may not exist at all, such as in the case of
evaluation of offensive smells, evaluating the taste of foods or medical
diagnoses by touching [1-3, 6, 9-12, 20, 22]. A fuzzy manifold is manifold
which has a physical character. This character is represented by the density
function p, where u € [0, 1] [7, 8].

A fuzzy subset (A, n) of a fuzzy manifold (M, u) is called a fuzzy
retraction of (M, u) if there exists a continuous map r : (M, pn) — (A, n)

such that T'(a, u(a)) = (a, w(a)), va e A p [0, 1] [1-7].

A fuzzy subset (M, i) of a fuzzy manifold (M, p) is called a fuzzy
deformation retract if there exist a fuzzy retraction 7 : (M, n) — (M, p)

and a fuzzy homotopy F : (M, wxl — (I\_{I, w) [2, 6,9, 11] such that

F((x, 1) 0) = (x, p) }

- e M,
F((x, ) 1) =T(x p) -
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F((a p)t)=(a, pn), V(@ p)eM, tel, pel0, 1], where F(x, p) is the

retraction. From the beginning of the line a map § ‘W* > W* is said to be
an isometric folding of W4 model into itself iff for any piecewise fuzzy
geodesic path y:J — W*# the induced path § oy:d > W4 isa piecewise
fuzzy geodesic and of the same length as y, where J = [0, 1]. If § does not

preserve lengths, then § is a topological folding of W4 model [1, 4-6, 8, 9].

The isofuzzy folding of UI\?h cW* is a folding f :UMi - UMi
such that ?(I\Z) =M and any Mi belong to the upper hypermanifolds
Ell\ﬁj down M such that pj = pj for every corresponding points, i.e.,

u(ai) = w(a;) [6]- See Figure 1:

Figure 1
Main Results

Theorem 1. The retractions of the fuzzy closed flat Robertson-Walker

space W% model are the fuzzy sphere, fuzzy hypersphere, fuzzy circle and
fuzzy minimal manifolds.

Proof. Consider the fuzzy W* model with metric

dr?(w) = dyg?(w) + sin® (1) (6% () + sin?6(u)do?(w)), n € [0,1]. (1)
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The coordinates of fuzzy W4 model are
X1 = sin y(w)sin O(n)cos d(p), Xz = sin (1) cos H(w),

Xp = siny(u)sin O()sin o(p), X4 = cos (), 2

where therangesare 0 <y <0, 0<0<mand 0 < ¢ < 2m.

Now, we use Lagrangian equations

i( il J— T _o i=1234
ds{ 0¢i(n) ) opi ()

to find a geodesic which is a subset of W* model. Since

T = %{XZ(“) +sin%y () (6%(u) + sin®6(u) $*(w)},

the Lagrangian equations for W4 model are

% (1)) — (sin 7() cos (1) ( 6% () + sin®O(w) $2(w))) = O,

3
% (sin? (1) () — (sinZx()sin (1) cos 6(11) $2(u)) = O, 4)
% (sin? () sin26(u)d( ) = O, (5)
~((w)) + (sin (1) cos 7 (p) 62 (w) + sin? () ()
+ sin (1) cos 7 (1) sin®O(1) $* ()
+ siny () sin O(y) cos O(1) ¢ (1)
+sin?y(1)sin®0()o( 1)) = 0. (6)

From equation (5), we obtain sinzx(u)sinze(u)d)( [1) = constant, say
B1, if By = 0, then we obtain the following cases:
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If & = 0, hence we obtain the following fuzzy geodesic retraction sphere

T and E, then

§12, )?f+)?§+>?f=1with >22=0.Also,if¢:%orz 3

we have the retractions fuzzy spheres §13, §23 and §33 in W* model. Again,

if o= % hence we obtain the geodesic retraction fuzzy sphere §22 in w4

model given by
(0, siny(pu)sin (), sin x(p)cos 6(k), cos x(p)).

Also, if ¢ = m, then the geodesic retraction fuzzy sphere S~32 in W4 model is

defined as

(sin x(r)sin 6(w), 0, sin x(n)cos O(u), cos % (1)).
Now, if 6 =0, hence we obtain the following coordinate of geodesic

fuzzy circle §11 in W% model given by (0, 0, sin x(u), cosx(u)). Also, if

T

=%

, then we have the retraction fuzzy sphere éf in W* model defined

as

[ 52005t Jsin psin(). % sin ), cos 20 |

Again, if 6 :% and 6 :%, then we have the retraction unit spheres

T

§53 §g’. Now, if 0 = o hence we obtain the following coordinate of fuzzy

sphere §42 in W4 model given by

(sin (r) cos(p), sin x(r)sin(w), 0, cos x(w)).

Again, if y =0, then we get the following minimal fuzzy geodesic

retraction VVO(O, 0,0,1) in W4 model. In a special case, if y = % hence
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we get the coordinate of fuzzy geodesic sphere S~52 in W* model which

is represented by (sin 6(u)cos(u), sin O(u)sin(w), cos 6(u), 0). Also, if

¢ =90, and x =90, then we obtain the retraction fuzzy circle §21 =
(0, sin 6(n), cos B(p), 0).

In this position, we present some cases of fuzzy deformation retracts of

W* model. The fuzzy deformation retract of W4 model is
WA =Bl > W - B},

where {VV4 - E} is open in W* model and 1 is the closed interval [0, 1], be
presented as

n(x, h) :{(sin x(w)sin 6(w) cos o(w), sin x(w)sin O(w)sin (),
sin (1) cos B(n). cos x(u)) ~ B} x|
— {(sin x(n)sin O(r) cos d(p), sin x(w)sin (k) sin ¢(u),
sin (i) cos B(w), cos 7(w)) - B}:

The fuzzy deformation retract of W* model into the minimal fuzzy geodesic
w0, 0, 0,2) is

n(m, h) = L+ h) {(sin %(w)sin 6(w) cos d(p), sin x(w)sin B(w)sin ¢(w),
sin () cos B(w), cos 7(w) — B}
; tan%h{o, 0,0, 1},
where
n(m, 0) = {(sin x(p)sin O(w) cos ¢(w), sin x(w)sin O(w)sin d(u),

sin (1) cos B(p), cos () — B}
and

n(m, 1) = {0, 0, 0, 1.
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The fuzzy deformation retract of W* model into the fuzzy circle S~11 is
n(m, h) = (- 20 + h?) {(sin x(w)sin 6(u) cos d(k),
sin () sin () sin (), sin (1) cos O(s), cos x(w)) — B}
+(h% = 2h + 2h?){0, 0, sin (), cos x(w)-

The fuzzy deformation retract of W* model into the fuzzy sphere §32 is
fi(m, h) = cos " {(sin (u)sin 6(u) cos d(u),
sin (p)sin () sin ¢(), sin () cos O(s), cos x(w)) — B}
+sin %h{sin x(r)sin 6(w), 0, sin y(w)cos O(p), cos x(n)}-

Now, we are going to discuss the fuzzy folding 3 of W* model. Let

3:W* > w4, where
3(%, %o, %, %a) = (%0, | %o |, %, %Ka). @)
An isometric fuzzy folding of W* model into itself may be defined by
32 {(sin (1) sin O(u) cos ¢(u), sin () sin O(u)sin p(u),
sin x(p1) cos (), cos x(w)) - B}
— {(sin () sin 6(w) cos ¢(), | sin x(w)sin O(k)sin ¢(u) |,
sin (1) cos 6(u), cos % (k) - BJ.

The fuzzy deformation retract of the folded JI(W*) into the minimal

fuzzy geodesic W(0, 0, 0, 1) is
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M5+ {(sin x(u)sin 6() cos o(u), | sin x(u)sin O(u)sin o(u) |,
Sin (1) c0s (1), cos x(1)) ~ B} x |
— {(sin x (k) sin () cos ¢(w), | sin x(w)sin B(w)sin d(p) |,

sin () cos O(w), cos 7 (w)) - B}
with

nz(m, h) = @+ h){(sin x(u)sin 6(r) cos §(n), | siny(w)sin O(u)sin ¢(u) |,
sin y(p)cos O(n), cosy(u)) — B} + tan %h {0, 0, 0, 1}.

The fuzzy deformation retract of the folded 3 (VV4) into the folded fuzzy
circle §11 IS
nx(m, h) = L+ h){(sin x(w)sin 6(w) cos d(w),
| siny(w)sin O(p)sin o(u) |,
Sin () c0s O(u), €05 y(w)) — B}

+(h% = 2h + 2h?){0, 0, sin (), cos x(w)

The fuzzy deformation retract of the folded 3 (VV"') into the folded fuzzy

sphere SZ is
n(m, h) = @+ h){(sin y(i)sin () cos o(u),
| sin (u)sin 0(s1)sin ¢(u) |, sin () cos O(s), cos x(w)) - B}
+sin %h {sin x(r)sin 6(p), 0, sin x(n)cos O(u), cos x(w)}-

Then the following theorem has been proved.
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Theorem 2. Under the defined fuzzy folding and any folding
homeomorphic to this type of folding, the fuzzy deformation retract of the
folded fuzzy closed flat Robertson-Walker space §(VV4) into the folded fuzzy
geodesics is the same as the fuzzy deformation retract of the fuzzy closed flat

Robertson-Walker space W4 into the fuzzy geodesics.

Now, let the fuzzy folding be defined by

Ll

SRR
where
(R0 X, %, Xa) = (%4, X, K, | Xa ). (8)
The isometric folded 3*(W %) is
R = {(sin z(x)sin 6(1t) cos o(w), sin (u)sin B(w)sin o(n),

sin (1) cos B(w), | cos x(w) ) - B.
The fuzzy deformation retract of the folded 5*(VV4) into the folded fuzzy
circle 3*(S{) is

nx(m, h) = L+ h){(sin x(r)sin 6(x) cos d(u),
sin () sin () sin (), sin () cos O(w), | cos x(w) |) - B}

+(h® = 2h + 2h?){0, 0, sin x(u), | cos x(n) |}

The fuzzy deformation retract of the folded 5*(VV4) into the folded fuzzy

sphere 3*(S2) is
n3(m, h) = L+ h){(sin x(u)sin () cos d(n),

sin () sin () sin (), sin () cos (), | cos x(w) |) - B}

+sin %h {sin x(p)sin 6(w), 0, sin x(u)cos B(w), | cosx(w)|}-
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Then the following theorem has been proved.

Theorem 3. Under the defined fuzzy folding and any folding
homeomorphic to this type of folding, the fuzzy deformation retract of the
folded fuzzy closed flat Robertson-Walker space into the folded fuzzy
geodesics is different from the fuzzy deformation retract of the fuzzy closed
flat Robertson-Walker space into the fuzzy geodesics.

Corollary 1. The relations between the fuzzy retractions and the limits of

the fuzzy folding of W* model are discussed from the following commutative
diagram:

{W4 _ Ig} _— ~12

limy, o0 fnj J im0 fmte
&1
1 —_— S

Corollary 2. Consider the W* model and B e W*, then the open fuzzy

retraction of {W4 - E} induced two chains of open fuzzy retractions of the
two open fuzzy systems of U{W* — E} and N{W* - E}.

Corollary 3. The relations between the fuzzy retraction and the fuzzy

deformation retract of W* model are discussed from the following
commutative diagram:
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Theorem 4. Any fuzzy folding of fuzzy hypersphere S~§’ W4 into fuzzy

hypersphere §§ = W* induces fuzzy folding of fuzzy open ball I§(7fr&) into

fuzzy open ball B(nf) from T~pa(S~§’) - pr (S~§’).

Proof. Let § : §§’ cW* > §§’ < W*. Then there is an induced fuzzy
folding from the fuzzy open ball B(T,ca) into the fuzzy open ball E(T/C\B)
defined as 5" : B (o) — B (mB) such that exp : §3 W * - B (nat) and
éxvp_1 ; §§ cW* - B(npB) such that the following diagram is commutative:

&

SBecw* Sjcw*
expt l l éxpt
g*
B(fa) ——— B(nB)
e, 3 oexp =exp o3
Theorem 5. Any fuzzy retraction of fuzzy open hypersphere (53 - 7:)
—W* into fuzzy open hypersphere (S~[§3 - X) w4, ﬁ c a induces fuzzy
retraction of fuzzy open ball é(q?&) into fuzzy open ball Ei(rAcB)
Proof. Let ¥ be a fuzzy retraction map, 7 :(SS-1)cW* >
3 7 4 33 7 3 7\ A= wn L.
(Sg —*) cW?, where (S; —1) and (Sg' - 1), B c a. Also, let exp
53 5 G4 BT F —~—-1 3 = 54 R(TR A
(Sa —7\.)CW —)B(TEOL— X) and exp ( B —X)CW —>B(n[3— l)

- X) Then we have the fuzzy retraction

>u
!

such that B(mo — %) o B(x

. = N e —-1 —-1
F*: B(mo — — L) suchthat F"oexp ~=exp "o F,

>u
>

)= B(n
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f
(SG-X) —— > (§-%X)

exp? l l exp?
f*
B(fa -X) ——— BB -X)
Theorem 6. Any fuzzy retraction :'Fp{VV"' - B} —>'Fq(§3) induces
fuzzy retraction T : W% — B} — S3 such that 7, o exp , =expq © .
Proof. Let 1 :'Fp{VV"' - B} > fq(§3) be a fuzzy retraction of
TpW* =B} into Ty(S®). Also, let exp,: Ty {W*- B} —>{W*- B} and
exp, T4 (S%) > (8%). Then we have & :{w?* — B} —> S® such that

rzoe’ﬂ)p:é}f)qorl,

N ~ L5t x 3

Tt =) ——— T (%)

€Xpy l leﬁ’q
7y .3

w -py ——— 5
Theorem 7. Any fuzzy retraction T : {VV"' - [3} — S?, then the map
n: T~IO {VV4 - E} — T~q(§13) induces by the inverse fuzzy exponential map.

Proof. Let 7 :{W%— E} - (512) be a fuzzy retraction of {W* — E}

32 1 g4 5 = 4 -1 /a3
onto Sf". Also, let exp, W =B} > Tp(W™) and expy (S3)—>
fq(§11). Then we have the fuzzy retraction 1 : 'Fp W4 -Bl > fp(§11) such

o o1 —-1
that i o exp, =exp, oF,
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{W4 _E} > 512

~ - |
v, l =,

. N n . el
(Wt -F) —— T (51)
Theorem 8. Let S° cW* be a fuzzy hypersphere in W* model which
is homeomorpic to D? <R3, and f : {S® - B} — S be a fuzzy retraction.
Then there is an induced fuzzy retraction F, : { D% - §} —» D' such that the

following diagram is commutative:

Py
§F —flew — L (D? —flcr

P
S2c Wt ——» Dic R3

Proof. Let 1 : {S~3 - ﬁ} — S2, where S° = (siny(u)sin 0(n)cos d(p),
sin (i) sin B(u)sin ¢(u), sin y(u)cos O(w), cos x(w), F :{D* B} — D,
where D? =(sin6(p)cos(p), sin6(p)sing(p), cosé(p), 0), using the
homeomorphism maps P : {§3 —E} >S2cwt > {D? —B} <R® and
|52 :52 cw* - D = R3. This proves that the diagram is commutative.

Corollary 4. Under the above conditions in Theorem 8, the following

diagrams are commutative:

Py
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=

E-plew —» BE-Fer

i l 2
P

SFcwt ——————> plc g

Theorem 9. Let 3 cW* be a fuzzy hypersphere in W* model which is

homeomorphic to B? = R®, and Tim r, : {S® — B} — $2. Then there is an
n—oo

induced limit fuzzy retraction lim ry,; : {D% — §} —» D' such that the
n+l—o0

following diagram is commutative:

2
{3 —pcw* ——» {D? —f}c R®

lim 7, lim 73,44
n—oo B n+1-oo
2

SZc W4 ——» Dic RS
T . &3 & 2 T . (R2 _ & <1
Proof. Let lim r, :{S° -B}—>S* lim r,:{D°-B} > D,
n—co n+l—o
using the homeomorphism maps B :{S* - plcw? —»{D? -} c R® and

B,:S2 cW* - D! = R®. This proves that the diagram is commutative.

Corollary 5. Under the above conditions in Theorem 9, the following
diagrams are commutative:

Py
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2

& -plewt ——»

_ Iim
7, el Tt
n-—oo —_—
P,

@ e

S Wt ——— i ops

e, lim rgpep=pyelimr,and lim 1 0 p =pye limr,.
n+l—o n—o0 n+l—o I | e )

Theorem 10. If the fuzzy deformation retract of the fuzzy hypersphere
S3cW?is D:(S3-{B}x1)— S3, the fuzzy retraction of S° cW* is
r: (§3 - {E}) —S2, S2 = S3, and the limit of the fuzzy folding of S° is
limy, ., fry © $2— S2, then there are induces fuzzy retraction, limit of the

fuzzy folding, and the fuzzy deformation retract such that the following
diagram is commutative.

Proof. Let the fuzzy deformation retract is 51 : (§3—{E})xl -
(§3—{E}), the fuzzy retraction of (§3—{B})xl is defined by 1 :
(S%=Bhx 1) > (S =(BNx 1, limpy oy fn 1 DS~ (B} 1) > (57~ {B)),
the fuzzy retraction of (S°—{B}x1) is T : f(S3—{B}x1)—> S? - {B}x1,
the limit of fuzzy folding of limpy o f(S° = {B}) is limpy s froes
1M oo fn(D(S® = {B}x 1)) = (S~ {B}). and Dy :H(R(S®~{B}x 1)
- (§1 - {E}). Hence the following diagram is commutative:

1 72

E={Btxn —— -0

S ={ptxn

b, Dz

Foffl —— F-(f — -

1Moo f Moo st

e, DyofyoR(SSx1)=1liMy s fneg o liMy e fr o Dy
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Corollary 6. Under the above conditions in Theorem 10, the following
diagrams are commutative:

2

=

Foffl s T fFps — 1B

4 |

s-ff —— - — 50

limp, o0 f, limpy e fin+1

£-f) — 2§ — -

lllﬂm_.m & limnl—~<ﬂ fm-)-;
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