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Abstract 

Our aim in the present paper is to introduce and study certain types of 

fuzzy retractions of fuzzy closed flat Robertson-Walker space 4~W  

model. Some kinds of fuzzy deformation retracts of 4~W  model are 
obtained. The relations between the fuzzy folding and the fuzzy 

deformation retracts of 4~W  model are deduced. Types of fuzzy 

minimal retractions of 4~W  model are also presented. New types of 
homotopy maps are deduced. New types of conditional fuzzy folding 

of 4~W  model are presented. Some commutative diagrams are 
obtained. 
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Introduction and Background 

Robertson-Walker space represents one of the most intriguing and 
emblematic discoveries in the history of geometry. Although if it was 
introduced for a purely geometrical purpose, they came into prominence in 
many branches of mathematics and physics. This association with applied 
science and geometry generated synergistic effect: applied science gave 
relevance to Robertson-Walker space and Robertson-Walker space allowed 
formalizing practical problems [13-15, 18, 19, 23]. As is well known, the 
theory of retractions is always one of the interesting topics in Euclidian and 
non-Euclidian spaces and it has been investigated from the various 
viewpoints by many branches of topology and differential geometry [2-5, 7, 
8, 11, 16, 17, 21]. There are many diverse applications of certain phenomena 
for which it is impossible to get relevant data. It may not be possible to 
measure essential parameters of a process such as the temperature inside 
molten glass or the homogeneity of a mixture inside some tanks. The 
required measurement scale may not exist at all, such as in the case of 
evaluation of offensive smells, evaluating the taste of foods or medical 
diagnoses by touching [1-3, 6, 9-12, 20, 22]. A fuzzy manifold is manifold 
which has a physical character. This character is represented by the density 
function ,μ  where [ ]1,0∈μ  [7, 8]. 

A fuzzy subset ( )μ,
~
A  of a fuzzy manifold ( )μ,

~
M  is called a fuzzy 

retraction of ( )μ,
~
M  if there exists a continuous map ( ) ( )μ→μ ,,:~

~~
AMr  

such that ( )( ) ( )( ) [ ]1,0,,,,~
~

∈μ∈∀μ=μ Aaaaaar  [1-7]. 

A fuzzy subset ( )μ~,
~

M  of a fuzzy manifold ( )μ,
~

M  is called a fuzzy 

deformation retract if there exist a fuzzy retraction ( ) ( )μ→μ ~,,:~
~~

MMr  

and a fuzzy homotopy ( ) ( )μ→×μ ,,:~
~~

MIMF  [2, 6, 9, 11] such that 

( )( ) ( )

( )( ) ( )
,,

,~1,,~
,0,,~

~
Mx

xrxF

xxF
∈

⎪⎭

⎪
⎬
⎫

μ=μ

μ=μ
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( )( ) ( ),,,,~
μ=μ ataF  ( ) ,,

~
Ma ∈μ∀  ,It ∈  [ ],1,0∈μ  where ( )μ,~ xr  is the 

retraction. From the beginning of the line a map 44 ~~:~ WW →F  is said to be 

an isometric folding of 4~W  model into itself iff for any piecewise fuzzy 

geodesic path 4~: WJ →γ  the induced path 4~:~ WJ →γDF  is a piecewise 

fuzzy geodesic and of the same length as ,γ  where [ ].1,0=J  If F~  does not 

preserve lengths, then F~  is a topological folding of 4~W  model [1, 4-6, 8, 9]. 

The isofuzzy folding of 4~~ WMi ⊆∪  is a folding ii MMf ~~:~ ∪∪ →  

such that ( ) MMf ~~~
=  and any iM~  belong to the upper hypermanifolds 

jM~∃  down M~  such that ji μ=μ  for every corresponding points, i.e., 

( ) ( )ji aa μ=μ  [6]. See Figure 1: 

 

Figure 1 

Main Results 

Theorem 1. The retractions of the fuzzy closed flat Robertson-Walker 

space 4~W  model are the fuzzy sphere, fuzzy hypersphere, fuzzy circle and 
fuzzy minimal manifolds. 

Proof. Consider the fuzzy 4~W  model with metric 

( ) ( ) ( ) ( ( ) ( ) ( )) [ ].1,0,sinsin 222222 ∈μμφμθ+μθμχ+μχ=μ ddddA  (1) 
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The coordinates of fuzzy 4~W  model are 

( ) ( ) ( ) ( ) ( ),cossin~,cossinsin~
31 μθμχ=μφμθμχ= xx  

( ) ( ) ( ) ( ),cos~,sinsinsin~
42 μχ=μφμθμχ= xx  (2) 

where the ranges are π≤θ≤∞≤χ≤ 0,0  and .20 π≤φ≤  

Now, we use Lagrangian equations 

( ) ( )
0, 1, 2, 3, 4

`i i

d T T i
ds
⎛ ⎞∂ ∂

− = =⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠ϕ μ ϕ μ
 

to find a geodesic which is a subset of 4~W  model. Since 

{ ( ) ( ) ( ( ) ( ) ( ))},`sin`sin`2
1~ 22222 μφμθ+μθμχ+μχ=T  

the Lagrangian equations for 4~W  model are 

i
d
ds

�
( ( )) ( ( ) ( ) ( ( ) ( ) ( ))) ,0`sin`cossin` 222 =μφμθ+μθμχμχ−μχ  (3) 

i
d
ds

�
( ( ) ( )) ( ( ) ( ) ( ) ( )) ,0`cossinsin`sin 222 =μφμθμθμχ−μθμχ  (4) 

i
d
ds

�
( ( ) ( ) ( )) ,0`sinsin 22 =μφμθμχ  (5) 

( ( )) ( ( ) ( ) ( ) ( ) ( )μθμχ+μθμχμχ+μχ− `sin`cossin` 22  

( ) ( ) ( ) ( )μφμθμχμχ+ 22 `sincossin  

( ) ( ) ( ) ( )μφμθμθμχ+ 22 `cossinsin  

( ) ( ) ( )) .0`sinsin 22 =μφμθμχ+  (6) 

  From equation (5), we obtain ( ) ( ) ( ) constant,`sinsin 22 =μφμθμχ  say 

,1β  if ,01 =β  then we obtain the following cases: 
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If ,0=φ  hence we obtain the following fuzzy geodesic retraction sphere 

,~2
1S  1~~~ 2

4
2
3

2
1 =++ XXX  with .0~

2 =X  Also, if 6
π

=φ  or 4
π  and ,3

π  then 

we have the retractions fuzzy spheres 3
2

3
1

~,~ SS  and 3
3

~S  in 4~W  model. Again, 

if ,2
π

=φ  hence we obtain the geodesic retraction fuzzy sphere 2
2

~S  in 4~W  

model given by 

( ) ( ) ( ) ( ) ( )( ).cos,cossin,sinsin,0 μχμθμχμθμχ  

Also, if ,π=φ  then the geodesic retraction fuzzy sphere 2
3

~S  in 4~W  model is 

defined as 

( ) ( ) ( ) ( ) ( )( ).cos,cossin,0,sinsin μχμθμχμθμχ  

Now, if ,0=θ  hence we obtain the following coordinate of geodesic 

fuzzy circle 1
1

~S  in 4~W  model given by ( ) ( )( ).cos,sin,0,0 μχμχ  Also, if 

,6
π=θ  then we have the retraction fuzzy sphere 3

4
~S  in 4~W  model defined 

as 

( ) ( ) ( ) ( ) ( ) ( ) .cos,sin2
3,sinsin2

1,cossin2
1

⎟
⎠

⎞
⎜
⎝

⎛ μχμχμμχμμχ  

Again, if 4
π

=θ  and ,3
π=θ  then we have the retraction unit spheres 

.~,~ 3
6

3
5 SS  Now, if ,2

π
=θ  hence we obtain the following coordinate of fuzzy 

sphere 2
4

~S  in 4~W  model given by 

( ) ( ) ( ) ( ) ( )( ).cos,0,sinsin,cossin μχμμχμμχ  

Again, if ,0=χ  then we get the following minimal fuzzy geodesic 

retraction ( )1,0,0,00W
�

 in 4~W  model. In a special case, if ,2
π

=χ  hence 
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we get the coordinate of fuzzy geodesic sphere 2
5

~S  in 4~W  model which       

is represented by ( ) ( ) ( ) ( ) ( )( ).0,cos,sinsin,cossin μθμμθμμθ  Also, if 

,90=φ  and ,90=χ  then we obtain the retraction fuzzy circle =1
2

~S  

( ) ( )( ).0,cos,sin,0 μθμθ  

In this position, we present some cases of fuzzy deformation retracts of 
4~W  model. The fuzzy deformation retract of 4~W  model is 

{ } { },~~~~:~ 44 β−→×β−η WIW  

where { }β−
~~ 4W  is open in 4~W  model and I is the closed interval [ ],1,0  be 

presented as 

( ) {( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin:,~ μφμθμχμφμθμχη hx  

( ) ( ) ( )) } I×β−μχμθμχ
~cos,cossin  

{( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin μφμθμχμφμθμχ→  

( ) ( ) ( )) }.~cos,cossin β−μχμθμχ  

The fuzzy deformation retract of 4~W  model into the minimal fuzzy geodesic 

( )1,0,0,00W
�

 is 

( ) ( ){( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin1,~ μφμθμχμφμθμχ+=η hhm  

( ) ( ) ( )) }β−μχμθμχ
~cos,cossin  

{ },1,0,0,04tan hπ+  

where 

( ) {( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin0,~ μφμθμχμφμθμχ=η m  

( ) ( ) ( )) }β−μχμθμχ
~cos,cossin  

and 

( ) { }.1,0,0,01,~ =η m  
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The fuzzy deformation retract of 4~W  model into the fuzzy circle 1
1

~S  is 

( ) ( ){( ( ) ( ) ( ),cossinsin21, 2 μφμθμχ+−=η hhhmˇ  

( ) ( ) ( ) ( ) ( ) ( )) }β−μχμθμχμφμθμχ
~cos,cossin,sinsinsin  

( ) ( ) ( ){ }.cos,sin,0,022 23 μχμχ+−+ hhh  

The fuzzy deformation retract of 4~W  model into the fuzzy sphere 2
3

~S  is 

( ) {( ( ) ( ) ( ),cossinsin2cos,~ μφμθμχπ=η hhm  

( ) ( ) ( ) ( ) ( ) ( )) }β−μχμθμχμφμθμχ
~cos,cossin,sinsinsin  

{ ( ) ( ) ( ) ( ) ( )}.cos,cossin,0,sinsin2sin μχμθμχμθμχπ+ h  

Now, we are going to discuss the fuzzy folding ℑ~  of 4~W  model. Let 

,~~:~ 44 WW →ℑ  where 

( ) ( ).~,~,~,~~,~,~,~~
43214321 xxxxxxxx =ℑ  (7) 

An isometric fuzzy folding of 4~W  model into itself may be defined by 

{( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin:~
μφμθμχμφμθμχℑ  

( ) ( ) ( )) }β−μχμθμχ
~cos,cossin  

{( ( ) ( ) ( ) ( ) ( ) ( ) ,sinsinsin,cossinsin μφμθμχμφμθμχ→  

( ) ( ) ( )) }.~cos,cossin β−μχμθμχ  

The fuzzy deformation retract of the folded ( )4~~ Wℑ  into the minimal 

fuzzy geodesic ( )1,0,0,00W
�

 is 
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{( ( ) ( ) ( ) ( ) ( ) ( ) ,sinsinsin,cossinsin:~ μφμθμχμφμθμχηℑ  

( ) ( ) ( )) } I×β−μχμθμχ
~cos,cossin  

{( ( ) ( ) ( ) ( ) ( ) ( ) ,sinsinsin,cossinsin μφμθμχμφμθμχ→  

( ) ( ) ( )) }β−μχμθμχ
~cos,cossin  

with 

( ) ( ){( ( ) ( ) ( ) ( ) ( ) ( ) ,sinsinsin,cossinsin1,~ μφμθμχμφμθμχ+=ηℑ hhm  

( ) ( ) ( )) } { }.1,0,0,04tan~cos,cossin hπ+β−μχμθμχ  

The fuzzy deformation retract of the folded ( )4~~ Wℑ  into the folded fuzzy 

circle 1
1

~S  is 

( ) ( ){( ( ) ( ) ( ),cossinsin1,~ μφμθμχ+=ηℑ hhm  

( ) ( ) ( ) ,sinsinsin μφμθμχ  

( ) ( ) ( )) }β−μχμθμχ
~cos,cossin  

( ) ( ) ( ){ }.cos,sin,0,022 23 μχμχ+−+ hhh  

The fuzzy deformation retract of the folded ( )4~Wℑ  into the folded fuzzy 

sphere 2
3

~S  is 

( ) ( ){( ( ) ( ) ( ),cossinsin1,~ μφμθμχ+=ηℑ hhm  

( ) ( ) ( ) ( ) ( ) ( )) }β−μχμθμχμφμθμχ
~cos,cossin,sinsinsin  

{ ( ) ( ) ( ) ( ) ( )}.cos,cossin,0,sinsin2sin μχμθμχμθμχπ+ h  

Then the following theorem has been proved. 
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Theorem 2. Under the defined fuzzy folding and any folding 
homeomorphic to this type of folding, the fuzzy deformation retract of the 

folded fuzzy closed flat Robertson-Walker space ( )4~~ Wℑ  into the folded fuzzy 

geodesics is the same as the fuzzy deformation retract of the fuzzy closed flat 

Robertson-Walker space 4~W  into the fuzzy geodesics. 

Now, let the fuzzy folding be defined by 

,~~:~ 44 WW →ℑ∗  

where 

( ) ( ).~,~,~,~~,~,~,~~
43214321 xxxxxxxx =ℑ∗  (8) 

The isometric folded ( )4~~ W∗ℑ  is 

{( ( ) ( ) ( ) ( ) ( ) ( ),sinsinsin,cossinsin μφμθμχμφμθμχ=R  

( ) ( ) ( ) ) }.~cos,cossin β−μχμθμχ  

The fuzzy deformation retract of the folded ( )4~~ W∗ℑ  into the folded fuzzy 

circle ( )1
1

~~ S∗ℑ  is 

( ) ( ){( ( ) ( ) ( ),cossinsin1,~ μφμθμχ+=ηℑ hhm  

( ) ( ) ( ) ( ) ( ) ( ) ) }β−μχμθμχμφμθμχ
~cos,cossin,sinsinsin  

( ){ ( ) ( ) }.cos,sin,0,022 23 μχμχ+−+ hhh  

The fuzzy deformation retract of the folded ( )4~~ W∗ℑ  into the folded fuzzy 

sphere ( )2
3

~~ S∗ℑ  is 

( ) ( ){( ( ) ( ) ( ),cossinsin1,~ μφμθμχ+=ηℑ hhm  

( ) ( ) ( ) ( ) ( ) ( ) ) }β−μχμθμχμφμθμχ
~cos,cossin,sinsinsin  

{ ( ) ( ) ( ) ( ) ( ) }.cos,cossin,0,sinsin2sin μχμθμχμθμχπ+ h  
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Then the following theorem has been proved. 

Theorem 3. Under the defined fuzzy folding and any folding 
homeomorphic to this type of folding, the fuzzy deformation retract of the 
folded fuzzy closed flat Robertson-Walker space into the folded fuzzy 
geodesics is different from the fuzzy deformation retract of the fuzzy closed 
flat Robertson-Walker space into the fuzzy geodesics. 

Corollary 1. The relations between the fuzzy retractions and the limits of 

the fuzzy folding of 4~W  model are discussed from the following commutative 
diagram: 

 

Corollary 2. Consider the 4~W  model and ,~~ 4W∈β  then the open fuzzy 

retraction of { }β−
~~ 4W  induced two chains of open fuzzy retractions of the 

two open fuzzy systems of { }β−
~~ 4W∪  and { }.~~ 4 β−W∩  

Corollary 3. The relations between the fuzzy retraction and the fuzzy 

deformation retract of 4~W  model are discussed from the following 
commutative diagram: 
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Theorem 4. Any fuzzy folding of fuzzy hypersphere 43 ~~ WS ⊂α  into fuzzy 

hypersphere 43 ~~ WS ⊂β  induces fuzzy folding of fuzzy open ball (j )B πα�  into 

fuzzy open ball (j )B πβ�   from ( ) ( ).~~~~ 33
βα βα

→ STST PP  

Proof. Let .~~~~:~ 4343 WSWS ⊂→⊂ βαF  Then there is an induced fuzzy 

folding from the fuzzy open ball (j )B πα�  into the fuzzy open ball (j )B πβ�  

defined as ∗F
~ (j ) (j ): πα → πβ� �B B  such that k (j )1 3 4exp :

−
α ⊂ → πα� � �S W B  and 

k (j )1 3 4exp :
−

β ⊂ → πβ� � �S W B  such that the following diagram is commutative: 

 

i.e., ∗F
~ k k1 1

exp exp
− −

=D D .F~  

Theorem 5. Any fuzzy retraction of fuzzy open hypersphere ( )λ−α
~~3S  

4~W⊂  into fuzzy open hypersphere ( ) ,~~~ 43 WS ⊂λ−β  α⊂β ~~
 induces fuzzy 

retraction of fuzzy open ball (j )B πα�  into fuzzy open ball (j ).B πβ�  

Proof. Let r~  be a fuzzy retraction map, ( ) →⊂λ−α
43 ~~~:~ WSr  

( ) ,~~~ 43 WS ⊂λ−β  where ( )λ−α
~~3S  and ( ),~~3 λ−βS  .~~

α⊂β  Also, let k 1
exp :

−
 

( ) (j )3 4 `
α − λ ⊂ → πα − λ� � �� �S W B  and k ( ) (j )1 3 4 `exp :

−
β − λ ⊂ → πβ − λ� � �� �S W B  

such that (j ) (j )` ` .πα − λ ⊃ πβ − λ� �� �B B  Then we have the fuzzy retraction 

(j ) (j )` `:∗ πα − λ → πβ − λ� �� ��r B B  such that k k1 1
exp exp ,r r

− −∗ =� �D D  



A. E. El-Ahmady and A. S. Al-Luhaybi 64 

 

Theorem 6. Any fuzzy retraction { } ( )34
1

~~~~~:~ STWTr qp →β−  induces 

fuzzy retraction { } 34
2

~~~:~ SWr →β−  such that k k
2 1exp exp .=� �D Dp qr r  

Proof. Let { } ( )34
1

~~~~~:~ STWTr qp →β−  be a fuzzy retraction of 

{ }β−
~~~ 4WTp  into ( ).~~ 3STq  Also, let k { } { }4 4exp : − β → − β� �� � �pp T W W  and 

k ( ) ( )3 3exp : .→� ��qq T S S  Then we have { } 34
2

~~~:~ SWr →β−  such that 

k k
2 1exp exp ,=� �D Dp qr r  

 

Theorem 7. Any fuzzy retraction { } ,~~~:~ 2
1

4 SWr →β−  then the map 

{ } ( )3
1

4
1

~~~~~:~ STWTr qp →β−  induces by the inverse fuzzy exponential map. 

Proof. Let { } ( )2
1

4 ~~~:~ SWr →β−  be a fuzzy retraction of { }β−
~~ 4W  

onto .~2
1S  Also, let k { } ( )1 4 4exp :

−
− β →�� � �pp W T W  and k ( )1 3

2exp :
−

→�
q S  

( )1
1 .��qT S  Then we have the fuzzy retraction { } ( )1

1
4

1
~~~~~:~ STWTr pp →β−  such 

that k k1 1
1 exp exp ,p qr r

− −
=� �D D  
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Theorem 8. Let 43~ WS ⊂  be a fuzzy hypersphere in 4~W  model which 

is homeomorpic to 2 3,⊂�D R  and { }3 2
1 : − β →� � ��r S S  be a fuzzy retraction. 

Then there is an induced fuzzy retraction { }2 1
2 : − β →�� ��r D D  such that the 

following diagram is commutative: 

 

Proof. Let { } ,~~~:~ 23
1 SSr →β−  where ( ( ) ( ) ( ),cossinsin~3 μφμθμχ=S  

( ) ( ) ( ),sinsinsin μφμθμχ ( ) ( ),cossin μθμχ ( )),cos μχ  { } ,~~~:~ 12
2 DDr →β−  

where 2~D ( ( ) ( ) ( ) ( ) ( ) )sin cos , sin sin , cos , 0 ,= θ μ φ μ θ μ φ μ θ μ  using the 

homeomorphism maps { } { } 32423
1

~~~~~:~ RDWSSP ⊂β−→⊂→β−  and 

.~~:~ 3142
2 RDWSP ⊂→⊂  This proves that the diagram is commutative. 

Corollary 4. Under the above conditions in Theorem 8, the following 
diagrams are commutative: 
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Theorem 9. Let 3 4⊂�S W  be a fuzzy hypersphere in 4W�  model which is 

homeomorphic to 2 3,⊂�D R  and k { }3 2lim : .
→∞

− β →� � �
n

n
r S S  Then there is an 

induced limit fuzzy retraction k { }2 1
1

1
lim :+
+ →∞

− β →�� �n
n

r D D  such that the 

following diagram is commutative: 

 

Proof. Let k { }3 2lim : ,
→∞

− β →� � �
n

n
r S S  k { }2 1

1
1
lim : ,+
+ →∞

− β →�� �n
n

r D D  

using the homeomorphism maps { } { }3 4 2 3
1 : − β ⊂ → − β ⊂� � �� �P S W D R  and 

2 4 1 3
2 : .⊂ → ⊂�� �P S W D R  This proves that the diagram is commutative. 

Corollary 5. Under the above conditions in Theorem 9, the following 
diagrams are commutative: 
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i.e., k j j
1 1 2

1
lim +
+ →∞

=D Dn
n

r p p klim n
n

r
→∞

 and k j j k
1 1 2

1
lim lim .+
+ →∞ →∞

=D Dn n
n n

r p p r  

Theorem 10. If the fuzzy deformation retract of the fuzzy hypersphere 
43 ~~ WS ⊂  is ( { } ) ,~~~:~ 33 SISD →×β−  the fuzzy retraction of 43 ~~ WS ⊂  is 

( { }) ,~~~:~ 23 SSr →β−  ,~~ 32 SS ⊂  and the limit of the fuzzy folding of 3S  is 

3 2lim : ,→∞ →� � �
m mf S S  then there are induces fuzzy retraction, limit of the 

fuzzy folding, and the fuzzy deformation retract such that the following 
diagram is commutative. 

Proof. Let the fuzzy deformation retract is ( { }) →×β− ISD ~~:~ 3
1  

( { }),~~3 β−S  the fuzzy retraction of ( { }) IS ×β−
~~3  is defined by :~

1r  

( { } ) ( { }) ,~~~~ 23 ISIS ×β−→×β−  ( { } ) ( { }),~~~~:~lim 23
1 β−→×β−∞→ SISDfmm  

the fuzzy retraction of ( { } )IS ×β−
~~3  is ( { } ) { } ,~~~~~:~ 23

12 ISISrr ×β−→×β−  

the limit of fuzzy folding of ( { })β−∞→
~~~lim 3Sfmm  is 1lim :→∞ +

�
m mf   

( ( { } )) ( { }),~~~~~~lim 13
1 β−→×β−∞→ SISDfmm  and ( ( { } ))ISrrD ×β−

~~~~:~ 3
122  

( { }).~~1 β−→ S  Hence the following diagram is commutative: 

 

i.e., ( ) .~~lim~lim~~~~
11

3
122 DffISrrD mmmm DDDD ∞→+∞→=×  
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Corollary 6. Under the above conditions in Theorem 10, the following 
diagrams are commutative: 
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