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Abstract

By variational analysis, a couple of variational principles for dam
spillway problem were testified a couple of maximum principle and
minimum principle, and by variational analysis, furthermore, this
couple of maximum and minimum principles was proved to be a pair
of complementary extremum principles. So it not only provides a more
rigorous theoretical foundation for their application, but also
contributes to find the FEM solutions of problems in fluid mechanics.

Nomenclature

Q Moment function
Y Azimuthal angle function
¥ Stream function
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U Velocity in x direction (m/s)
p Pressure (Pa)
g Gravity acceleration (m/sz)

Superscript

A The variable corresponding to stationary value functional
Subscript

pr The known variable

b Bottom

h Free surface

1. Introduction

Extremum principle is a very important property to equations or some
process. If some equations or process could be testified to have extremum
principle, on the basis of the nature of extremum principle, then some
important properties of the equations or process which provide a great
important mode of thinking to solve and analyze the sort of problems, could
be known.

For example, by applying the energy extremum principle with bond
conditions in [1], the practical scope of directivity synthesis in the theory of
key array sound field is broaden. The optimum N impact transition (at any
time) for space was studied in [2], the integral of accompanying system in the
process of engine ignition was derived, the procedures of the curve field for
space extreme value were produced.

The relations between the maximum critical thickness and the metalloid
content in amorphous alloys of the Fi-Si-B system were studied, the analysis
and discussion of the hierarchical structure and formation principle for
noncrystalline state alloy went into details in [3]. The generation laws for
mud-rock flow home and abroad were studied in [4], the special phenomenon
for the natural calamity-extreme value was raised, which provides the
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theoretical and technological guide for people to understand the mud-rock
flow deeply.

The functional extreme value in variational principle is very important to
the numerical calculation like the sort of problem. For instance, if the
variational 8J(®) = 0 of function J(®) is minimum principle [5], 52J(®)
is the positive (negative), the positive (negative) of function is closely related
to the positive (negative) of coefficient matrix (rigidity matrix) for a set of
algebraic equations gained from discrete finite element, the latter plays key
role in solving the algebraic problems and it also is the fundamental
condition required for a lot of highly efficient algebraic solutions. In
addition, the extremum principle plays a key role in analyzing the error of
numerical calculating result and the convergence of equations.

The analysis of variational principle on the problems of overflow over
dam went into details in literature [6], the different forms of variational
principles were inferred. A pair of extremum principles was derived by
regarding a couple of equations acquired in literature [6] as known conditions
and they were a pair of complementary extremum principles.

2. Basic Equations

Basic equations [7] for two dimension incompressible and non-viscous
fluid flow:

Continuity equations

ou  ov
7 T 0. @

Momentum equations (y direction)
u N +V v 1% 2

x oy T ey

After Von Mises streamline coordinate was introduced and coordinate
conversions were done, formulas (1) and (2) were changed:
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Here &= x or &= f(x), ¥ = W(x, y) is called stream function and is

defined by 8_‘)I(’ = -V, s = uU. Because p' = gy +§, it is equal to the total

oy

of the potential energy and pressure energy, so
Energy equations
p’+%(u2+v2)= B. (5)

On the basis of formulas (3) and (4), azimuthal angle function and
moment function were introduced as follows:

oY v oY 1

o0 L0
a—é—Qg—p,W—Ql}'— V. (7

By doing the variational principle for formula (3), the variational
principle for dam overflow could be gotten as follows &1 5 = 0:

1A(Q) = ”Audg\y Fa = ”A\/Z(B — Q) - (Qp)Pded¥ + I (8)

Here

1 = V g —
Ja = — — | I |Qd5 t Qd
A JAC1|:upl’ ¥ +(ujpr §:| +Ib0tt0n ngr é

2
1 I 9 o,
g J water surface (’9&2

C, is the entrance section.
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By doing the variational principle for formula (4), another variational
principle for dam overflow could be gotten as follows, dlg = 0, and formula

(5) was regarded as bound condition

_ b2 021
IB(Y)_”A(p +US+v )udéd‘P+JB. 9)
_ ’ g I . 7 pa 7 -
Here Jg = J'Cl[pprh}, + Vprlz ] - Vs + Iwatersurface(—p + gh)Yd&, C, is

the entrance section.

Now it was known by demonstration that: formula (8) is maximum
(minimum) principle, formula (9) is minimum (maximum) principle, and
formulas (8) and (9) are a pair of complementary extremum principles.

3. Demonstration of Extremum Principle

The variational principle for formula (8) was done in order to show
formula (8) is extremum principle, so

—3(Q¢) — Qud(Qy)
SIA(Q) = dedw + 53
A©) UAJZ(B_Q&)_(QT)Z ¥ + 8] 5

_ op’ + vov
”A oo - 07 ded P + 8J 4.

The second variational principle for formula (8) was done, so

3(31 ()

(0P e -0 @x P 4 o+ sb)__
_ ” 2(52_95)_(9“’) dEdP + 5(8J 4)
A [2(B - Q¢) - (Qyg)7]

2 (V2 : 2
B u“(8v)“ + (8p" + vdv)
__”'A . ded¥ + 8J 4.
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Because 8Jp = ggcé a¥ + (X) dg|8Q =0, if u>0, 5(8l5(Q))
Upr  \U /g

<0, so formula (8) is maximum principle; if u <0, 8(8lA()) >0, so
formula (8) is minimum principle.
To prove formula (9) is extremum principle, formula (9) was dealt with

in the same way as that for formula (8). So the variational principle of
formula (9) is

J‘ (8p’ + 2udu + 2vdv)u — (p’ + u? +v?)du
A

u2

Slg(Y) = dedY + 8.

The second variational principle for formula (9) was done, so
8(81g(Y)) = j j RECIE 2(8U)2u + (8p’ + 2udU + 2vv)du
— (8p’ + 2udu + 2vdv)dulu? — [(5p’ + 2udu + 2vov)u
P2 2 1
—(p'+uc+v )8u]2u8u}u—4 ded¥ + 8(8Jg).

Because p’' =B - %(u2 + v2), so op’ = —udu —vdv, because p’ is the

function for the partial derivative of function Y, so
8(8p") = —(3u)* — (v)*.

The concrete compositions of dp’ and &(5p") were introduced in the

formula 8(31g(Y)) above and the formula 8(81g(Y)) was rearranged, so

2
3(515(Y)) = IA(“SV;—?}’&’) dedw + 5(515).
Because

8Jg = 9€C [Vprd¥ — pprdg]dyY, 8(8Jp) = 9SC6[vprd‘P — pprdgldy =0,
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if u>0, &3lg(Y)) >0, formula (9) is minimum principle; if u <0,

8(3lg(Y)) < 0, formula (9) is minimum principle.
4. Demonstration of Complementary Extremum Principle

To testify formulas (8) and (9) are a pair of complementary extremum
principles, at first the relations between formulas (8) and (9) were testified.
So Lagrange multipliers p; were introduced in formula (8), and the bound

condition (7) was merged into formula (8), so

1'(Q py, po) = _U[U + 11(Qg = P) + pa(Qy + V)]dEDY + I
”(u Mo yp - al}' Q+u2v)d§d‘P+Jb +,

”(u __Q Mp' -~ %q, Q+M2V)d~§d‘l’ +J0.  (10)

Here Jy = $(upQdg — myQd¥), Jf = Jp + Ja.

The variation of formula (10) was done and rearranged, so

”[ 6(2(8“1 + 8“2)+ S (Qz — ') + Spp(v + Qyp)

+ 0U + HpdV — uléip'} dedy + ol
dp’ = —udu — vdv was introduced in the formula 81" above, so

”[ 89(%+—)+5H1(9 = p) + 3 (v + Q)

+ 8u(l+ wu) + dv(uy + },le):| dedw + dlp,.
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Because 31’ = 0, so the formulas below were gotten:

8“1 . Qg - p/ =0
, (11)
duy :V+ Qg =0
du:l+pmu=0
, (12)
Vipy +uv=0
O Oup
Q) : R a5y = 0. (13)
Based on formula (12), two Lagrange multipliers were identified
1 v
H=—y M2 =g (14)

Formula (13) could be written as the formula below

0 (1 o (v
wlv)rawli)-o )
Formula (14) was introduced in formula (10), and formulas (15) and (11)

were regarded as variational bounds, or formulas (6) and (7) were regarded
as bounds, so

|ui”Ame+JA=£hpyw%+¥;%mw+ab+h¥ (16)

v 1 v 1. -
Here Jy, = -[c [UQdZ‘, +UQd‘P} = JC (U Ie +UI‘P) -QdS.
Formula (9) from formula (8) was

Al = 15(Q) - 1g(Y)

”A“d@d‘PJFJA—”A(p#uZ+v2)%d§d‘P—JB. (17)

Formula (16) was introduced in formula (17), so

Al =Jp +3a - Jg. (18)
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By conversion of equations it was known that if there was extremum
solution, J 5 could be changed into

[z(e0)-aw(ial] ove

26w ST Tl e

Because Y can be secondarily differentiated, so Y{;\P = Ylyé, and the

ﬁ/+\72
1]

formula J» above could be written as J = - || dwde,

According to the same way as above, it could be testified

Jg = —H 5'5‘72 dwdz,

So, for extremum solution, formula (18) could be written as
Al = Jy,. (19)

To testify formulas (8) and (9) are a pair of complementary extremum

principles, only work to do was to testify Al has a defined numerical value.
Here, it was studied through the problem of dam overflow.
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According to Figure 1, it is known that C is composed of two parts,
C =C;+Cy, C; are the boundaries of inlet and outlet, C, are the
boundaries of bottom and free surface.

C, ¥, =constant

¥, = constant

£V
Dl—b X
Figure 1. Schedule of the overflow over dam.

Formula (19) is developed on boundary C, so
A -~ 1 - \Y; -~
Al =3y, :j —leP+I (—) Qe
Cp Upr Co\UWpr
There is indeterminate variable Q) in the integral term of C, and C, for the

above formula Af, if the number of the variable Q could be determined,

finally Al could be determined to be a finite numerical value, so the
numerical value of jb is determined.

The determination of the Al value could be illustrated in the light of the
properties of definite integral-theorem of mean. Because the functions in the

integral term of formula Al above are continuous function, and independent
variables have defined upper limit and lower limit, so the numerical value
difference between the upper limit and lower limit of the arguments is
multiplied by the special numerical value of functions in the integral term
that is determined by the numerical value in the integral district, the result of
integral for formula above is gotten. The formula below could be gotten as

[fA(Q)]ex = [IAB (Y )]ex + Ib' (20)

It is complementary principle to testify.
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5. Conclusions

(1) By variational analysis, a pair of functions in fluid mechanics was
testified to be extremum principle, through further variational
analysis, the extremum principle was testified to be a pair of
complementary principles.

(2) Because formulas (8) and (9) were testified to be extremum
principle, the positive (negative) of function 82J(CI>) could be
determined, and the positive (negative) of coefficient matrix (rigidity
matrix) for algebraic equations gained from separating finite element
could be determined further, the latter plays key role in solving the
algebraic problems and it also is the fundamental condition required
for a lot of highly efficient algebraic solutions.

(3) A theoretical foundation for analyzing the error of numerical
calculating result and the convergence of equations was laid because
formulas (8) and (9) were testified to be the testified extremum
principle.
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