
 

Far East Journal of Mathematical Sciences (FJMS) 
Volume 75, Number 1, 2013, Pages 125-131 
Published Online: April 2013 
Available online at http://pphmj.com/journals/fjms.htm 
Published by Pushpa Publishing House, Allahabad, INDIA 

 

 HousePublishingPushpa2013©  
2010 Mathematics Subject Classification: 35Q51, 35Q53.

 Keywords and phrases: mapping approach, (2 + 1)-dimensional Burgers equation, variable 
separation solutions, annihilation solitons. 
Submitted by K. K. Azad 
Received October 12, 2012 

VARIABLE SEPARATION SOLUTIONS AND THE 
ANNIHILATION SOLITONS IN A ( )12 + -DIMENSIONAL 

NONLINEAR PARTIAL DIFFERENTIAL EQUATION 

Chu-Fa Lin and Song-Hua Ma 

College of Science 
Lishui University 
Lishui 323000, P. R. China 
e-mail: zjlsfjp@yahoo.com.cn 

Abstract 

With the mapping approach and a linear variable separation method, a 
series of variable separation solutions (including solitory wave 
solutions, periodic wave solutions, and rational function solutions) for 
( )12 + -dimensional Burgers equation is derived. Based on the derived 
solitary wave solution, some specific solitons and the annihilation 
phenomena of solitons are also obtained. 

1. Introduction 

The ( )12 + -dimensional Burgers equation takes the form 

,02 =−−−− yyxxxyt buubbvuuuu  

,0=− yx vu  (1) 
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where b is an arbitrary constant. Some soliton excitations of this equation 
have been discussed by Liu et al. [1]. In this paper, we will study the variable 
separation solutions and the annihilation solitons of equation (1) with the 
Riccati mapping approach [2-9]. 

2. Variable Separation Solutions of Burgers Equation 

By the balancing procedure for (1), ansatz becomes 

 ,,
φ

+φ+=
φ

+φ+= HGFvhgfu  (2) 

where f, g, h, F, G, H, and q are functions of ( )tyx ,,  to be determined. 

Substituting (2) and Riccati equation ( )2φ+σ=φ′  into (1) and collecting 

coefficients of polynomials of φ, then setting each coefficient to zero, yields 

,022 2222 =+++ xyx bGgqbgqqyggqb  (3) 

xxtxxyx qgbgqgqbfgqbGg 22 2+−++  

,02 =++++ xyyyyy bFgqqbgbgqgg  (4) 

yxxxyyyx fqbHgqbGfbFgqgbgbGgq ++++σ++σ 2  

,022 2222 =−−σ++σ+ txyxxx gbGhqbgqgbgqb  (5) 

xtxxxxyx bGhhqfbhqbhgbFgq +++−+σ 22  

σ−+−++σ+ txxxxyxx gqbHgqhbbFfghgqb 22 2  

σ+−−−−σ+ yyyyxyyxx fgqfhqqbhbFhqbhqqgb 22 2  

,02 =−σ+σ+ tyyyy fqbgbgq  (6) 

σ−−++σ+ xxxxxxyy bGhqbHhqhbbFhbHgqbh 2  

,022 2222 =+σ+σ+−−+ yxyytx fhhqbbhqqhhbHf  (7) 
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xyyyxxx bHhbhqfhqbFhqhqb +σ−σ−σ−σ− 2  

,022 2 =σ−σ+σ−+ xxtyyy qhbhqqbhhh  (8) 

,022 222222 =σ+σ−σ−σ xyxy hqbqhbHhqbhq  (9) 

,0=+− xy gqGq  (10) 

,0=− yx Gg  (11) 

,0=+−σ−σ+ yxyxx HqhqGqgqf  (12) 

,0=− yx Hh  (13) 

.0=+− yx Hqhq  (14) 

Based on (3)-(14), we have 

,2,2,0 σ=−== yy bqhbqgf  

,2,2,
2

σ=−=
++−

−= xx
x

yyxxt bqHbqGbq
bqqbq

F  (15) 

with the function q in a linear variable separation form 

 ( ) ( ),, ytxq ϕ+χ=  (16) 

where ( ),, txχ≡χ  ( )yϕ≡ϕ  are two arbitrary variable separation functions 

of ( )tx,  and of y, respectively. Based on the solutions of Riccati equation 

[2], one can obtain the exact solutions of (1). 

Case 1. For ,1−=σ  we can derive the following solitary wave solutions 
of (1): 

( )
( ) ,tanh

1tanh2
2

1 ϕ+χ
+ϕ+χ= bu  (17) 

( )
( ) ,tanh

2tanh2 222
1 ϕ+χ

χ
+

χ
ϕ+χχ+χ−χ

= x
x

xxxt b
b
bbv  (18) 
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( )
( ) ,coth

1coth2
2

2 ϕ+χ
+ϕ+χ= bu  (19) 

( )
( ) .coth

2coth2 222
2 ϕ+χ

χ
+

χ
ϕ+χχ+χ−χ

= x
x

xxxt b
b
bbv  (20) 

Case 2. For ,1=σ  we can obtain the following periodic wave solutions 
of (1): 

( )
( ) ,tan

1tan2
2

3 ϕ+χ
−ϕ+χ−= bu  (21) 

( )
( ) ,tan
2tan2 222

3 ϕ+χ
χ

+
χ

ϕ+χχ+χ−χ
= x

x
xxxt b

b
bbv  (22) 

( )
( ) ,cot

1cot2
2

4 ϕ+χ
−ϕ+χ= bu  (23) 

( )
( ) .cot
2cot2 222

4 ϕ+χ
χ

−
χ

ϕ+χχ+χ−χ
= x

x
xxxt b

b
bbv  (24) 

 
Figure 1. A plot of a soliton structure for the physical quantity U given by 
the solution (27) with the choice (28). 

Case 3. For ,0=σ  we can derive the following variable separation 
solution of (1): 
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,2
5 ϕ+χ
= bu  (25) 

.22
5 ϕ+χ

χ
+

χ
χ−χ

= x
x

xxt b
b

bv  (26) 

3. Localized Structures of Burgers Equation 

In this section, we mainly discuss some new localized coherent 
excitations in the ( )12 + -dimensional Burgers equation. For simplification, 

we only discuss the field 1u  of (17), namely 

 ( )
( ) .tanh

1tanh2
2

1 ϕ+χ
+ϕ+χ== buU  (27) 

According to (27), if we choose ( )tx,χ  and ( )yϕ  as 

 ( ) ( ),tanh1,tanh1 22 yctx +=ϕ++=χ  (28) 

we can obtain a novel soliton structure presented in Figure 1 with fixed 
parameters 1,1 == bc  and .2−=t  

Furthermore, if we choose ( )tx,χ  and ( )yϕ  as 

 ( ) ( ),tanh1,tanh1 66 yctx +=ϕ++=χ  (29) 

we can obtain another annihilation soliton structure for the physical quantity 
U of (27) presented in Figure 2 with fixed parameters ,1=c  1=b  at 
different times .1,0,1,5,10 −−−=t  From Figure 2, we find that the 

amplitude and shape of the soliton becomes smaller and smaller with time, 
and finally it reduces to zero. 

4. Summary and Discussion 

In summary, via the mapping approach and a variable separation 
approach, we have found a new family of variable separation solutions to the 
( )12 + -dimensional Burgers equation. Based on the derived solitary wave 
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solutions, we have studied the annihilation phenomena of solitons, which are 
different from the ones presented in the previous work. 

 

Figure 2. A plot of the annihilation soliton for the solution U by (27) under 
the condition (29) at different times (a) ,10−=t  (b) ,5−=t  (c) ,1−=t  (d) 

,0=t  (e) ,1=t  respectively. 
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