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Abstract 

Let G be a graph with a set of vertices ( )GV  and a set of edges 

( ).GE  The distance from vertex u to vertex v in G is the length of the 

shortest path from vertex u to v. The eccentricity ( )ue  of a vertex u is 

the maximum distance of u to any other vertices of G. A vertex v is an 
eccentric vertex of vertex u if the distance from u to v is equal to 
( ).ue  The eccentric digraph ( )GED  of a graph G is the digraph that 

has the same set of vertices as G, and there is an arc (directed edge) 
from u to v in ( )GED  if and only if v is an eccentric vertex of u in G. 
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In this paper, we determine the eccentric digraph of an ( )tn, -kite 

graph. 

I. Introduction 

The notations and terminologies mostly follow that of Chartrand and 
Oellermann [2] and Gallian [3]. Let G be a graph with a set of vertices ( )GV  

and a set of edges ( ).GE  The distance from vertex u to vertex v in G, denoted 

by ( ),, vud  is the length of the shortest path from vertex u to v. If there is no 

path joining vertex u and vertex v, then ( ) ., ∞=vud  The eccentricity of 

vertex u in graph G is the maximum distance from vertex u to any other 
vertices in G, denoted by ( ),ue  and so ( ) { ( ) ( )}.,max GVvvudue ∈|=  

Radius of a graph G, denoted by ( ),Grad  is the minimum eccentricity of 

every vertex in G. The diameter of a graph G, denoted by ( ),Gdiam  is the 

maximum eccentricity of every vertex in G. If ( ) ( ),Gradue =  then vertex u 

is called central vertex. Center of a graph G, denoted by ( ),Gcen  is an 

induced subgraph formed from central vertices of G. Vertex v is an eccentric 
vertex from u if ( ) ( )., uevud =  The eccentric digraph ( )GED  of a graph G 

is a graph that has the same set of vertices as G, ( )( ) ( ),GVGEDV =  and 

there is an arc (directed edge) joining vertex u to v if v is an eccentric vertex 
from u. An arc of a digraph D joining vertex u to v and vertex v to u is called 
a symmetric arc. 

Boland and Miller [1] proposed an open problem to find the eccentric 
digraph of various classes of graphs. Some authors have investigated the 
problem of finding the eccentric digraph. For example, Gimbert et al. [4] 
found the characterisation of the eccentric digraphs while Wang and Sun [7] 
found the eccentric digraphs of the digraphs. Kusmayadi and Sudibyo [5] 
also found the eccentric digraph of friendship graph and firecracker graph. In 
this paper, we tackle the open problem proposed by Boland and Miller [1]. In 
particular, we determine the eccentric digraph of an ( )tn, -kite graph. 
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II. The Eccentric Digraph of ( )tn, -kite Graph 

According to Wallis [6], an ( )tn, -kite graph, or tnk ,  for short, consists 

of a cycle of length n with a t-edge path (the tail) attached to one vertex. We 
assume that the ( )tn, -kite graph has vertex set ( ) { ,...,,, 21, ttn xxxkV =  

}....,,, 110 −nyyy  The ( )tn, -kite graph can be described as in Figure 1. 

 

Figure 1. The ( )tn, -kite graph ., tnk  

The following results are the eccentric digraphs of ( )tn, -kite graph. We 

divide into some cases according to the different values of n and t. 

Theorem 1. Let tnk ,  be ( )tn, -kite graph, for .1,3,2 ≥≥⎥⎦
⎥

⎢⎣
⎢= tnnt  

Then the eccentric digraphs ( )tnkED ,  are 5-partite digraph ,3,1,2,1,1 −− ntF  

for n odd, and 5-partite digraph ,2,1,1,1,1 −− ntF  for n even. 

Proof. We consider two cases according to the values of n. 

Case 1. n odd. 

By determining the eccentricity and eccentric vertex for each vertex of 
the ( )tn, -kite graph, it is easy to check that the arcs are from vertex 0y  to 

the vertex tx  and iy  for .2
1,2

1 +−= nni  Also, the arcs are from vertex iy  

to the vertex tx  for [ ].,1 ni ∈  In addition, the arcs are from vertex jx  to the 

vertex iy  for [ ]tj ,1∈  and .2
1,2

1 +−= nni  Now, the arcs are from vertex 
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tx  to the vertex iy  for 2
1,2

1 +−= nni  and so not all arcs are symmetric. 

Based on these arcs, the vertex set ( ( ))tnkEDV ,  can be partitioned into                    

five subsets of vertices { },1 txV =  ,,
2

1
2

12 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= +− nn yyV  { },03 yV =  

{ }1214 ...,,, −= txxxV  and 

....,,,,...,,, 1
2

5
2

3
2

3215 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −++− nnnn yyyyyyV  

All arcs from vertices of 4V  are incident to the vertices of ,2V  while all arcs 

from vertices of 5V  are incident to the vertices of ,1V  and all arcs from 

vertices of 3V  are incident to the vertices of 1V  and .2V  The arcs from 1V  

and 2V  are symmetric arcs. Hence the eccentric digraph of tnk ,  is a 5-partite 

digraph .3,1,2,1,1 −− ntF  

Case 2. n even. 

By determining the eccentricity and vertex eccentric for each vertex of 
the ( )tn, -kite graph, it is easy to check that the arcs are from vertex 0y  to 

the vertex tx  and to the vertex .
2
ny  Also, the arcs are from vertex iy  to the 

vertex tx  for [ ].,0 ni ∈  In addition, the arcs are from vertex jx  to the 

vertex iy  for [ ]tj ,1∈  and .2
1,2

1 +−= nni  Now, the arcs are from vertex 

tx  to the vertex 
2
ny  and so not all arcs are symmetric. Based on these arcs, 

the vertex set ( ( ))tnkEDV ,  can be partitioned into five subsets of vertices 

{ },1 txV =  ,
2

2 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= nyV  { },03 yV =  { }1214 ...,,, −= txxxV  and 

....,,,,...,,, 1
2

4
2

2
2

2215 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −++− nnnn yyyyyyV  
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All arcs from vertices of 4V  are incident to the vertices of ,2V  while all arcs 

from vertices of 5V  are incident to the vertices of ,1V  and all arcs from 

vertices of 3V  are incident to the vertices of 1V  and .2V  The arcs from 1V  

and 2V  are symmetric arcs. From these partitions, then there is no arc from 

the same subsets. Therefore, the digraph can be formed to be 5-partite 
digraph .2,1,1,1,1 −− ntF   

For simplicity, let 
⎥
⎥
⎥

⎦

⎥

⎢
⎢
⎢

⎣

⎢ +⎥⎦
⎥

⎢⎣
⎢

= 2
2 tn

z  for .2
nt >  

Theorem 2. Let tnk ,  be ( )tn, -kite graph, for ,2
nt >  .3≥n  Then the 

eccentric digraph ( )tnkED ,  is 

a. 5-partite digraph 2,1,1,1,1 −−+− ztnzF  for n even and tn +2  even, 

b. 4-partite digraph 2,,1,1 −−+ ztnzF  for n even and tn +2  odd, 

c. 5-partite digraph 3,1,1,2,1 −−+− ztnzF  for n odd and tn +⎥⎦
⎥

⎢⎣
⎢

2  even, 

d. 4-partite digraph 3,,2,1 −−+ ztnzF  for n odd and tn +⎥⎦
⎥

⎢⎣
⎢

2  odd. 

Proof. We consider four cases according to the values of n and t. 

Case 1. n even and tn +2  even. 

By determining the eccentricity and eccentric vertex for each vertex of 
the ( )tn, -kite graph, we observe that the arcs are from vertex iy  to the 

vertex tx  for [ ].1,0 −∈ ni  Also, the arcs are from vertex ix  to the vertex 

2
ny  for [ ]., tzti −∈  In addition, the arcs are from vertex ix  to the vertex 
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tx  for [ ]ztii −∈ ,  and so not all arcs are symmetric. Based on these arcs, 

the vertex set ( ( ))tnkEDV ,  can be partitioned into five subsets of vertices 

{ },1 txV =  ,
2

2 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= nyV  { },3 ztxV −=  { }114 ...,, −−+= tzt xxV  and 

....,,,...,,,...,, 111
2

2
2

205 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−+− ztnnn xxyyyyV  

All arcs from vertices of 4V  are incident to the vertices of ,2V  while all arcs 

from vertices of 5V  are incident to the vertices of ,1V  and all arcs from 

vertices of 3V  are incident to the vertices of 1V  and .2V  The arcs from 1V  

and 2V  are symmetric arcs. From these partitions, then there is no arc from 

the same subsets. Therefore, the digraph can be formed to be 5-partite 

digraph .2,1,1,1,1 −−+− ztnzF  

Case 2. n even and tn +2  odd. 

By determining the eccentricity and eccentric vertex for each vertex of 
the ( )tn, -kite graph, we observe that the arcs are from vertex iy  to the 

vertex tx  for [ ].1,0 −∈ ni  Also, the arcs are from vertex ix  to the vertex 

2
ny  for [ ]., tzti −∈  In addition, the arcs are from vertex ix  to the vertex 

tx  for [ ]1, −−∈ ztii  and so not all arcs are symmetric. Based on these 

arcs, the vertex set ( ( ))tnkEDV ,  can be partitioned into four subsets of 

vertices { },1 txV =  ,
2

2 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= nyV  { }13 ...,, −−= tzt xxV  and 

....,,,...,,,...,, 111
2

2
2

204 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−+− ztnnn xxyyyyV  
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All arcs from vertices of 4V  are incident to the vertices of ,1V  while all arcs 

from vertices of 3V  are incident to the vertices of .2V  The arcs from 1V  and 

2V  are symmetric arcs. From these partitions, then there is no arc from the 

same subsets. Therefore, the digraph can be formed to be 4-partite digraph 

.2,,1,1 −−+ ztnzF  

Case 3. n odd and tn +⎥⎦
⎥

⎢⎣
⎢

2  even. 

By determining the eccentricity and eccentric vertex for each vertex of 

the ( )tn, -kite graph, it is easy to check that the arcs are from vertex iy  to 

the vertex tx  for [ ].1,0 −∈ ni  Also, the arcs are from vertex ix  to the 

vertex jy  for every [ ]tzti ,−∈  and .2
1,2

1 +−= nnj  In addition, the 

arcs are from vertex ix  to the vertex tx  for [ ]ztii −∈ ,  and so not all arcs 

are symmetric. Based on these arcs, the vertex set ( ( ))tnkEDV ,  can be 

partitioned into five subsets of vertices { },1 txV =  ,,
2

1
2

12 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= +− nn yyV  

{ },3 ztxV −=  { }114 ...,, −−+= tzt xxV  and 

....,,,...,,,...,, 111
2

3
2

305 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−+− ztnnn xxyyyyV  

All arcs from vertices of 4V  are incident to the vertices of ,2V  while all arcs 

from vertices of 5V  are incident to the vertices of ,1V  and all arcs from 

vertices of 3V  are incident to the vertices of 1V  and .2V  The arcs from 1V  

and 2V  are symmetric arcs. From these partitions, then there is no arc from 

the same subsets. Therefore, the digraph can be formed to be 5-partite 

digraph .3,1,1,2,1 −−+− ztnzF  
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Case 4. n odd and tn +⎥⎦
⎥

⎢⎣
⎢

2  odd. 

Proof. By determining the eccentricity and eccentric vertex for each 
vertex of the ( )tn, -kite graph, we observe that the arcs are from vertex iy  

to the vertex tx  for [ ].1,0 −∈ ni  Also, the arcs are from vertex ix  to the 

vertex jy  for [ ]tzti ,−∈  and .2
1,2

1 +−= nnj  In addition, the arcs are 

from vertex ix  to the vertex tx  for [ ]1, −−∈ ztii  and so not all arcs are 

symmetric. Based on these arcs, the vertex set ( ( ))tnkEDV ,  can be 

partitioned into four subsets of vertices { },1 txV =  ,,
2

1
2

12 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= +− nn yyV  

{ }13 ...,, −−= tzt xxV  and ....,,,...,,,...,, 111
2

3
2

304 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−+− ztnnn xxyyyyV  

All arcs from vertices of 4V  are incident to the vertices of ,1V  while all arcs 

from vertices of 3V  are incident to the vertices of .2V  The arcs from 1V  and 

2V  are symmetric arcs. From these partitions, then there is no arc from the 

same subsets. Therefore, the digraph can be formed to be 4-partite digraph 
.3,,2,1 −−+ ztnzF   

Theorem 3. Let tnk ,  be ( )tn, -kite graph, for .3,2 ≥< nnt  Then the 

eccentric digraph of ( )tntn kEDk ,, ,  is a digraph having vertex set ( )tnkV ,  

and the arc set are 

[ ]
⎭⎬
⎫

⎩⎨
⎧ +−=∈ 2

1,2
1,,1, nnjtiyx ji  

⎭⎬
⎫

⎩⎨
⎧ ++−+=⎥⎦

⎤
⎢⎣
⎡ −−∈ 2

12,2
12,2

12,0, lnlnmtnlyy ml∪  

⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ ++−−∈ 2

12,2
12, tntnpxy tp∪  
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⎩⎨
⎧

⎥⎦
⎤

⎢⎣
⎡ −++∈ ,1,2

12, ntnqyy rq∪  

oddnfornpnnpnr
⎭⎬
⎫⎟

⎠
⎞⎜

⎝
⎛ ++

⎟
⎠
⎞⎜

⎝
⎛ −+= mod2

12,mod2
12  (1) 

and 

[ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈ tiyx ni ,1,
2

 

⎭⎬
⎫

⎩⎨
⎧ +−=

⎭⎬
⎫

⎩⎨
⎧ +=⎥⎦

⎤
⎢⎣
⎡ −∈ 2

2,2
2,2

2,2
2,0, tntnmxyjnltnjyy tmlj ∪∪  

.mod2
2,1,2

2, evennfornpnqntnpyy qp ⎭⎬
⎫

⎩⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ +=⎥⎦

⎤
⎢⎣
⎡ −+∈∪  (2) 

Proof. By determining the eccentricity and eccentric vertex for each 
vertex of the ( )tn, -kite graph, it is easy to check that the arcs are as stated in 

(1) for n odd and (2) for n even.  
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