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Abstract

Let G be a graph with a set of vertices V(G) and a set of edges
E(G). The distance from vertex u to vertex v in G is the length of the

shortest path from vertex u to v. The eccentricity e(u) of a vertex u is
the maximum distance of u to any other vertices of G. A vertex v is an
eccentric vertex of vertex u if the distance from u to v is equal to
e(u). The eccentric digraph ED(G) of a graph G is the digraph that
has the same set of vertices as G, and there is an arc (directed edge)
fromutovin ED(G) if and only if v is an eccentric vertex of u in G.
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In this paper, we determine the eccentric digraph of an (n, t) -kite

graph.
l. Introduction

The notations and terminologies mostly follow that of Chartrand and
Oellermann [2] and Gallian [3]. Let G be a graph with a set of vertices V (G)
and a set of edges E(G). The distance from vertex u to vertex v in G, denoted
by d(u, v), is the length of the shortest path from vertex u to v. If there is no
path joining vertex u and vertex v, then d(u, v) = . The eccentricity of
vertex u in graph G is the maximum distance from vertex u to any other
vertices in G, denoted by e(u), and so e(u) = max{d(u, v)|v eV (G)}.
Radius of a graph G, denoted by rad(G), is the minimum eccentricity of
every vertex in G. The diameter of a graph G, denoted by diam(G), is the
maximum eccentricity of every vertex in G. If e(u) = rad(G), then vertex u
is called central vertex. Center of a graph G, denoted by cen(G), is an
induced subgraph formed from central vertices of G. Vertex v is an eccentric
vertex from u if d(u, v) = e(u). The eccentric digraph ED(G) of a graph G
is a graph that has the same set of vertices as G, V(ED(G)) =V(G), and

there is an arc (directed edge) joining vertex u to v if v is an eccentric vertex
from u. An arc of a digraph D joining vertex u to v and vertex v to u is called
a symmetric arc.

Boland and Miller [1] proposed an open problem to find the eccentric
digraph of various classes of graphs. Some authors have investigated the
problem of finding the eccentric digraph. For example, Gimbert et al. [4]
found the characterisation of the eccentric digraphs while Wang and Sun [7]
found the eccentric digraphs of the digraphs. Kusmayadi and Sudibyo [5]
also found the eccentric digraph of friendship graph and firecracker graph. In
this paper, we tackle the open problem proposed by Boland and Miller [1]. In
particular, we determine the eccentric digraph of an (n, t) -kite graph.
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I1. The Eccentric Digraph of (n, t)-kite Graph

According to Wallis [6], an (n, t)-kite graph, or k, ; for short, consists

of a cycle of length n with a t-edge path (the tail) attached to one vertex. We
assume that the (n, t)-kite graph has vertex set V(kp ) = {X, X2, ..., X,

Yo, Y1, - Yn_1}- The (n, t)-kite graph can be described as in Figure 1.

«vn—z yn—l
" .
Y ...}’ - » . .
3 20 X) X3 X X
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Figure 1. The (n, t)-kite graph k, ;.

The following results are the eccentric digraphs of (n, t)-kite graph. We

divide into some cases according to the different values of n and t.

Theorem 1. Let k¢ be (n, t)-kite graph, for t = EJ n>3t>1

Then the eccentric digraphs ED(k, ) are 5-partite digraph F 1 5 ¢_1 n-3,

for n odd, and 5-partite digraph F; 11t n_2, for neven.

Proof. We consider two cases according to the values of n.
Case 1. n odd.
By determining the eccentricity and eccentric vertex for each vertex of

the (n, t)-kite graph, it is easy to check that the arcs are from vertex yq to

n-1 n+1
2 ' 2

to the vertex x; for i € [1, n]. In addition, the arcs are from vertex x jto the

the vertex x; and y; for i = . Also, the arcs are from vertex vy;

n-1 n+1
2 ' 2

vertex y; for je[l, t]and i = . Now, the arcs are from vertex
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n-1 n+1
2 2
Based on these arcs, the vertex set V(ED(k, {)) can be partitioned into

X to the vertex y; for i = and so not all arcs are symmetric.

five subsets of vertices Vj ={x}, Vo= {yn_l, yn+1}, V3 = {yo}
2 2

V4 = {Xl, X2y ooy Xt_l} and

Vs = {yll Y21 ¥Yn-3+ Yn+3+ Yn+5: 0 yn—l}
2 2 2
All arcs from vertices of V, are incident to the vertices of V,, while all arcs
from vertices of Vg are incident to the vertices of Vq, and all arcs from
vertices of V3 are incident to the vertices of V; and V,. The arcs from V;

and V, are symmetric arcs. Hence the eccentric digraph of k, { is a 5-partite
digraph Fy 1 2 t-1n-3-
Case 2. neven.

By determining the eccentricity and vertex eccentric for each vertex of
the (n, t)-kite graph, it is easy to check that the arcs are from vertex yq to
the vertex x; and to the vertex y,. Also, the arcs are from vertex y; to the

2
vertex x; for i e[0, n]. In addition, the arcs are from vertex x j to the

vertex y; for je[l, t]and i = nT—l nT+l Now, the arcs are from vertex
X; to the vertex y,, and so not all arcs are symmetric. Based on these arcs,

2
the vertex set V(ED(k, ¢)) can be partitioned into five subsets of vertices

Vi ={X} Vo = {yﬂ}, V3 = {Yo} Va = {X, X, ..., X1} and
2

Vs = {yl. Yoo Y2, Yne2s Yneds o yn—l}
2 2 2
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All arcs from vertices of V, are incident to the vertices of V5, while all arcs
from vertices of Vg are incident to the vertices of Vq, and all arcs from
vertices of V3 are incident to the vertices of V; and V,. The arcs from V;
and V, are symmetric arcs. From these partitions, then there is no arc from
the same subsets. Therefore, the digraph can be formed to be 5-partite
digraph Fy 11 ¢-1,n-2- O

1

For simplicity, let z =

n

5 n > 3. Then the

Theorem 2. Let k, ¢ be (n, t)-kite graph, for t >

eccentric digraph ED(kp, ¢) is

a. 5-partite digraph Fy 11 ;-1 n4t—z—2 fornevenand % +1 even,

b. 4-partite digraph Fy 1 ; n.t—;—2 for nevenand g +1t odd,

c. 5-partite digraph Fy 59 ;-1 n4t—z—3 for nodd and L%J +1t even,
d. 4-partite digraph F; 5 ; 4t—,—3 for nodd and L%J +t odd.

Proof. We consider four cases according to the values of n and t.

n
Case 1. n even and 5 +t even.

By determining the eccentricity and eccentric vertex for each vertex of
the (n, t)-kite graph, we observe that the arcs are from vertex y; to the

vertex x; for i e [0, n —1]. Also, the arcs are from vertex X; to the vertex

y, for i e[t—z t]. In addition, the arcs are from vertex X; to the vertex
2
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x; for i e[i, t—z] and so not all arcs are symmetric. Based on these arcs,

the vertex set V(ED(k, ¢)) can be partitioned into five subsets of vertices

Vi = {x} Vo = {yn}' V3 = {Xt—z} Va = {Xtr1-7, - X1} and
2

Vs = {yo: v Yn=2y Yne2s oo Yoo X1 o Xt—z—l}-
2 2

All arcs from vertices of V, are incident to the vertices of V5, while all arcs
from vertices of Vg are incident to the vertices of Vq, and all arcs from
vertices of V3 are incident to the vertices of V; and V,. The arcs from V;
and V, are symmetric arcs. From these partitions, then there is no arc from
the same subsets. Therefore, the digraph can be formed to be 5-partite
digraph Fy 11 7.1 n+t-z-2-

Case 2. n even and % +t odd.

By determining the eccentricity and eccentric vertex for each vertex of
the (n, t)-kite graph, we observe that the arcs are from vertex y; to the

vertex x; for i € [0, n —1]. Also, the arcs are from vertex x; to the vertex

y, for i e[t—z t]. In addition, the arcs are from vertex x; to the vertex
2

x; for i e[i,t—z-1] and so not all arcs are symmetric. Based on these

arcs, the vertex set V(ED(k, ()) can be partitioned into four subsets of

vertices Vp = {X}, Vo = {yn}, V3 = {Xt_z, -y Xt_1} and
2

V4 e {yo, ey yn__z, yn__+_2, v Yn=1 X1 ooy Xt—Z—l}'
2 2
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All arcs from vertices of V, are incident to the vertices of V;, while all arcs
from vertices of V3 are incident to the vertices of V,. The arcs from V; and
V, are symmetric arcs. From these partitions, then there is no arc from the
same subsets. Therefore, the digraph can be formed to be 4-partite digraph

Fl,l,z,n+t—z—2-
Case 3. n odd and EJ +t even.

By determining the eccentricity and eccentric vertex for each vertex of
the (n, t)-kite graph, it is easy to check that the arcs are from vertex y; to
the vertex x; for i e [0, n—1]. Also, the arcs are from vertex x; to the

n-1 n+1
2 ' 2
arcs are from vertex x; to the vertex x; for i € [i, t — z] and so not all arcs

vertex y; for every ieft-zt] and j= . In addition, the

are symmetric. Based on these arcs, the vertex set V(ED(kp )) can be

partitioned into five subsets of vertices Vj = {x¢}, Vo = {yn_l, Yn+l}’
2 2

V3 = {Xi—z}, Va = {Xt41-7, - X1} and

Vg = {yo, yn__;g, yn_+3, cer Yn—1s X1s oo xt_z_l}.
2 2

All arcs from vertices of V, are incident to the vertices of V5, while all arcs
from vertices of Vg are incident to the vertices of Vq, and all arcs from
vertices of V3 are incident to the vertices of V; and V,. The arcs from V;
and V, are symmetric arcs. From these partitions, then there is no arc from
the same subsets. Therefore, the digraph can be formed to be 5-partite

digraph Fy 2 1 71 n+t—z-3
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Case 4. n odd and EJ +t odd.

Proof. By determining the eccentricity and eccentric vertex for each
vertex of the (n, t)-kite graph, we observe that the arcs are from vertex y;
to the vertex x; for i € [0, n —1]. Also, the arcs are from vertex x; to the

n-1 n+1
2 2
from vertex x; to the vertex x; for i e[i, t — z —1] and so not all arcs are

. In addition, the arcs are

vertex yj forieft—zt] and j=

symmetric. Based on these arcs, the vertex set V(ED(k,()) can be

partitioned into four subsets of vertices V; = {x;}, Vo = {yn_l, yn+1},
2 2

V3 ={Xi_z, . Xt_1} and V4 = {yo, s Yn=3» Yn+3s oo Yno10 X1 oon xt_z_l}
2 2

All arcs from vertices of V4 are incident to the vertices of V;, while all arcs
from vertices of V3 are incident to the vertices of V,. The arcs from V; and
V, are symmetric arcs. From these partitions, then there is no arc from the
same subsets. Therefore, the digraph can be formed to be 4-partite digraph
F1,2,z,n+t—z—3- |:|

Theorem 3. Let k, ¢ be (n, t)-kite graph, for t < % n > 3. Then the

eccentric digraph of k;, , ED(k, {) is a digraph having vertex set V (kp {)

and the arc set are

—_— . nh-1 n+1
{Xiyj,le[l,t],jz 5 ;}

Ulvvo 1elo n-2t-1 m_n+2|—1 n+2l+1
YiYm> ) 2 ) - 2 ) 2

U—» n-2t-1 n+2t+1
prt,pe 2 l 2
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U{yqyr’ gqe [%’ n_ljlv

[ = (%) mod n, (%) mod n} for n odd 1)

{Xiynl I S [1, t]}
2
U{W J €|:0, n—22t:|’ | = nZZJ}U{met, m = n—22t’ nZZt}

U {Ypyq, pe [n+TZt n—l] q =(n+22pjmodn} for n even. (2)

and

Proof. By determining the eccentricity and eccentric vertex for each
vertex of the (n, t) -kite graph, it is easy to check that the arcs are as stated in

(1) for n odd and (2) for n even. O
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