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Abstract

In this paper, we introduce a derivation of Boolean algebra, namely
Boolean derivation, and we also investigate some related properties.
Moreover, we show that the fixed set and the kernel of Boolean
algebras are ideals in Boolean algebra. Finally, we prove that the set of
Boolean derivations and Boolean algebra are isomorphic.

1. Introduction

Boolean algebras are special lattices which are useful in the study
of logic, both digital computer logic and that of human thinking, and of
switching circuits. This latter application was initiated by C. E. Shannon,
who showed that fundamental properties of electrical circuits of bistable
elements can be represented by using Boolean algebras.

The notion of derivation, introduced from the analytic theory, is helpful
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to the research of structure and property in algebraic system. Several authors
[2, 3, 7, 11] studied derivations in rings and near rings. In 2004, Jun and Xin
[6] applied the notion of derivation in ring and near-ring theory to BCI-
algebras. Further, in 2009, Prabprayak and Leerawat [12] also studied the
derivation of BCC-algebra. In 2010, Alshehri [1] introduced the notion of
derivation for an MV-algebra. In 2008, Xin et al. [13] studied derivation of
lattice and obtained some related properties. In 2011, Harmaitree and
Leerawat [5] studied f-derivation of lattice and investigated some of its
properties. In this paper, we introduce a new derivation on Boolean algebra
and investigate some related properties.

2. Preliminaries

We first recall some definitions and results which are essential in this
paper.

Definition 2.1 [8]. A Boolean algebra (B, A, v, ’, 0,1) is a nonempty
set B with two binary operations A (called “meet” or “and”), v (called “join”

or “or”), a unary operation ' (called complement), and two elements 0 and 1
such that for all elements ¥, y, z of B, the following axioms holds:

(i) XAX=X XVX=X

(i) XAYy=YAX, XVY=YVX

(i) xA(yarz)=(xAy)az, xv(yvz)=(xvy)vz

(iV) x=XA(XVYy)X=XVv(XAY);

M) xXA(yvz)=(XAy)v(Xaz),xv(yaz)=(Xvy)a(xvz)
(vi) xAl=xand Ov x = x forall x € B;

(vii) for all x € B, thereis x" € B suchthat x A X' =0 and x v x' = 1.

Example 2.2. Let B = {0, a, b, 1} and A, v are two binary operations

and complement defined as follows:
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A0 a b 1 v] 0 a b 1 X | x
0/0 O O O 0/0 a b 1 0|1
al0 a 0 a ala a 1 1 alb
b|0 0 b b b|lb 1 b 1 b | a
110 a b 1 111 1 1 1 110

Therefore, (B, A, v, ', 0, 1) is a Boolean algebra.

Example 2.3. Let B =1{0, a,1} and A, v are two binary operations
defined as follows:

A0 a 1 v] 0 a 1 X | X
0/0 0 O 00 a 1 0|1
a|l0 a a ala a 1 a| a
110 a 1 11 1 1 110

Thus (B, A, v, ', 0, 1) is not a Boolean algebra.

Remark 1. From now on, B denotes a set with the two binary operations
A and v, with 0 and 1 and the unary operation complement ’, that is
B=(B, A Vv, 01).

Lemma 2.4 [8]. Every Boolean algebras are modular.

Definition 2.5 [8]. Let B be a Boolean algebra. Define a binary relation
“<” onBasfollows: x <y ifandonlyif xAy=xand xvy=y.

Remark 2. By Definition 2.1(vi), we have x <1 and 0 < x for all
X € B.

Lemma 2.6 [9]. Let B be a Boolean algebra. Define the binary relation
“<” as Definition 2.5. Then (B, <) is a poset and for any x, y € B, x A 'y

is the greatest lower bound (g.l.b) of {x, y} and x v y is the least upper
bound (l.u.b.) of {x, y}.

Remark 3. x <y means x <y and x = V.



122 Thanakorn Bunphan and Utsanee Leerawat

Lemma 2.7. Let B be a Boolean algebra and x, y e B. If x <y and
y <X, then x = y.

Proof. Let x, y € B be such that x <y and y < x. Since x <y and

y <X, we have XAy =x and y A X =y. By Definition 2.1(ii), we get
X=XAY=YAX=Y.

Lemma 2.8 [8]. Let B be a Boolean algebra and X, y, z € B. Then the
following hold:

(if x<y,then xrz<yazand Xvz<yvi;
(i) (x A y)’ =x' vy and (xv y), =X AY;
(ili) x <y ifand only if y" < X".

Theorem 2.9 [8]. Let B be a Boolean algebra and x, y € B. Then the
following conditions are equivalent:

(i) x<y;
(i) x Ay =0;
(i) X' vy=1

(iv) XAy =X

(V) Xvy=y.
Theorem 2.10 [9]. Let B be a Boolean algebra and X, y, z € B. Then
the following hold:

(i) xvy=0ifandonlyif x=0 and y = 0;
(i) xAy=1ifandonlyif x=1and y =1;
(iii) x =0 ifandonlyif y = (x A Y) v (X' A Y);
(iv) x =y ifandonlyif (x A y)v (X' A Yy) =0;

Wifxvy=xvzand Xvy=xvz theny=z
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Definition 2.11 [9]. If A is any nonempty subset of a Boolean algebra B
closed under the operations A, v,", then (A, Aa, Vs ‘A, 0, 1) is a Boolean

algebra, where Aa, va,'a are the restrictions of the operations A, v,"' to
the set A. The Boolean algebra A is called a Boolean subalgebra of B.

Remark 4. (1) Observe that 0 and 1 must belong to a Boolean
subalgebra A of B. For, if x € A, then X" € A Thus by Definition 2.1(vii),

weobtain 0 =xAXxX e Aandl=xv X € A

(2) To show that a subset A of B is closed under the operation A, v, ', it

suffices to show that A is closed either under A and ’, or under v and ’. For, if
A is closed under A and ', then by Lemma 2.8(ii) we get for any x, y € A,

xvy=(xAa y’)/ e A Likewise, if A is closed under v and ', then by
Lemma 2.8(ii), we get forany x, y e A, x Ay = (X' v y')’ e A
Definition 2.12 [8]. Let f : By — B, be a function from a Boolean

algebra B; to a Boolean algebra B,. Then f is called a Boolean

homomorphism (or homomorphism) when:

i) f(xay)=~f(x)Aa f(y) and f(xvy)=f(x)v f(y) for all
X, Y € By;

(i) f(x)= (f(x))’ forall x € B;.

Definition 2.13. Let f : B — B, be a Boolean homomorphism from a

Boolean algebra B, to a Boolean algebra B,. Then

(i) f is called an injective homomorphism if f is an injective function;
(ii) fis called a surjective homomorphism if f is a surjective function;
(iii) f is called an isomorphism if f is a bijective function.

Definition 2.14 [8]. An ideal is a nonempty subset | of a Boolean algebra
B with the properties:
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(Ifxel and b e B, then xAb e I;
@i If x,yel, then xvyel.

Remark 5. If I, and 1, are ideals of a Boolean algebra B, sois 11 1 I,.

3. The Derivations of Boolean Algebras

The following definition introduces the notion of Boolean derivation of
Boolean algebras.

Definition 3.1. Let B be a Boolean algebra and d : B — B be a function.
We call d a Boolean derivation on B if it satisfies the following conditions:
forall x, y € B,

() d(x A y)=(d(x) A y) v (xAd(y));
(i) d(x v y)=d(x) v d(y).
Remark 6. We often abbreviate d(x) to dx.

Now we give some examples and some properties for the Boolean
derivations of Boolean algebras.

Example 3.2. Let B = {0, a, b, 1} and A, v are two binary operations

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on
B by

0, if x=0,a,
dx = )
b, if x=»0,1.

Then d is a Boolean derivation of B.

Example 3.3. Let B = {0, a, b, 1} and A, v are two binary operations

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on
B by
{O, if x=0,1b,
dx = .
a, Iif x=a.

Then d is not a Boolean derivation of B.
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Example 3.4. Let B be a Boolean algebra.

(i) If d is a function defined by dx =0 for all x € B, then d is a
Boolean derivation on B, which is called the zero derivation.

(if) If d is an identity function on a Boolean algebra B, then d is a
Boolean derivation on B, which is called the identity derivation.

Example 3.5. Let B be a Boolean algebra and a € B. Define a function
dy;:B—>B by dy(x)=xnaa for all xeB. Then d, is a Boolean

derivation on B.

Theorem 3.6. Let B be a Boolean algebra and d be Boolean derivation
on B. Then the following hold: for any element x, y € B,

(1) dx < x;

(2) dO=0 and d1<1,

B)dxAX =xadx =0;

(@) dx ady <d(xAy)<d(xvy)
(5) if I'is an ideal of B, then dI < I.

Proof. Let x, y € B.

(1) By Definition 2.1(i), we have dx = d(x A x) = (dx A X) v (X A dXx)

=dx A X and so dx < x.

(2) From (1), we get d1<1 and dO < 0. Since Remark 2, we have
0 < d0. Thus, by Lemma 2.7, we get d0 = 0.

(3) From (2) and Definition 2.1(vii), we have 0=d0=d(xAX')=
(dx A X") v (X A dX"). Thus by Theorem 2.10(i), we get dx A X' = x A dx" =0.

(4) From (1) and Lemma 2.8(i), we have

dx Ady < xAdy <(dxAy)v(xady)=d(xAay).
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We know that dx A y < dx and x A dy < dy. Thus
dxAy)=(dxAay)v(xady)<dxvdy=d(xvy).

(5) Let a edl. Then a =db for some b e I. From (1), we have a =
db < b. Since l is an ideal of B, we have a=aAb e l. Thus ae | and so
dl < I.

By Theorem 3.6(2), we can get the following corollary.

Corollary 3.7. Let B be a Boolean algebra and d : B — B be function.
If dO = 0O, then d is not a Boolean derivation on B.

Example 3.8. Let B be a Boolean algebra and b € B be such that b = 0.
Define a function dy : B — B by dy(x) = x v b for all x € B. Note that

d,(0) =0v b =b # 0. Therefore, dy, is not a Boolean derivation on B by
Corollary 3.7.

Definition 3.9. Let B be a Boolean algebra. A function d : B — B is
said to be regular if d0 = 0.

Corollary 3.10. Every Boolean derivations are regular.

Theorem 3.11. Let d be Boolean derivation on a Boolean algebra B. If
X, ¥ € B are such that x <y, then the following hold:

(1) d(x A y)=0;

(2) dy’ < X’

(3) dx A dy" = 0.

Proof. Let x, y € B besuchthat x <.

(1) By Theorem 2.9 implies that x A y' = 0. Thus by Theorem 3.6(2),
we have d(x A y') =d0 = 0.

(2) By Lemma 2.8(iii) implies that y’ < x'. Thus by Theorem 3.6(1), we
have dy' < y" < X'
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(3) By Theorem 3.6(1), we have dx < x < y. Thus by Lemma 2.8(i), we
have dx A dy' < y A dy'.

Since dy’ <y' by Lemma 2.8(i), we have y Ady’ <y Ay =0. Hence
dx A dy’ < 0. From Remark 2, we have 0 < dx A dy’. By Lemma 2.7, we

get dx A dy’ = 0.

Theorem 3.12. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then, the following hold:

(1) dx A dx' =0;

(2) dx' = (dx), if and only if d is the identity derivation on B.
Proof. (1) It follows directly from Theorem 3.11(3).

(2) Assume that dx’ = (dx)'. From Theorem 3.6(3), we have x A (dx)' =

X A dx" = 0. Since Theorem 2.9, we have x < dx. By Theorem 3.6(1), we
get dx < x. Therefore, by Lemma 2.7, we have dx = x. Conversely, if d is

the identity derivation on B, then dx’ = x' = (dx)'.

Definition 3.13. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then

(i) d is called an order derivation if x <y implies dx < dy;

(ii) d is called an injective derivation if d is an injective function;
(iii) d is called a surjective derivation if d is a surjective function.

Theorem 3.14. A Boolean derivation d on a Boolean algebra B is an
order derivation.

Proof. Let x, y € B and x < y. Since d is a Boolean derivation, we have

dy = d(x v y)=dx v dy. Thatis dx < dy. Thus, d is an order derivation.

Theorem 3.15. Let B be a Boolean algebra and d be a Boolean
derivation on B. If dx = dx’ for all x € B, then d is zero derivation.
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Proof. Let x € B, from Remark 2, we have x <1. By Theorem 3.14,
we get d is an order derivation. Hence dx < d1. Since dx = dx’, we have
dl=d0=0. Thus dx <dl=0. From Remark 2, we have 0 < dx, by
Lemma 2.7, we get dx = 0 and so d is zero derivation.

Theorem 3.16. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then dx = x A d1 forall x € B.

Proof. Let x € B. Note that x <1 and
dx =d(x Al) = (dx A1) v (x A dl)=dx v (x A dl),

that is x A d1 < dx. By Theorem 3.14, we have d is an order derivation.
Hence dx < d1. From Theorem 3.6(1), we get dx < X. Thus dx < x A d1.
By Lemma 2.7, we have dx = x A d1.

The following corollary is an immediate consequence of Theorem 3.16.

Corollary 3.17. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then the following hold:

(1) if d1 < x, then dx = d1;
(2) if x £ d1, then dx = x.

Theorem 3.18. Let B be a Boolean algebra and d be a Boolean
derivationon B. Let X, y € B besuchthat y < x. If dx = x, then dy = .

Proof. Let X, y € B be such that y < x and dx = x. By Theorem 3.6(1),
we have dy < y < x. Then
dy=d(xAay)=(dxAy)v(xady)=(xAy)vdy=yvdy=y.

Theorem 3.19. Let B be a Boolean algebra and d be a Boolean
derivation on B. Let Xi, Xp, ..., X, € B be such that X < xp <--- < Xp. If

dx, = Xn, then dx; = x; for all positive integer i < n.

Proof. For n = 2. If x < X, and dx, = Xy, then by Theorem 3.18, we

have dx = x. Let n > 3 be positive integer and assume that if x; < Xy <



Derivations of Boolean Algebras 129

IN

X and dx, = Xx,, then dx; = x; for all i < n. Suppose that x; < Xy <

IN

Xp £ Xp+1 and dXpiq = Xpa1. Since Xy < Xppqp and dXpq = Xp4q DY
Theorem 3.18, we get dx,, = X, Now we have if x; < Xo <+ < X £ Xpy1

and dx,,.1 = Xn41, then dx; = x; for all positive integer i < n +1.

By Theorem 3.18, we can get the following corollary.

Corollary 3.20. Let B be a Boolean algebra and d : B — B be a
function. If there exists a pair x, y € B such that y <x, dx=x and
dy = vy, then d is not a Boolean derivation on B.

Proof. Assume that there exists a pair x, y € B suchthat y < x, dx = X
and dy # y. Suppose that d is a Boolean derivation on B. By Theorem 3.6(1),
we have dy < y < x. Then

dy=d(xAy)=(dxAy)v(xady)=(xXAy)vdy=ywvdy,
it follows that y <dy. By Lemma 2.7, we get dy =y, which is a
contradiction. Thus d is not a Boolean derivation on B.

Example 3.21. Let B = {0, a, b, 1} and A, v are two binary operations
defined as Example 2.2. Then B is a Boolean algebra. Define a function d on
B by

a, ifx=0,1 a,
dx = .
b, if x=h.
Note that db =b and 0 <b, but dO =a = 0. Therefore, d is not a
Boolean derivation of B by Corollary 3.20.

Example 3.22. Let B = {0, a, b, 1} and A, v are two binary operations
defined as Example 2.2. Then B is a Boolean algebra. Define a function d on
B by

1, if x=1, a,
dx =<a, if x=Db,
0, if x=0.
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Note that d1=1 and b <1 but db =a #b. Therefore, d is not a
Boolean derivation of B by Corollary 3.20.

Theorem 3.23. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then dx = x A d(x v y) forall x, y € B.

Proof. Let X, y € B. By Theorem 3.6(1), we have dx < x < x v y. By
Definition 2.1(iv), we have x = (X v y) A X. So
dx =d((xvy)Ax)=(d(xvy)ax)v((xvy)adx)
=(d(x v y)AXx)vdx,
that is, d(xv y)A x <dx. By Theorem 3.14, we have d is an order

derivation. Hence dx < d(x v y). From Theorem 3.6(1), we get dx < X, so

dx < d(x v y) A x. Thus, by Lemma 2.7, we have dx = x A d(x v y).

Theorem 3.24. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then

(1) d1 =1 if and only if d is the identity derivation;
(2) d1 =0 ifand only if d is the zero derivation.
Proof. Let x € B.

(1) Assume that d1=1. By Remark 2, we have x <1. By Theorem
3.18, we get dx = x. Thus d is the identity derivation. Conversely, if d is the
identity derivation, then we have d1 =1.

(2) Suppose that d1 = 0. By Theorem 3.16, we get dx = x Adl=x A0
= 0. Thus d is the zero derivation. Conversely, it is trivial.

Theorem 3.25. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then d(x A y) = dx A dy forall x, y € B.

Proof. Suppose that x, y € B. By Theorem 3.16, we get

dxAady=(xAd)A(yadl)=(XAy)adl=d(xAYy).
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Converse of Theorem 3.25 need not be true as the following example.

Example 3.26. Let B be a Boolean algebra and b € B be such that
b # 0. Define a function dy, : B — B by dy(x) = x v b forall x € B. Note
that for all x, y € B, we have

dy(x A y)=(XAYy)vb=(xvb)A(yvb)=dy(x) A dp(y)
But dy, is not a Boolean derivation on B by Example 3.8.

Theorem 3.27. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then d(X A Xo A=+ A Xy) = X A dXy A -+ A dx,, for all

X1, X2, ..., Xy € B and for integer n > 2.

Proof. For n = 2. By Theorem 3.25, we get d(X; A Xo) = dX; A dXs.
Let n>3 be positive integer and assume that d(X; A Xo A+ A X,) =

dxg A dXo A -+ A dX,. Suppose that @ = X3 A Xp A -+ A X,. Then

d(X A Xg Ao A Xy AXpyg) = d(@A Xp41)
=daAndXpg =d(Xg A Xp A A Xy) A Xna
=X AOX) Ao A OXy A OXppg-

Theorem 3.28. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then the following are equivalent: for any x, y € B,

QD) dxay)=dxAay;
(2) d(x A y) = dx A dy.
Proof. Let x, y € B.

(1) = (2) Assume that (1) holds. By Theorem 3.6(4), we have
dx Ady <d(x A y). From (1), we have dx Ay =d(xAy)=d(y A X)=
dy A x. Since dx Ay < dx and dy A x < dy, wecanget d(X A y)=dx A Y
=dy A x <dx A dy, thatis, d(x A y)<dx A dy. Thus, by Lemma 2.7, we
have d(x A y) = dx A dy.
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(2) = (1) Suppose that (2) holds. We know that dx A dy < dx and
dx A dy < dy <y, thus dx A dy < dx A y. From (2), we can get d(x A y) <
dx A y. Since d(x A y)=(dx A y)v (xAdy), that is, dx A y < d(x A Y).

Hence, by Lemma 2.7, we have d(x A y) = dx A Y.

From Theorem 3.25 and Theorem 3.28, we have the following theorem.

Theorem 3.29. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then d(x A y) = dx A y forall x, y € B.

Theorem 3.30. Let B be a Boolean algebra and d;, d, be two Boolean
derivations on B. Define d; o dy(x) = dy(dox) for all x € B. Then dy - d,
is a Boolean derivation on B.

Proof. Let x, y € B. Since dy, d, are two Boolean derivations on B and

by Theorem 3.29, we have
dy o da(x A y) = di(da(x A y)) = di((dax A y) v (X A day))
= dy(dax A y) v dy(X A day)
= (di(d2x) A y) v (X A di(d2Y))
= (dp o da(X) A Y) v (X A dp o da(y).
Moreover, we get
dy o dp(x v y) = dy(da(x v y)) = dy(dax) v dy(dpy)
= dp o da(x) v dp o da(y).
Hence d; o d, is a Boolean derivation on B.

Theorem 3.31. Let B be a Boolean algebra and dy, do, ..., d,, be
Boolean derivations on B. Define dy o dy o+ o dp(x) = dy(d5 -+ (d,x)) for
all x e B. Then dy ody o---od, is a Boolean derivation on B for positive

integer n > 2.
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Proof. For n=2. By Theorem 3.30, we get d; od, is a Boolean
derivation on B. Let n >3 be positive integer and assume that d; o dy o
.o d, is a Boolean derivation on B. Let D,, = dy cdy o---od,. Thus D
is a Boolean derivation on B. Since d,,,; is a Boolean derivation on B and by
Theorem 3.30, we have djodyo---odyodyq =Dy ody, IS a Boolean
derivation on B.

Theorem 3.32. Let B be a Boolean algebra and d be a Boolean

derivation on B. Define d?x = d(dx) for all x e B. Then we have d? = d.

Proof. Let x e B. By Theorem 3.6(1), we get d’x = d(dx) < dx < x.
Then

d2x = d(dx) = d(x A dx) = (dx A dX) v (X A d?X) = dx v d?x = dx.

Theorem 3.33. Let B be a Boolean algebra and d be a Boolean

derivation on B. Define d"x = d(d---d(dx)) for all x € B. Then we have
%,_/

n

d" = d for integer n > 2.

Proof. Assume that x € B. For n = 2. By Theorem 3.32, we get d?x
= dx. Let n >3 be positive integer and assume that d"x = d(d ---d(dx))
%/_/

n

= dx. Then
d"*x = d(d -~ d(dx)) = d(d"x) = d(dx) = d°x = dx.
n+1

Remark 7. If d is a Boolean derivation on B, then by Theorem 3.33, we

get d" is a Boolean derivation on B for positive integer n > 2.

Theorem 3.34. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then the following conditions are equivalent:

(1) d is the identity derivation;
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(2) dis an injective derivation;
(3) d is a surjective derivation.
Proof. (1) = (2) is trivial.

(2) = (1) Let d be an injective derivation. If there is a € B such that
da # a, then da < a. Denote & = da, by Theorem 3.6(1), we have da; <

& < a. Thus
dy =d(ag ra)=(day na)v(yg Ada)=dy va =a =da
Since a; # a, this contradicts that d is an injective derivation.

(1) = (3) is straightforward.

(3) = (1) Assume that d is a surjective derivation, that is, dB = B. Thus
forany x € B, thereis y € B such that x = dy. By Theorem 3.32, we have

dx = d(dy) = d2y = dy = x. This shows that d is the identity derivation.

Let B be Boolean algebra and d be a Boolean derivation on B. Denote
Fix(B, d) = {x € B|dx = x}.

Remark 8. (1) By Theorem 3.6(2), we have 0 € Fix(B, d).

(2) By Theorem 3.18, we see that if x e Fix(B, d) and y < X, then
y € Fix(B, d).

(3) By Theorem 3.32, we have d(dx) = d%x = dx. Thus dx e Fix(B, d).

Theorem 3.35. Let B be a Boolean algebra and dy, do, ..., d,, be
Boolean derivations on B. Then dj=d; if and only if Fix(B, d;)=

Fix(B, d ) for positive integers i, j < n.

Proof. It is clear that if d; =d; implies Fix(B, dj)= Fix(B, d;).
Conversely, let Fix(B, d;) = Fix(B, dj) for some i, j <n and x € B. By
Remark 8(3), we have dix e Fix(B, dj) = Fix(B, dj) and so d;jdix = djx.
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Similarly, we can get dijd;x =d;x. From Theorem 3.6(1), we know that
dix < x and by Theorem 3.14, we get d; and d; are order derivations on B.
Thus we have djdix < djx = djdjx and so djdjx < djd;x. Symmetrically
we can also get djdjx < d;jdjx. By Lemma 2.7, we get did;x = d;djx. It
follows that djx = d;djx = djdjx = d;x, thatis d; = d;j.

Theorem 3.36. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then Fix(B, d) is an ideal of B.

Proof. Let x, y € Fix(B, d) and b € B. Since x, y € Fix(B, d), we
have dx = x and dy = y. Thus d(x v y) = dx v dy = x v y, this shows that
X v y e Fix(B, d). Next, we will show that x A b € Fix(B, d). By Theorem
3.6(1) and Lemma 2.8(i), we can get x A db < x A b. Then

d(xAb)=(dxAb)v(xadb)=(xAb)v(xadb)=xAab,
this shows that x A b e Fix(B, d). Hence Fix(B, d) is an ideal of B.

From Theorem 3.31, Theorem 3.33 and Theorem 3.36, we have the
following corollary.

Corollary 3.37. Let B be a Boolean algebra and n > 2 be positive
integer. Then

(1) if d is a Boolean derivation on B, then Fix(B, d") is an ideal of B;

(2) if dq,dp, .., d, are Boolean derivations on B, then
Fix(B, dj ody o---odp) is an ideal of B.

Let B be a Boolean algebra and d be a Boolean derivation on B. Then, by
the kernel of d we mean the set of all elements x of B such that dx = 0. The

kernel of d will be denoted by Ker(B, d).
Remark 9. By Theorem 3.6(2), we have d0 = 0. That is 0 € Ker(B, d).

Theorem 3.38. Let B be a Boolean algebra and d be a Boolean
derivation on B. Then Ker(B, d) is an ideal of B.
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Proof. Let x, y € Ker(B, d) and b € B. Since x, y € Ker(B, d), we
have dx =0 and dy =0. Thus d(xv y)=dxvdy =0, thatis, xvye
Ker(B, d). Next, we want to show that x A b € Ker(B, d). By Theorem
3.25, we have d(x Ab)=dxAdb=0Adb=0, this shows that x Ab e
Ker(B, d). Hence Ker(B, d) is an ideal of B.

From Theorems 3.31, 3.33 and 3.38, we have the following corollary.

Corollary 3.39. Let B be a Boolean algebra and n > 2 be positive
integer. Then

(1) if d is a Boolean derivation on B, then Ker(B, d") is an ideal of B;

(2) if dq,dp, .., d, are Boolean derivations on B, then

Ker(B, dj o dy o---0d,) is an ideal of B.

Let B be a Boolean algebra and a € B. Let d, be Boolean derivation
defined by dyx = x A a for all x € B. Define D(B) = {d, |a € B}. In the

following we investigate the relation between B and D(B).

For any d,, d, € D(B), define two binary orperations “.” and “+” by
(dg - dp)x = (dzax) A (dpx) and (d, + dp)x = (dax) v (dpx) forall x € B.
Then, we have

(dg - dp)x =(dax) A (dpx)=(x ra)A (X Ab)=XA(aab)=dy.p(x)
and
(dg +dp)x = (dgx) v (dpx) = (x r@) v (x Ab)=xA(avhb)=dy,p(x)

that is, d, -dy, =dy.p and d, +dp = d,,p. Hence the definitions of
“” and “+” are well-defined. It is not difficult to prove that
(D(B), -, +, ', dg, dq) form a Boolean algebra, so we omit the proof of this.

Theorem 3.40. Let B be a Boolean algebra. Then B is isomorphic to
D(B).
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Proof. Define a function ¢: B — D(B) by ¢(a) =d, for all a € B.

Then we can easily see that ¢ is a bijective function. Next we need to show
that ¢ is Boolean homomorphism. Assume that a, b € B. Then, we have

p@nb)=da.p =da-dp = (@) ¢(b) and ¢(@avb)=dy,p =dy +dy
= ¢(a) + 9(b). Thus ¢(a Ab)=o(@)- ¢(b) and @(av b)=q¢(@)+ o).
Now ¢(a)- @(a') =d, -dy =dg and o(a) + ¢(a’) = d, + dy = dq, thatis,

(p(a), = ¢(a’). By Definition 2.12, we get ¢ is Boolean homomorphism.
Thus B is isomorphic to D(B).
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