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Abstract 

In this paper, we introduce a derivation of Boolean algebra, namely 
Boolean derivation, and we also investigate some related properties. 
Moreover, we show that the fixed set and the kernel of Boolean 
algebras are ideals in Boolean algebra. Finally, we prove that the set of 
Boolean derivations and Boolean algebra are isomorphic. 

1. Introduction 

Boolean algebras are special lattices which are useful in the study           
of logic, both digital computer logic and that of human thinking, and of 
switching circuits. This latter application was initiated by C. E. Shannon, 
who showed that fundamental properties of electrical circuits of bistable 
elements can be represented by using Boolean algebras. 

The notion of derivation, introduced from the analytic theory, is helpful 
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to the research of structure and property in algebraic system. Several authors 
[2, 3, 7, 11] studied derivations in rings and near rings. In 2004, Jun and Xin 
[6] applied the notion of derivation in ring and near-ring theory to BCI-
algebras. Further, in 2009, Prabprayak and Leerawat [12] also studied the 
derivation of BCC-algebra. In 2010, Alshehri [1] introduced the notion of 
derivation for an MV-algebra. In 2008, Xin et al. [13] studied derivation of 
lattice and obtained some related properties. In 2011, Harmaitree and 
Leerawat [5] studied f-derivation of lattice and investigated some of its 
properties. In this paper, we introduce a new derivation on Boolean algebra 
and investigate some related properties. 

2. Preliminaries 

We first recall some definitions and results which are essential in this 
paper. 

Definition 2.1 [8]. A Boolean algebra ( )1,0,,,, ′∨∧B  is a nonempty 

set B with two binary operations ∧ (called “meet” or “and”), ∨ (called “join” 
or “or”), a unary operation ′ (called complement), and two elements 0 and 1 
such that for all elements x, y, z of B, the following axioms holds: 

  (i) ;, xxxxxx =∨=∧  

 (ii) ;, xyyxxyyx ∨=∨∧=∧  

(iii) ( ) ( ) ( ) ( ) ;, zyxzyxzyxzyx ∨∨=∨∨∧∧=∧∧  

(iv) ( ) ( );, yxxxyxxx ∧∨=∨∧=  

 (v) ( ) ( ) ( ) ( ) ( ) ( );, zxyxzyxzxyxzyx ∨∧∨=∧∨∧∨∧=∨∧  

(vi) xx =∧ 1  and xx =∨0  for all ;Bx ∈  

(vii) for all ,Bx ∈  there is Bx ∈′  such that 0=′∧ xx  and .1=′∨ xx  

Example 2.2. Let { }1,,,0 baB =  and ∨∧,  are two binary operations 

and complement defined as follows: 
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01
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11
11
100
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101
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00
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Therefore, ( )1,0,,,, 'B ∨∧  is a Boolean algebra. 

Example 2.3. Let { }1,,0 aB =  and ∨∧,  are two binary operations 

defined as follows: 

01

10

1111
1
100
10

101
0

0000
10

aa

xx

aaa
a
a

a
aaa

a ′∨∧

 

Thus ( )1,0,,,, 'B ∨∧  is not a Boolean algebra. 

Remark 1. From now on, B denotes a set with the two binary operations 
∧ and ∨, with 0 and 1 and the unary operation complement ′, that is 

( ).1,0,,,, ′∨∧= BB  

Lemma 2.4 [8]. Every Boolean algebras are modular. 

Definition 2.5 [8]. Let B be a Boolean algebra. Define a binary relation 
”“≤  on B as follows: yx ≤  if and only if xyx =∧  and .yyx =∨  

Remark 2. By Definition 2.1(vi), we have 1≤x  and x≤0  for all 
.Bx ∈  

Lemma 2.6 [9]. Let B be a Boolean algebra. Define the binary relation 
”“≤  as Definition 2.5. Then ( )≤,B  is a poset and for any yxByx ∧∈ ,,  

is the greatest lower bound (g.l.b) of { }yx,  and yx ∨  is the least upper 

bound (l.u.b.) of { }., yx  

Remark 3. yx <  means yx ≤  and .yx ≠  
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Lemma 2.7. Let B be a Boolean algebra and ., Byx ∈  If yx ≤  and 

,xy ≤  then .yx =  

Proof. Let Byx ∈,  be such that yx ≤  and .xy ≤  Since yx ≤  and 

,xy ≤  we have xyx =∧  and .yxy =∧  By Definition 2.1(ii), we get 
.yxyyxx =∧=∧=  

Lemma 2.8 [8]. Let B be a Boolean algebra and .,, Bzyx ∈  Then the 

following hold: 

  (i) if ,yx ≤  then zyzx ∧≤∧  and ;zyzx ∨≤∨  

 (ii) ( ) yxyx ′∨′=′∧  and ( ) ;yxyx ′∧′=′∨  

(iii) yx ≤  if and only if .xy ′≤′  

Theorem 2.9 [8]. Let B be a Boolean algebra and ., Byx ∈  Then the 

following conditions are equivalent: 

  (i) ;yx ≤  

 (ii) ;0=′∧ yx  

(iii) ;1=∨′ yx  

(iv) ;xyx =∧  

 (v) .yyx =∨  

Theorem 2.10 [9]. Let B be a Boolean algebra and .,, Bzyx ∈  Then 

the following hold: 

  (i) 0=∨ yx  if and only if 0=x  and ;0=y  

 (ii) 1=∧ yx  if and only if 1=x  and ;1=y  

(iii) 0=x  if and only if ( ) ( );yxyxy ∧′∨′∧=  

(iv) yx =  if and only if ( ) ( ) ;0=∧′∨′∧ yxyx  

 (v) if zxyx ∨=∨  and ,zxyx ∨′=∨′  then .zy =  
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Definition 2.11 [9]. If A is any nonempty subset of a Boolean algebra B 
closed under the operations ,,, '∨∧  then ( )1,0,,,, AAA 'A ∨∧  is a Boolean 

algebra, where AAA ',, ∨∧  are the restrictions of the operations ',, ∨∧  to 

the set A. The Boolean algebra A is called a Boolean subalgebra of B. 

Remark 4. (1) Observe that 0 and 1 must belong to a Boolean 
subalgebra A of B. For, if ,Ax ∈  then .Ax ∈′  Thus by Definition 2.1(vii), 

we obtain Axx ∈′∧=0  and .1 Axx ∈′∨=  

(2) To show that a subset A of B is closed under the operation ,,, '∨∧  it 

suffices to show that A is closed either under ∧ and ′, or under ∨ and ′. For, if 
A is closed under ∧ and ′, then by Lemma 2.8(ii) we get for any ,, Ayx ∈  

( ) .Ayxyx ∈′′∧′=∨  Likewise, if A is closed under ∨ and ′, then by 

Lemma 2.8(ii), we get for any ( ) .,, AyxyxAyx ∈′′∨′=∧∈  

Definition 2.12 [8]. Let 21: BBf →  be a function from a Boolean 

algebra 1B  to a Boolean algebra .2B  Then f is called a Boolean 

homomorphism (or homomorphism) when: 

 (i) ( ) ( ) ( )yfxfyxf ∧=∧  and ( ) ( ) ( )yfxfyxf ∨=∨  for all 

;, 1Byx ∈  

(ii) ( ) ( )( )′=′ xfxf  for all .1Bx ∈  

Definition 2.13. Let 21: BBf →  be a Boolean homomorphism from a 

Boolean algebra 1B  to a Boolean algebra .2B  Then 

  (i) f is called an injective homomorphism if f is an injective function; 

 (ii) f is called a surjective homomorphism if f is a surjective function; 

(iii) f is called an isomorphism if f is a bijective function. 

Definition 2.14 [8]. An ideal is a nonempty subset I of a Boolean algebra 
B with the properties: 
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 (i) If Ix ∈  and ,Bb ∈  then ;Ibx ∈∧  

(ii) If ,, Iyx ∈  then .Iyx ∈∨  

Remark 5. If 1I  and 2I  are ideals of a Boolean algebra B, so is .21 II ∩  

3. The Derivations of Boolean Algebras 

The following definition introduces the notion of Boolean derivation of 
Boolean algebras. 

Definition 3.1. Let B be a Boolean algebra and BBd →:  be a function. 
We call d a Boolean derivation on B if it satisfies the following conditions: 
for all ,, Byx ∈  

 (i) ( ) ( )( ) ( )( );ydxyxdyxd ∧∨∧=∧  

(ii) ( ) ( ) ( ).ydxdyxd ∨=∨  

Remark 6. We often abbreviate ( )xd  to dx. 

Now we give some examples and some properties for the Boolean 
derivations of Boolean algebras. 

Example 3.2. Let { }1,,,0 baB =  and ∨∧,  are two binary operations 

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on 
B by 

⎩
⎨
⎧

=
=

=
.1,if,
,,0if,0

bxb
ax

dx  

Then d is a Boolean derivation of B. 

Example 3.3. Let { }1,,,0 baB =  and ∨∧,  are two binary operations 

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on 
B by 

⎩
⎨
⎧

=
=

=
.if,

,,1,0if,0
axa

bx
dx  

Then d is not a Boolean derivation of B. 
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Example 3.4. Let B be a Boolean algebra. 

 (i) If d is a function defined by 0=dx  for all ,Bx ∈  then d is a 
Boolean derivation on B, which is called the zero derivation. 

(ii) If d is an identity function on a Boolean algebra B, then d is a 
Boolean derivation on B, which is called the identity derivation. 

Example 3.5. Let B be a Boolean algebra and .Ba ∈  Define a function 
BBda →:  by ( ) axxda ∧=  for all .Bx ∈  Then ad  is a Boolean 

derivation on B. 

Theorem 3.6. Let B be a Boolean algebra and d be Boolean derivation 
on B. Then the following hold: for any element ,, Byx ∈  

(1) ;xdx ≤  

(2) 00 =d  and ;11 ≤d  

(3) ;0=′∧=′∧ xdxxdx  

(4) ( ) ( );yxdyxddydx ∨≤∧≤∧  

(5) if I is an ideal of B, then .IdI ⊆  

Proof. Let ., Byx ∈  

(1) By Definition 2.1(i), we have ( ) ( ) ( )dxxxdxxxddx ∧∨∧=∧=  

xdx ∧=  and so .xdx ≤  

(2) From (1), we get 11 ≤d  and .00 ≤d  Since Remark 2, we have 
.00 d≤  Thus, by Lemma 2.7, we get .00 =d  

(3) From (2) and Definition 2.1(vii), we have ( ) =′∧== xxdd00  

( ) ( ).xdxxdx ′∧∨′∧  Thus by Theorem 2.10(i), we get .0=′∧=′∧ xdxxdx  

(4) From (1) and Lemma 2.8(i), we have 

( ) ( ) ( ).yxddyxydxdyxdydx ∧=∧∨∧≤∧≤∧  
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We know that dxydx ≤∧  and .dydyx ≤∧  Thus 

( ) ( ) ( ) ( ).yxddydxdyxydxyxd ∨=∨≤∧∨∧=∧  

(5) Let .dIa ∈  Then dba =  for some .Ib ∈  From (1), we have =a  
.bdb ≤  Since I is an ideal of B, we have .Ibaa ∈∧=  Thus Ia ∈  and so 
.IdI ⊆  

By Theorem 3.6(2), we can get the following corollary. 

Corollary 3.7. Let B be a Boolean algebra and BBd →:  be function. 
If ,00 ≠d  then d is not a Boolean derivation on B. 

Example 3.8. Let B be a Boolean algebra and Bb ∈  be such that .0≠b  
Define a function BBdb →:  by ( ) bxxdb ∨=  for all .Bx ∈  Note that 

( ) .000 ≠=∨= bbdb  Therefore, bd  is not a Boolean derivation on B by 

Corollary 3.7. 

Definition 3.9. Let B be a Boolean algebra. A function BBd →:  is 
said to be regular if .00 =d  

Corollary 3.10. Every Boolean derivations are regular. 

Theorem 3.11. Let d be Boolean derivation on a Boolean algebra B. If 
Byx ∈,  are such that ,yx ≤  then the following hold: 

(1) ( ) ;0=′∧ yxd  

(2) ;xyd ′≤′  

(3) .0=′∧ yddx  

Proof. Let Byx ∈,  be such that .yx ≤  

(1) By Theorem 2.9 implies that .0=′∧ yx  Thus by Theorem 3.6(2), 

we have ( ) .00 ==′∧ dyxd  

(2) By Lemma 2.8(iii) implies that .xy ′≤′  Thus by Theorem 3.6(1), we 

have .xyyd ′≤′≤′  
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(3) By Theorem 3.6(1), we have .yxdx ≤≤  Thus by Lemma 2.8(i), we 

have .ydyyddx ′∧≤′∧  

Since yyd ′≤′  by Lemma 2.8(i), we have .0=′∧≤′∧ yyydy  Hence 

.0≤′∧ yddx  From Remark 2, we have .0 yddx ′∧≤  By Lemma 2.7, we 

get .0=′∧ yddx  

Theorem 3.12. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then, the following hold: 

(1) ;0=′∧ xddx  

(2) ( )′=′ dxxd  if and only if d is the identity derivation on B. 

Proof. (1) It follows directly from Theorem 3.11(3). 

(2) Assume that ( ) .′=′ dxxd  From Theorem 3.6(3), we have ( ) =′∧ dxx  

.0=′∧ xdx  Since Theorem 2.9, we have .dxx ≤  By Theorem 3.6(1), we 
get .xdx ≤  Therefore, by Lemma 2.7, we have .xdx =  Conversely, if d is 

the identity derivation on B, then ( ) .′=′=′ dxxxd  

Definition 3.13. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then 

  (i) d is called an order derivation if yx ≤  implies ;dydx ≤  

 (ii) d is called an injective derivation if d is an injective function; 

(iii) d is called a surjective derivation if d is a surjective function. 

Theorem 3.14. A Boolean derivation d on a Boolean algebra B is an 
order derivation. 

Proof. Let Byx ∈,  and .yx ≤  Since d is a Boolean derivation, we have 

( ) .dydxyxddy ∨=∨=  That is .dydx ≤  Thus, d is an order derivation. 

Theorem 3.15. Let B be a Boolean algebra and d be a Boolean 
derivation on B. If xddx ′=  for all ,Bx ∈  then d is zero derivation. 
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Proof. Let ,Bx ∈  from Remark 2, we have .1≤x  By Theorem 3.14, 

we get d is an order derivation. Hence .1ddx ≤  Since ,xddx ′=  we have 
.001 == dd  Thus .01 =≤ ddx  From Remark 2, we have ,0 dx≤  by 

Lemma 2.7, we get 0=dx  and so d is zero derivation. 

Theorem 3.16. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then 1dxdx ∧=  for all .Bx ∈  

Proof. Let .Bx ∈  Note that 1≤x  and 

( ) ( ) ( ) ( ),1111 dxdxdxdxxddx ∧∨=∧∨∧=∧=  

that is .1 dxdx ≤∧  By Theorem 3.14, we have d is an order derivation. 
Hence .1ddx ≤  From Theorem 3.6(1), we get .xdx ≤  Thus .1dxdx ∧≤  
By Lemma 2.7, we have .1dxdx ∧=  

The following corollary is an immediate consequence of Theorem 3.16. 

Corollary 3.17. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then the following hold: 

(1) if ,1 xd ≤  then ;1ddx =  

(2) if ,1dx ≤  then .xdx =  

Theorem 3.18. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Let Byx ∈,  be such that .xy ≤  If ,xdx =  then .ydy =  

Proof. Let Byx ∈,  be such that xy ≤  and .xdx =  By Theorem 3.6(1), 

we have .xydy ≤≤  Then 

( ) ( ) ( ) ( ) .ydyydyyxdyxydxyxddy =∨=∨∧=∧∨∧=∧=  

Theorem 3.19. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Let Bxxx n ∈...,,, 21  be such that .21 nxxx ≤≤≤  If 

,nn xdx =  then ii xdx =  for all positive integer .ni ≤  

Proof. For .2=n  If 21 xx ≤  and ,22 xdx =  then by Theorem 3.18, we 

have .11 xdx =  Let 3≥n  be positive integer and assume that if ≤≤ 21 xx  
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nx≤  and ,nn xdx =  then ii xdx =  for all .ni <  Suppose that ≤≤ 21 xx  

1+≤≤ nn xx  and .11 ++ = nn xdx  Since 1+≤ nn xx  and 11 ++ = nn xdx  by 

Theorem 3.18, we get .nn xdx =  Now we have if 121 +≤≤≤≤ nn xxxx  

and ,11 ++ = nn xdx  then ii xdx =  for all positive integer .1+≤ ni  

By Theorem 3.18, we can get the following corollary. 

Corollary 3.20. Let B be a Boolean algebra and BBd →:  be a 
function. If there exists a pair Byx ∈,  such that ,xy ≤  xdx =  and 

,ydy ≠  then d is not a Boolean derivation on B. 

Proof. Assume that there exists a pair Byx ∈,  such that xdxxy =≤ ,  

and .ydy ≠  Suppose that d is a Boolean derivation on B. By Theorem 3.6(1), 

we have .xydy ≤≤  Then 

( ) ( ) ( ) ( ) ,dyydyyxdyxydxyxddy ∨=∨∧=∧∨∧=∧=  

it follows that .dyy ≤  By Lemma 2.7, we get ,ydy =  which is a 

contradiction. Thus d is not a Boolean derivation on B. 

Example 3.21. Let { }1,,,0 baB =  and ∨∧,  are two binary operations 

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on 
B by 

⎩
⎨
⎧

=
=

=
.if,

,,1,0if,
bxb

axa
dx  

Note that bdb =  and ,0 b≤  but .00 ≠= ad  Therefore, d is not a 
Boolean derivation of B by Corollary 3.20. 

Example 3.22. Let { }1,,,0 baB =  and ∨∧,  are two binary operations 

defined as Example 2.2. Then B is a Boolean algebra. Define a function d on 
B by 

⎪⎩

⎪
⎨
⎧

=
=
=

=
.0if,0
,if,

,,1if,1

x
bxa

ax
dx  
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Note that 11 =d  and ,1≤b  but .badb ≠=  Therefore, d is not a 
Boolean derivation of B by Corollary 3.20. 

Theorem 3.23. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( )yxdxdx ∨∧=  for all ., Byx ∈  

Proof. Let ., Byx ∈  By Theorem 3.6(1), we have .yxxdx ∨≤≤  By 

Definition 2.1(iv), we have ( ) .xyxx ∧∨=  So 

( )( ) ( )( ) ( )( )dxyxxyxdxyxddx ∧∨∨∧∨=∧∨=  

 ( )( ) ,dxxyxd ∨∧∨=  

that is, ( ) .dxxyxd ≤∧∨  By Theorem 3.14, we have d is an order 

derivation. Hence ( ).yxddx ∨≤  From Theorem 3.6(1), we get ,xdx ≤  so 

( ) .xyxddx ∧∨≤  Thus, by Lemma 2.7, we have ( ).yxdxdx ∨∧=  

Theorem 3.24. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then 

(1) 11 =d  if and only if d is the identity derivation; 

(2) 01 =d  if and only if d is the zero derivation. 

Proof. Let .Bx ∈  

(1) Assume that .11 =d  By Remark 2, we have .1≤x  By Theorem 
3.18, we get .xdx =  Thus d is the identity derivation. Conversely, if d is the 
identity derivation, then we have .11 =d  

(2) Suppose that .01 =d  By Theorem 3.16, we get 01 ∧=∧= xdxdx  
.0=  Thus d is the zero derivation. Conversely, it is trivial. 

Theorem 3.25. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( ) dydxyxd ∧=∧  for all ., Byx ∈  

Proof. Suppose that ., Byx ∈  By Theorem 3.16, we get 

( ) ( ) ( ) ( ).111 yxddyxdydxdydx ∧=∧∧=∧∧∧=∧  
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Converse of Theorem 3.25 need not be true as the following example. 

Example 3.26. Let B be a Boolean algebra and Bb ∈  be such that 
.0≠b  Define a function BBdb →:  by ( ) bxxdb ∨=  for all .Bx ∈  Note 

that for all ,, Byx ∈  we have 

( ) ( ) ( ) ( ) ( ) ( ).ydxdbybxbyxyxd bbb ∧=∨∧∨=∨∧=∧  

But bd  is not a Boolean derivation on B by Example 3.8. 

Theorem 3.27. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( ) nn dxdxdxxxxd ∧∧∧=∧∧∧ 2121  for all 

Bxxx n ∈...,,, 21  and for integer .2≥n  

Proof. For .2=n  By Theorem 3.25, we get ( ) .2121 dxdxxxd ∧=∧  

Let 3≥n  be positive integer and assume that ( ) =∧∧∧ nxxxd 21  

.21 ndxdxdx ∧∧∧  Suppose that .21 nxxxa ∧∧∧=  Then  

( ) ( )1121 ++ ∧=∧∧∧∧ nnn xadxxxxd  

( ) 1211 ++ ∧∧∧∧=∧= nnn xxxxddxda  

.121 +∧∧∧∧= nn dxdxdxx  

Theorem 3.28. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then the following are equivalent: for any ,, Byx ∈  

(1) ( ) ;ydxyxd ∧=∧  

(2) ( ) .dydxyxd ∧=∧  

Proof. Let ., Byx ∈  

(1) ⇒ (2) Assume that (1) holds. By Theorem 3.6(4), we have 
( ).yxddydx ∧≤∧  From (1), we have ( ) ( ) =∧=∧=∧ xydyxdydx  

.xdy ∧  Since dxydx ≤∧  and ,dyxdy ≤∧  we can get ( ) ydxyxd ∧=∧  

,dydxxdy ∧≤∧=  that is, ( ) .dydxyxd ∧≤∧  Thus, by Lemma 2.7, we 

have ( ) .dydxyxd ∧=∧  
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(2) ⇒ (1) Suppose that (2) holds. We know that dxdydx ≤∧  and 

,ydydydx ≤≤∧  thus .ydxdydx ∧≤∧  From (2), we can get ( ) ≤∧ yxd  

.ydx ∧  Since ( ) ( ) ( ),dyxydxyxd ∧∨∧=∧  that is, ( ).yxdydx ∧≤∧  

Hence, by Lemma 2.7, we have ( ) .ydxyxd ∧=∧  

From Theorem 3.25 and Theorem 3.28, we have the following theorem. 

Theorem 3.29. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( ) ydxyxd ∧=∧  for all ., Byx ∈  

Theorem 3.30. Let B be a Boolean algebra and 21, dd  be two Boolean 

derivations on B. Define ( ) ( )xddxdd 2121 =  for all .Bx ∈  Then 21 dd  

is a Boolean derivation on B. 

Proof. Let ., Byx ∈  Since 21, dd  are two Boolean derivations on B and 

by Theorem 3.29, we have 

( ) ( )( ) ( ) ( )( )ydxyxddyxddyxdd 2212121 ∧∨∧=∧=∧  

( ) ( )ydxdyxdd 2121 ∧∨∧=  

( )( ) ( )( )yddxyxdd 2121 ∧∨∧=  

( )( ) ( )( ).2121 yddxyxdd ∧∨∧=  

Moreover, we get 

( ) ( )( ) ( ) ( )yddxddyxddyxdd 21212121 ∨=∨=∨  

 ( ) ( ).2121 yddxdd ∨=  

Hence 21 dd  is a Boolean derivation on B. 

Theorem 3.31. Let B be a Boolean algebra and nddd ...,,, 21  be 

Boolean derivations on B. Define ( ) ( )( )xdddxddd nn 2121 =  for 

all .Bx ∈  Then nddd 21  is a Boolean derivation on B for positive 

integer .2≥n  
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Proof. For .2=n  By Theorem 3.30, we get 21 dd  is a Boolean 

derivation on B. Let 3≥n  be positive integer and assume that 21 dd  

nd  is a Boolean derivation on B. Let .21 nn dddD =  Thus nD  

is a Boolean derivation on B. Since 1+nd  is a Boolean derivation on B and by 

Theorem 3.30, we have 1121 ++ = nnnn dDdddd  is a Boolean 

derivation on B. 

Theorem 3.32. Let B be a Boolean algebra and d be a Boolean 

derivation on B. Define ( )dxdxd =2  for all .Bx ∈  Then we have .2 dd =  

Proof. Let .Bx ∈  By Theorem 3.6(1), we get ( ) .2 xdxdxdxd ≤≤=  

Then 

( ) ( ) ( ) ( ) .222 dxxddxxdxdxdxdxxddxdxd =∨=∧∨∧=∧==  

Theorem 3.33. Let B be a Boolean algebra and d be a Boolean 

derivation on B. Define ( )( )
n

n dxdddxd =  for all .Bx ∈  Then we have 

dd n =  for integer .2≥n  

Proof. Assume that .Bx ∈  For .2=n  By Theorem 3.32, we get xd 2  

.dx=  Let 3≥n  be positive integer and assume that ( )( )
n

n dxdddxd =  

.dx=  Then 

( )( ) ( ) ( ) .2

1

1 dxxddxdxdddxdddxd n

n

n =====
+

+  

Remark 7. If d is a Boolean derivation on B, then by Theorem 3.33, we 

get nd  is a Boolean derivation on B for positive integer .2≥n  

Theorem 3.34. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then the following conditions are equivalent: 

(1) d is the identity derivation; 
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(2) d is an injective derivation; 

(3) d is a surjective derivation. 

Proof. (1) ⇒ (2) is trivial. 

(2) ⇒ (1) Let d be an injective derivation. If there is Ba ∈  such that 
,ada ≠  then .ada <  Denote ,1 daa =  by Theorem 3.6(1), we have ≤1da  

.1 aa <  Thus 

( ) ( ) ( ) .1111111 daaadadaaadaaadda ==∨=∧∨∧=∧=  

Since ,1 aa ≠  this contradicts that d is an injective derivation. 

(1) ⇒ (3) is straightforward. 

(3) ⇒ (1) Assume that d is a surjective derivation, that is, .BdB =  Thus 
for any ,Bx ∈  there is By ∈  such that .dyx =  By Theorem 3.32, we have 

( ) .2 xdyyddyddx ====  This shows that d is the identity derivation. 

Let B be Boolean algebra and d be a Boolean derivation on B. Denote 
( ) { }., xdxBxdBFix =|∈=  

Remark 8. (1) By Theorem 3.6(2), we have ( ).,0 dBFix∈  

(2) By Theorem 3.18, we see that if ( )dBFixx ,∈  and ,xy ≤  then 

( )., dBFixy ∈  

(3) By Theorem 3.32, we have ( ) .2 dxxddxd ==  Thus ( )., dBFixdx∈  

Theorem 3.35. Let B be a Boolean algebra and nddd ...,,, 21  be 

Boolean derivations on B. Then ji dd =  if and only if ( ) =idBFix ,  

( )jdBFix ,  for positive integers ., nji ≤  

Proof. It is clear that if ji dd =  implies ( ) ( ).,, ji dBFixdBFix =  

Conversely, let ( ) ( )ji dBFixdBFix ,, =  for some nji ≤,  and .Bx ∈  By 

Remark 8(3), we have ( ) ( )jii dBFixdBFixxd ,, =∈  and so .xdxdd iij =  
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Similarly, we can get .xdxdd jji =  From Theorem 3.6(1), we know that 

xxdi ≤  and by Theorem 3.14, we get id  and jd  are order derivations on B. 

Thus we have xddxdxdd jijij =≤  and so .xddxdd jiij ≤  Symmetrically 

we can also get .xddxdd ijji ≤  By Lemma 2.7, we get .xddxdd ijji =  It 

follows that ,xdxddxddxd jjiiji ===  that is .ji dd =  

Theorem 3.36. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( )dBFix ,  is an ideal of B. 

Proof. Let ( )dBFixyx ,, ∈  and .Bb ∈  Since ( ),,, dBFixyx ∈  we 

have xdx =  and .ydy =  Thus ( ) ,yxdydxyxd ∨=∨=∨  this shows that 

( )., dBFixyx ∈∨  Next, we will show that ( )., dBFixbx ∈∧  By Theorem 

3.6(1) and Lemma 2.8(i), we can get .bxdbx ∧≤∧  Then 

( ) ( ) ( ) ( ) ( ) ,bxdbxbxdbxbdxbxd ∧=∧∨∧=∧∨∧=∧  

this shows that ( )., dBFixbx ∈∧  Hence ( )dBFix ,  is an ideal of B. 

From Theorem 3.31, Theorem 3.33 and Theorem 3.36, we have the 
following corollary. 

Corollary 3.37. Let B be a Boolean algebra and 2≥n  be positive 
integer. Then 

(1) if d is a Boolean derivation on B, then ( )ndBFix ,  is an ideal of B; 

(2) if nddd ...,,, 21  are Boolean derivations on B, then 

( )ndddBFix 21,  is an ideal of B. 

Let B be a Boolean algebra and d be a Boolean derivation on B. Then, by 
the kernel of d we mean the set of all elements x of B such that .0=dx  The 
kernel of d will be denoted by ( )., dBKer  

Remark 9. By Theorem 3.6(2), we have .00 =d  That is ( ).,0 dBKer∈  

Theorem 3.38. Let B be a Boolean algebra and d be a Boolean 
derivation on B. Then ( )dBKer ,  is an ideal of B. 
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Proof. Let ( )dBKeryx ,, ∈  and .Bb ∈  Since ( ),,, dBKeryx ∈  we 

have 0=dx  and .0=dy  Thus ( ) ,0=∨=∨ dydxyxd  that is, ∈∨ yx  

( )., dBKer  Next, we want to show that ( )., dBKerbx ∈∧  By Theorem 

3.25, we have ( ) ,00 =∧=∧=∧ dbdbdxbxd  this shows that ∈∧ bx  

( )., dBKer  Hence ( )dBKer ,  is an ideal of B. 

From Theorems 3.31, 3.33 and 3.38, we have the following corollary. 

Corollary 3.39. Let B be a Boolean algebra and 2≥n  be positive 
integer. Then 

(1) if d is a Boolean derivation on B, then ( )ndBKer ,  is an ideal of B; 

(2) if nddd ...,,, 21  are Boolean derivations on B, then 

( )ndddBKer 21,  is an ideal of B. 

Let B be a Boolean algebra and .Ba ∈  Let ad  be Boolean derivation 

defined by axxda ∧=  for all .Bx ∈  Define ( ) { }.BadBD a ∈|=  In the 

following we investigate the relation between B and ( ).BD  

For any ( ),, BDdd ba ∈  define two binary orperations “.” and “+” by 

( ) ( ) ( )xdxdxdd baba ∧=⋅  and ( ) ( ) ( )xdxdxdd baba ∨=+  for all .Bx ∈  

Then, we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )xdbaxbxaxxdxdxdd bababa ∧=∧∧=∧∧∧=∧=⋅  

and 

( ) ( ) ( ) ( ) ( ) ( ) ( ),xdbaxbxaxxdxdxdd bababa ∨=∨∧=∧∨∧=∨=+  

that is, baba ddd ∧=⋅  and .baba ddd ∨=+  Hence the definitions of       

“.” and “+” are well-defined. It is not difficult to prove that 
( )( )10,,,,, dd'BD +⋅  form a Boolean algebra, so we omit the proof of this. 

Theorem 3.40. Let B be a Boolean algebra. Then B is isomorphic to 
( ).BD  
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Proof. Define a function ( )BDB →ϕ :  by ( ) ada =ϕ  for all .Ba ∈  

Then we can easily see that ϕ is a bijective function. Next we need to show 
that ϕ is Boolean homomorphism. Assume that ., Bba ∈  Then, we have 

( ) ( ) ( )badddba baba ϕ⋅ϕ=⋅==∧ϕ ∧  and ( ) baba dddba +==∨ϕ ∨  

( ) ( ).ba ϕ+ϕ=  Thus ( ) ( ) ( )baba ϕ⋅ϕ=∧ϕ  and ( ) ( ) ( ).baba ϕ+ϕ=∨ϕ  

Now ( ) ( ) 0dddaa aa =⋅=′ϕ⋅ϕ ′  and ( ) ( ) ,1dddaa aa =+=′ϕ+ϕ ′  that is, 

( ) ( ).aa ′ϕ=′ϕ  By Definition 2.12, we get ϕ is Boolean homomorphism. 

Thus B is isomorphic to ( ).BD  
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