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Abstract 

Let pqxxy += 32  be an elliptic curve, where p and q are distinct 

odd primes such that ( )16mod3≡p  and ( ).16mod11≡q  Then we 

treat the possible maximal rank of this curve. 

1. Introduction 

Suppose that pqxxyEpq += 32:  is an elliptic curve, where p, q are 

distinct odd primes. And let Γ  be the set of rational points on .pqE  And by 

Mordell’s theorem, Γ  is finitely generated abelian group and also it is 

isomorphic to ( ) ,r
tors ZQE ⊕  where ( )torsQE  is a torsion subgroup and r is 

the rank of an elliptic curve. Then the values of ranks in this form are from 0 
to 4. Specially, the maximal rank of the elliptic curve is changed as the 
conditions of odd primes p and q. In this paper, we compute the possible 
maximal rank, where p and q are distinct odd primes such that ≡p  
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( )16mod3  and ( ).16mod11=q  Before considering the rank, we should 

assume several notations. 

Let α be a homomorphism from Γ  to 2×× QQ  which satisfies the 

following conditions: 

( ) ( )2mod1 ×=α QP  when OP =  (O is an infinity point), 

( ) ( )2mod ×=α QbP  when ( ),0,0=P  

( ) ( )2mod ×=α QxP  when ( ) ( ).0, ≠= xyxP  

Also, ×Q  denotes the set of nonzero rational numbers and it is a 

multiplicative group. And 2×Q  is the set of squares of elements of .×Q  

Now suppose that Γ  is the set of rational points on =2: yEpq  

( )baaxxx 42 22 −+−  and α  is a homomorphism from Γ  to 2×× QQ  

which satisfies the following: 

( ) ( )2mod1 ×=α QP  when OP =  (infinity point), 

( ) ( )22 mod4 ×−=α QbaP  when ( ),0,0=P  

( ) ( )2mod ×=α QxP  when ( ) ( ).0, ≠= xyxP  

And ,2×Q  ×Q  follow the same notations in the above. 

The more thing what we have to treat is an equation which is necessary 
in computing the rank. Here, we call the equation as relating equation. For 

,Γ  4
2

224
1

2 ebeaMMbN ++=  is a relating equation, where 1b  and 2b  are 

divisors of b and bbb =21  and 1b  is not congruent to ( ).mod,1 2×Qb  And 

( )NeM ,,  is the solution of the above equation and it should be 0≠M  and 

( ) ( ) ( ) ( ) ( ) .1,,,,, 21 ===== NMMbebeMeN  Also, relating equation 

for Γ  is 4
2

224
1

2 2 ebeaMMbN +−=  which satisfies the conditions that 
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babb 42
21 −=  and 1b  is not congruent to ( ).mod4,1 22 ×− Qba  And 

( )NeM ,,  is also a solution of this equation and other conditions are the 

same as in the above. And the rank r satisfies ( ) ( ) .42 ΓαΓα
=r  

2. Computing the Rank 

In this section, we compute the rank of an elliptic curve by using the 
method which is in [3]. 

Theorem 2.1. Let pqxxy += 32  be an elliptic curve, where p, q are 

different odd primes of the form ( ),16mod3≡p  ( ).16mod11≡q  Then the 

possible maximal rank is 2. 

Proof. Put an elliptic curve pqE  as pqxxy += 32  and the different odd 

prime numbers p, q are ( ),16mod3≡p  ( ).16mod11≡q  For computation, 

let 316 += kp  and .1116 +′= kq  

We know that the relating equations for Γ  are the following: 

 (i) ( ) ( ) ,1116316 442 ekMN +′++=  

(ii) ( ) ( ) .1116316 442 ekMkN +′++=  

As we defined in the previous section, the value ( )Pα  is ( ) ,1=α P  

( )( )( )2mod1116316 ×+′+ Qkk  if P is O (infinity point), ( ),0,0  respectively, 

thus we do not have to treat the solvability of equation (i). 

Suppose that equation (ii) has a solution. Then two congruence relations 

( ) ( ),mod316 42 qMkN +≡  ( ) ( )pekN mod1116 42 +′≡  

must have solutions simultaneously. Instantly, it should be ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
q

Mk 4316
 

,1=⎟
⎠
⎞⎜

⎝
⎛= q

p  ( ) .11116 4
=⎟

⎠
⎞⎜

⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +′
p
q

p
ek  But the Legendre symbols of ⎟

⎠
⎞⎜

⎝
⎛

q
p  
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and ⎟
⎠
⎞⎜

⎝
⎛

p
q  are different, thus one of ( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
q

Mk 4316  and ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +′
p

ek 41116  

must be –1. Therefore, we get a contradiction. 

Thus the number of ( )Γα  is 2. 

Since pqE  is ( ) ( ) ,111631632 xkkxy +′++=  pqE  is the curve =2y  

( ) ( ) xkkx 111631643 +′+−  and there are relating equations for :Γ  

 (i) ( ) ( ) ,11163164 442 ekkMN +′+−=  

 (ii) ( ) ( ) ,11163164 442 ekkMN +′++−=  

 (iii) ( ) ( ) ,111631622 442 ekkMN +′+−=  

 (iv) ( ) ( ) ,111631622 442 ekkMN +′++−=  

 (v) ( ) ( ) ,11163164 442 ekkMN +′+−=  

 (vi) ( ) ( ) ,11163164 442 ekkMN +′++−=  

 (vii) ( ) ( ) ,11164316 442 ekMkN +′−+=  

 (viii) ( ) ( ) ,11164316 442 ekMkN +′++−=  

 (viv) ( ) ( ) ,111623162 442 ekMkN +′−+=  

 (x) ( ) ( ) ,111623162 442 ekMkN +′++−=  

 (xi) ( ) ( ) ,11163164 442 ekMkN +′−+=  

 (xii) ( ) ( ) .11163164 442 ekMkN +′++−=  

( )Pα  in (i) are ( ) ,1=α P  ( ) ( ) ( )2mod1116364 ×+′+− Qkk  but we 

already know that these were defined when P is an infinity point, ( ),0,0  
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respectively, in the previous section, hence checking the solvability is of no 
use. 

By using the prime number p in reducing (ii), (iii) and (vi), we get the 
following results: 

 (ii) ( ) ,1,mod
4

42 −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−≡ p
MpMN  

(iii) ( ) ,12,mod2
4

42 −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≡ p

MpMN  

(vi) ( ) .14,mod4
4

42 −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−≡ p
MpMN  

Thus there cannot be a solution in (ii), (iii), (vi). And there is no solution 

in (v) because of ( ).4mod33331 442 ≡≡−≡≡ eeN  

And by reducing ( )4mod  in equations (vii), (xii), then we face the 

results: 

(vii) ( ),4mod331 42 ≡≡≡ MN  (xii) ( ).4mod331 42 ≡≡≡ eN  

Since both left and right hand sides do not match in the above cases, 
there is no solution in equations (vii), (xii). 

Now we treat the solvability of equation (iv). Reducing this by 

( ),,mod pq  then there induced the results ( ),mod2 42 qMN −≡  ≡2N  

( ).mod2 4 pM−  And the Legendre symbols of ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
q
M 42  and ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
p
M 42  are 

1. And so having a solution is possible in equation (iv). And for checking the 
solvability of relating equation, we use the method of reduction by integer. 
The case of 4, 8, 16 is relatively simple. Thus in here, we treat the case of 32. 

If we reduce (iv) by 32, then the left hand side is ( )32mod16,4,02 ≡N  
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and the right hand side is 

( ) ( ) 44 111631622 ekkM +′++−  

( ) 44 33481116230 ekkM +′+⋅+≡  

( ) ( ).32mod023023011616230 44 ≡+≡+≡+′++≡ eekk  

Therefore, there can exist a solution in equation (iv). And in the next cases, 
we check the reduction only the case 32. 

If we reduce equation (viii) by q and p, respectively, then we face the 
two congruence relations 

( ) ( ),mod316 42 qMkN +−≡    ( ) ( ).mod11164 42 pekN +′≡  

And the two things should have solutions simultaneously. And it is possible 
that both values of 

( )
⎟
⎠
⎞⎜

⎝
⎛−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +−
q
p

q
Mk 4316  and ( )

⎟
⎠
⎞⎜

⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +′
p
q

p
ek 411164  

can be 1 this is because the value of ⎟
⎠
⎞⎜

⎝
⎛

q
p  and ⎟

⎠
⎞⎜

⎝
⎛

p
q  is different. Thus having 

a solution in (viii) is possible. In addition, if we try to use the method of 

reduction by 32, then the left hand side is ( )32mod25,17,9,12 ≡N  and 

the right hand side is 

( ) ( ) ( ) 4444 123163111164316 eMkekMk ++≡+′++−  

( ) 412172916 ek +⋅+≡  

( ).32mod121316 4ek ++≡  

Let k and e be odd numbers. Then 41121316121316 4 =++≡++ ek  
( )32mod9≡  and so there can exist a solution in (viii). 
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Reducing (viv) by q and p leads to ( ) ( ),mod3162 42 qMkN +≡  

( ) ( ).mod11162 42 pekN +′−≡  And both of the Legendre symbols in 

( )
⎟
⎠
⎞⎜

⎝
⎛−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
q
p

q
Mk 43162  and ( )

⎟
⎠
⎞⎜

⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +′−
p
q

p
Mk 411162  can be 1 because 

of the fact that ⎟
⎠
⎞⎜

⎝
⎛−=⎟

⎠
⎞⎜

⎝
⎛

p
q

q
p  and so there can be a solution in (viv). And if 

we reduce both sides of (viv) by ( ),32mod  then there induced the result as 

( ).32mod1610610616,4,0 442 =+≡+≡≡ eMN  Hence, there can exist 

a solution in equation (viv). 

By reducing equation (x) ( ),,mod pq  we face two induced results 

( ) ( )qMkN mod3162 42 +−≡   and  ( ) ( ).mod11162 42 pekN +′≡  

These two congruence relations must have a solution together. And Legendre 

symbols of ⎟
⎠
⎞⎜

⎝
⎛

p
q  and ⎟

⎠
⎞⎜

⎝
⎛

q
p  are not the same, thus both ( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +−
q

Mk 43162  

and ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +′
p

ek 411162  can be 1, hence a solution can exist. Furthermore, 

reducing (x) by 32 leaves the result as 

( ) ( ) 442 11162316216,4,0 ekMkN +′++−=≡  

( ).32mod2226226 4444 eMeM +≡+−≡  

Since M and e are odd numbers, 

( ),32mod1622262217262226 44 ≡+≡+⋅≡+ eM  

thus (x) can have a solution. 

If we reduce (xi) by q, p, respectively, then the induced two congruence 

relations are ( ) ( ),mod3164 42 qMkN +≡  ( ) ( )pekN mod1116 42 +′−≡  
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and both should have a solution simultaneously. Namely, 

( )
⎟
⎠
⎞⎜

⎝
⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
q
p

q
Mk 43164  and ( )

⎟
⎠
⎞⎜

⎝
⎛−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +′−
p
q

p
ek 41116  

should be 1 and this is possible because of .⎟
⎠
⎞⎜

⎝
⎛−=⎟

⎠
⎞⎜

⎝
⎛

p
q

q
p  Furthermore, after 

reducing (xi) by 32, we face the result as 

( ) ( ).32mod1116311225,17,9,1 442 ekMN +′+≡≡  

If k′  is an even, then ( ) ( )32mod2112211612 4444 eMekM +≡+′+  and 

let M be an odd and .1=e  Then induced congruence relation is +412M  

( ),32mod1211221 4 ≡+≡e  therefore having a solution is possible in 

equation (xi). 

In conclusion, if we rewrite the relating equations which can have a 
solution are the following: 

 (i) ( ) ( ) ,11163164 442 ekkMN +′+−=  

 (iv) ( ) ( ) ,111631622 442 ekkMN +′++−=  

 (viii) ( ) ( ) ,11164316 442 ekMkN +′++−=  

 (viv) ( ) ( ) ,111623162 442 ekMkN +′−+=  

 (x) ( ) ( ) ,111623162 442 ekMkN +′++−=  

 (xi) ( ) ( ) .11163164 442 ekMkN +′−+=  

Now the possible maximal number of relating equations which can have 
a solution is 4. We should consider about this. 

If all equations of the above have a solution, then ( ) ∈+ 3162 k  

( ) ( )2mod ×Γα Q  and ( ) ( ) ( ) ( ( )3162mod3162 2 +Γα∈+− × kQk  correspond 
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to (viv), ( )3162 +− k  corresponds to ))x(  and so ( ) ( )2mod1 ×Γα∈− Q  

because ( )Γα  is a subgroup of .2×× QQ  But as we saw in the above, 

equation (ii) ( ) ( ) 442 11163164 ekkMN +′++−=  cannot have a solution, 

thus we arrive at a contradiction. Therefore, there cannot happen the case that 
all 6 relating equations in the above have solutions. Similarly, it is impossible 
that 5 relating equations have solutions simultaneously. For example, assume 
that equations (i), (iv), (viii), (viv), (x) have solutions. Then ( ) ∈+− 316k  

( ) ( )2mod ×Γα Q  and ( ) ( ) ( ) ( )( 316mod3162 2 +−Γα∈+− × kQk  correspond 

to (viii) and ( )3162 +− k  corresponds to ))x(  and so ( ) ( ).mod2 2×Γα∈ Q  

But equation (iii) ( ) ( ) 442 11163162 ekkMN +′+−=  has no solution and 

so we face a contradiction. Other cases can also be proved like this method. 

Whereas, the case that 4 relating equations have solutions is possible. 
Theses cases are (i), (iv), (viii), (viv) and (i), (iv), (x), (xi). There is no matter 
in closeness of multiplication of ( )Γα  in these two cases. Accordingly, the 

maximal number of ( )Γα  is 8 and thus from ,44
822 =⋅=r  the possible 

maximal rank of pqE  is 2. ~ 

In [1], the authors suggested the special condition that ( )8mod1≡p  

and q is different from p and the form of 400242 ++= ppq  and there are 

rational numbers X, Y such that pqXY 22 42 −=  for an elliptic curve 

pqxxy += 32  has a rank 4 which is a maximal rank in the form. Similarly, 

in [2], there is a particular condition that ( ) ( ) ,222 422422 vuvup −++=  

where p is a prime and u, v are integers for having a maximal rank 3 in form 

.232 pxxy −=  The ranks 4 and 3 are not only ranks, respectively, in those 

forms, but under those conditions, they are the only ranks in each case and it 
is the maximal value. But here, the conditions ( )16mod3≡p  and 

( )16mod11≡q  are not detail as the conditions in [1] and [2], thus there can 
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be other values of ranks but we only concentrate to the maximal rank 2 here 
and this is the reason why the author uses the word possible maximal rank. 

And we need to consider the residue ( ).32mod17  It is natural that 1, 9, 

25 is residue .32mod  But case of 17 requires the computation. 

First, put an odd integer N as 14 += kN  with integer k. Then we get 

.1816 22 ++= kkN  

(1) If k is an odd ( ),and12 Zkkk ∈′+′=  then 

( ) ( ) ( ).32mod251691616112814416 22 +′=+′+≡++′++′+′= kkkkkN  

When k′  is ( ),12 Zaak ∈+=′  

( ) ( ).32mod925162512162516 ≡+≡++=+′ ak  

And when k′  is ak 2=′  (a is an integer), then ( ).32mod252516 ≡+′k  

(2) If k is an even ( kk ′= 2  with integer ),k′  then 22 416 kN ′⋅=  

( ).32mod116128 +′≡+′⋅+ kk  When 12 +=′ ak  (a is an integer), then 

( ) ( ).32mod1711216116 ≡++≡+′ ak  And when ak 2=′  (a is an integer), 

then ( ).32mod1116 ≡+′k  

At last, ( ).32mod25,17,9,12 ≡N  

Second, let 34 += kN  (k is an integer). Then .92416 22 ++= kkN  

(1) If k is an odd 12( +′= kk  with k′  is an integer), then 

( ) ( ) 3316169122414416 22 +′+≡++′++′+′= kkkkN  

( ).32mod1716 +′≡ k  

When 12 +=′ ak  (a is an integer), then ( ).32mod117161716 ≡+≡+′k  

And when ak 2=′  (a is an integer), then ( ).32mod171716 ≡+′k  
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(2) If k is an even kk ′= 2(  with k′  is an integer), then 22 416 kN ′⋅=  

( ).32mod9169224 +′≡+′⋅+ kk  When 12 +=′ ak  (a is an integer), then 

( ) ( ).32mod2591216916 ≡++=+′ ak  And when ak 2=′  (a is an 

integer), then ( ).32mod9916 ≡+′k  

Henceforth, we get that ( ).32mod25,17,9,12 ≡N  

Therefore, if an odd integer N is reduced by 32, then the induced thing is 

( ).32mod25,17,9,12 ≡N  And thus 17 can be the residue mod 32. 

If we compute the above process by setting ,12 += kN  then =2N  

144 2 ++ kk  and by dividing k as odd, even and doing detail computation, 
then the same result is induced. 

3. Considering Examples 

In this section, we consider an example of an elliptic curve which is 
related to previous section’s theorem. We omit to say about the solution of 
relating equation (i) for ., ΓΓ  

Example 3.1. Suppose that xxy 11332 ⋅+=  is an elliptic curve. Then 

it is clear that ( ) 2# =Γα  and the relating equations for Γ  what we have to 

treat are the following: 

    (i) ,1134 442 eMN ⋅⋅−=  (iv) ,11322 442 eMN ⋅⋅+−=  

(viii) ,1143 442 eMN ⋅+−=  (viv) ,226 442 eMN −=  

   (x) ,226 442 eMN +−=  (xi) .1134 442 eMN −⋅=  

Equations (iv), (x), (xi) have solutions ( ),8,1,1  ( ),4,1,1  ( ),1,1,1  

respectively. And (viii), (viv) have no solution. This is because if (viii) has a 

solution, then ( ) ( ).mod263 2×Γα∈≡−⋅− Q  But as we know, equation (iii) 
442 11322 eMN ⋅⋅−=  has no solution, thus we arrive at a contradiction. 
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If (viv) has a solution, then ( ) ( ) ( ).mod166 2×Γα∈−≡−⋅ Q  But it is 

impossible having a solution in (ii) ( ) ( ) .11163164 442 ekkMN +′++−=  

Accordingly, the number of ( )Γα  is 8 and so the rank is 2. 

Example 3.2. If we consider the rank of an elliptic curve += 32 xy  

,1119 x⋅  then we get easily that ( ) .2# =Γα  And relating equations for Γ  

which we should consider are the following: 

    (i) ,11194 442 eMN ⋅⋅−=  (iv) ,111922 442 eMN ⋅⋅+−=  

(viii) ,4419 442 eMN +−=  (viv) ,112192 442 eMN ⋅−⋅=  

  (x) ,112192 442 eMN ⋅+⋅−=  (xi) .11194 442 eMN −⋅=  

And equations (iv), (viii), (viv) has a solution ( ),16,1,3  ( ),5,1,1  ( ),4,1,1  

respectively. And two equations (x) and (xi) have no solutions and we can 
show this by similar method as in Example 3.1. Thereby, the rank of 

xxy 111932 ⋅+=  is 2. 

Example 3.1 is the case of (i), (iv), (x), (xi) and Example 3.2 is that of (i), 
(iv), (viii), (viv) in the proof of Theorem 2.1. 

Remark 3.3. As we saw in the above examples, according to the curve, 
the relating equation’s solvability is different. In Example 3.1, equations 
(viii) and (viv) have no solution and in case of Example 3.2, (x) and (xi) have 
no solution. 

Remark 3.4. Even though, there are induced same residues in both sides 
of relating equations ((viv) of Example 3.1 and (x) of Example 3.2) after 
reducing any number, they cannot have a solution, because as we saw in 
Theorem 2.1, if there exists a solution, then from closedness of operation in 
group ( ),Γα  a contradiction happens. We can find similar phenomenon in 

relating equation 442 417 eMN −=  in elliptic curve xxy 1732 +=  whose 

rank is 0 ([2, p. 98]). 
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