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Abstract 

In this paper, we prove the existence and uniqueness of fixed point for 
generalized ( )ψφ,  weak contraction in the setting of 2-Banach spaces. 

1. Introduction 

The concept of linear 2-normed spaces was introduced and investigated 
by S. Gähler in 1960s. Thereafter, the subject has got great attention of 
mathematicians around the world. A. White introduced the concept of 2-
Banach space. Zofia Lewandowska a Poland mathematician introduced      
the concept of generalized 2-normed space and proved the Hahn-Banach 
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theorem. Like other spaces, the fixed point theory has also been developed in 
the framework 2-normed and 2-metric spaces. I’seki was the first man who 
obtained the basic results of fixed points in 2-metric and 2-normed spaces. In 
this paper, we prove an analogue of the fixed point theorem for generalized 
( )ψφ,  weak contraction in the setting of 2-normed spaces, which generalizes 

the results of Gangopadhyay et al. [4]. 

2. Preliminaries 

Definition 2.1. Let X be a real linear space of dimension greater than 1. 
Suppose ..,  is a real valued function on XX ×  satisfying the following 

conditions: 

  (i) 0, =yx  if and only if x and y are linearly dependent vectors. 

 (ii) .,, xyyx =  

(iii) yxyx ,, λ=λ  for all R∈λ  and ., Xyx ∈  

(iv) zyzxzyx ,,, +≤+  for all x, y and .Xz ∈  

Then ..,  is called a 2-norm on X and ( )..,,X  is called linear 2-normed 

space over .R  

Every 2-normed space X is a locally convex topological vector space. In 
fact, for a fixed ,Xb ∈  ;, bxpb =  Xx ∈  is a semi-norm on X and the 

family { }XbpP b ∈= :  of semi-norms generates a locally convex topology. 

Definition 2.2. A sequence { }nx  in a 2-normed space X is said to 

converge to some point x in X if for every ,Xy ∈  

.0,lim =−
∞→

yxxn
n

 

Definition 2.3. Let X be a 2-normed space. A sequence { }nx  in X is 

called Cauchy sequence if for any ,Xx ∈  

.0,lim
,

=−
∞→

xxx mn
mn
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Definition 2.4. A 2-normed space X is said to be a 2-Banach space if 
every Cauchy sequence in X converges to some point in X. 

Lemma 2.5 [7]. Let { }nx  be a convergent sequence in a linear 2-normed 

space X. Then for all ,Xy ∈  

.,lim,lim yxyx n
n

n
n ∞→∞→

=  

3. Main Results 

For all Xuyx ∈,,  and for a self-map T on X, we use the following 

notation throughout the paper: 

( )yxM ,  

.2
,,,,,,,,max







 −+−

−−−=
uTxyuTyxuTyyuTxxuyx  

Theorem 3.1. Let ( )..,,X  be a 2-Banach space and XXT →:  be a 

self-map satisfying the condition  

 ( ) ( )( ) ( )( ),,,, yxMyxMuTyTx φ−ψ≤−ψ  (1) 

where 

  (i) [ ) [ )∞→∞ψ ,0,0:  is a monotone nondecreasing function with 

( ) 0=ψ t  if and only if .0=t  

 (ii) [ ) [ )∞→∞φ ,0,0:  is a function with ( ) 0=φ t  if and only if 0=t  

and ( ) 0inflim >φ∞→ nn a  if .0lim >∞→ nn a  

(iii) ( ) ( ) −ψ>φ aa ( )−ψ a  for any ,0>a  where ( )−ψ a  is the left limit 

of ψ at a. Then T has a unique fixed point. 

Proof. Let x be any element in X and let ( )xTx n
n =  for ....3,2,1=n  

Suppose 1+= nn xx  for some n. Then ( ) ( ).1
1 n

n
nn xTxTxx === +
+  

That is, nx  is a fixed point of T. So we assume that ,1+≠ nn xx  .N∈∀n  
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Let ( ) ( ) ( ) uxTxTuxxud nn
nnn ,, 1

1
+

+ −=−=  for each ,N∈n  
.Xu ∈  

By (i), 

( )( ) ( ) ( ),,, 11 nnnnn xxMxxMud −− φ−ψ≤ψ  

( )( ) ( )nnn xxMud ,1−ψ≤ψ  since ( ) ,0,1 ≥− nn xxM  

that is, ( ) ( ).,1 nnn xxMud −≤  

Now, 

( ) ( ( ) ( ))xTxTMxxM nn
nn ,, 1

1
−

− =  

( ) ( )






−= − ,,max 1 uxTxT nn  

( ) ( ) ( ) ( ) ,,,, 11 uxTxTuxTxT nnnn +− −−  

( ) ( ) ( ) ( )




−+− +−

2
,,11 uxTxTuxTxT nnnn

 

( ) ( ) ( ) ( )




−−= +− ,,,,max 11 uxTxTuxTxT nnnn  

( ) ( ) .2
,11





− +− uxTxT nn

 

Note that 

( ) ( ) ( ) ( ) ( ) ( ) uxTxTuxTxTuxTxT nnnnnn ,,, 1111 +−+− −+−≤−  

and therefore, 

( ) ( )
2

,11 uxTxT nn +− −  

{ ( ) ( ) ( ) ( ) }.,,,max 11 uxTxTuxTxT nnnn +− −−≤  
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Therefore, 

( ) { ( ) ( ) ( ) ( ) }.,,,max, 11
1 uxTxTuxTxTxxM nnnn

nn
+−

− −−≤  

Suppose 

{ ( ) ( ) ( ) ( ) }uxTxTuxTxT nnnn ,,,max 11 +− −−  

( ) ( ) ( ).,1 uduxTxT n
nn =−= +  

Then, from (i), ( )( ) ( )( ) ( )( ).ududud nnn φ−ψ≤ψ  

It is a contradiction to (iii) since ( )( ) .0>φ udn  

That is, ( ) ( )., 11 udxxM nnn −− =  

Therefore, ( ) ( ) ( )udxxMud nnnn 11, −− =≤  for all .N∈n  

Hence, ( ){ }udn  is a non-increasing sequence and each ( ) .0≥udn  

Therefore, 

( ) .0lim ≥=
∞→

ludn
n

 

Next, we show that 0=l  suppose, .0>l  

If there exists an n such that ( ) ,1 ludn =−  then ( ) ( )( )udMudl nn 1−≤=  

,l=  

( )( ) ( )( ) ( )( ),,, 11 nnnnn xxMxxMud −− φ−ψ≤ψ  

( ) ( ) ( ).lll φ−ψ≤ψ  

It is a contradiction. Suppose ( ) ludn >  for all .1≥n  Then 

( )( ) ( )( ) ( )( ),,, 11 nnnnn xxMxxMud −− φ−ψ≤ψ  

( ) ( )+ψ≤+ψ ll ( )( ).,inflim 1 nn
n

xxM −
∞→

φ−  

Again, it is a contradiction to (iii). 
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Therefore, 

( ) .0lim =
∞→

udn
n

 

Next, we show that { }nx  is a Cauchy sequence. Suppose not, then there 

exists an ,0>ε  for which we can find subsequences { }knx  and { }kmx  with 

kn  is the smallest index such that ,1>>> kmn kk  ε≥− uxx kk nm ,  

and ε<− −1kk nm xx  for all .Xu ∈  

Now, 

uxx kk nm ,−≤ε  

uxxuxx kkkk nnnm ,, 11 −+−≤ −−  

( )., 11 uduxx kkk nnm −− +−<  

Letting k tends to infinity, we get 

.0,lim +ε<−≤ε
∞→

uxx kk nm
k

 

That is, 

.,lim ε=−
∞→

uxx kk nm
k

 

Again, 

,,,, 11 uxxuxxuxx kkkkkk nnnmnm −− −+−≤−  (2) 

.,,, 11 uxxuxxuxx kkkkkk nnnmnm −+−≤− −−  (3) 

That is, 

.,,, 11 uxxuxxuxx kkkkkk nnnmnm −≤−−− −−  (4) 

Letting ,∞→k  we get 

.,lim 1 ε=− −
∞→

uxx kk nm
k
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Similarly, we can prove that 

,,lim,lim 111 ε=−=− −−
∞→

−
∞→

uxxuxx kkkk nm
k

nm
k

 

.,lim 1 ε=− +
∞→

uxx kk nm
k

 

Now, 

( )




−= −−−− ,,max, 1111 uxxxxM kkkk nmnm  

,,,, 11 uxxuxx kkkk nnmm −− −−  

.2
,, 11



−+− −− uxxuxx kkkk nmnm  

Letting ,∞→k  we get 

( ) .,lim 11 ε=−−
∞→ kk nm

k
xxM  

If there is a subsequence ( ){ }pk  of { }k  such that 

( )( ) ( )( ) ,, uxx pknpkm −<ε  

then from (1), we get 

( ( )( ) ( )( ) )uxx pknpkm ,−ψ  

( ( ( )( ) ( )( ) )) ( ( ( )( ) ( )( ) )).,, 1111 −−−− φ−ψ≤ pknpkmpknpkm xxMxxM  

Letting ,∞→p  we get 

( ) ( ) ( )εφ−+εψ≤+εψ
ε→p

inflim  

which is a contradiction to (iii). Repeat the discussion for if there is a 
subsequence ( ){ }pk  of { }k  such that 

( )( ) ( )( ) uxx pknpkm ,1 −<ε +  
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and if there is a subsequence ( ){ }pk  of { }k  such that 

( )( ) ( )( ) ,,1 uxx pknpkm +−<ε  

then we arrive at a contradiction to (iii). Therefore, we can suppose that there 
exists a 1k  such that 

( )( ) ( )( ) ;, ε=− uxx pknpkm  

( )( ) ( )( ) ( )( ) ( )( ) ε≤−ε=− ++ uxxuxx pknpkmpknpkm ,;, 11  

for all .1kk ≥  Then ( ( ) ( ) ) ε=knkm xxM ,  for ,3kk ≥  where =3k  

{ }21,max kk  is such that ε<− + uxx nn ,1  for all .2kk ≥  Substituting 

( )kmxx =  and ( )knxy =  in (i), we have 

( ) ( ) ( )εφ−εψ≤−ψ ++ uxx nm ,11  

for any .3kk ≥  Letting ,∞→k  we obtain ( ) ( ) ( ).εφ−εψ≤−εψ  Again, it  

is a contradiction to (iii). Hence { }nx  is a Cauchy sequence. Since X is a 

Banach space, there exists a Xz ∈  such that zxn →  as .∞→n  

Next, we will show that z is the fixed point of T. 

By (1), 

( ( ) ) ( )( ) ( )( ),,,,1 zxMzxMuTzxx nnn φ−ψ≤−ψ +  

where 

( )


 −−−= + ,,,,,,max, 1 uTzzuxxuzxzxM nnnn  

.2
,, 1



−+− + uxzuTzx n  

Suppose .Tzz ≠  Then 0, >− uTzz  for some ,Xu ∈  

( )


 −+−

−= +
∞→∞→

,2
,,,,maxlim,lim 1 uTzzuxxuzxzxM nn

n
n

n
n
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−+− +

2
,, 1 uxzuTzx nn  

.02
,

>
−

=
uTzz  

That is, we have 

( ) 02
,,lim >

−
=

∞→

uTzzzxM n
n

 

using this and letting ∞→n  in [3], 

( ) ( )( ) ( )( ).,inflim,lim,lim 1 zxMzxMuTzx nnn
n

nn φ−ψ≤−ψ ∞→
∞→

+∞→  

That is, 

( ) ,2
,inflim2

,, 





 −
φ−






 −

ψ≤−ψ ∞→
uTzzuTzzuTzz n  

that is, 

( ) 





 −

ψ≤−ψ 2
,, uTzzuTzz  since .02

,inflim >





 −
φ∞→

uTzz
n  

It is a contradiction to ψ is nondecreasing. Hence .Tzz =  Next, we show 
that z is unique. Suppose there is a Xy ∈  such that .Tyy =  Then we have 

( )


 −−−= ,,,,,,max, uTzzuTyyuzyzyM  



−+−

2
,, uTyzuTzy  

., uzy −=  

Then from (1), 

( ) ( ) ( ).,,, uzyuzyuzy −φ−−ψ≤−ψ  

It is a contradiction. Hence z is a unique fixed point for T.  
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Corollary 3.1. Let X be a 2-Banach space and let XXT →:  be a self- 
mapping satisfying the condition ( ) ( )( )yxMyxMuTyTx ,,, φ−≤−  for 

all Xuyx ∈,,  and where φ is non-decreasing function from +R  into itself 

such that ( ) tt <φ  for each .0>t  Then T has a unique fixed point in X. 

Proof. In the previous theorem, taking ( ) tt =ψ  and ( ) ,2
tt =φ  we get 

the result.  

Corollary 3.2. Let X be a 2-Banach space and let XXT →:  be a       
self-mapping satisfying the condition ( )( )yxMuTyTx ,, φ≤−  for all 

Xuyx ∈,,  and where φ is non-decreasing function from +R  into itself 

such that ( ) tt <φ  for each .0>t  Then T has a unique fixed point in X. 

Proof. In the previous corollary, taking ( ) ,2
tt =φ  we get the result.  

As a particular case of this corollary, we get the main results of 
Gangopadhyay et al. appeared in [4]. 

Corollary 3.3. Let X be a 2-Banach space and let XXT →:  be a       
self-mapping satisfying the condition ( )( )yxNuTyTx ,, φ≤−  for all 

Xuyx ∈,,  and where φ is upper semicontinuous from +R  into itself such 

that ( ) tt <φ  for each .0>t  Then T has a unique fixed point in X, where 

( )


 −+−

−= ,2
,,,,max, uTyyuTxxuyxyxN  

.2
,,



−+− uTxyuTyx  

Proof. Note the fact for all ,,, Xuyx ∈  

( ) ( ),,, yxMyxN ≤  

( )( ) ( )( ),,, yxMyxN φ≤φ  
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( )( ) ( )( ),,,, yxMyxNuTyTx φ≤φ≤−  

then by Corollary 3.2, T has a unique fixed point.  

Remark 3.2. Note that if ψ and φ are continuous montone nondecreasing 
functions satisfying the condition in (1), then they satisfy the condition in 
(iii) of the main theorem. 

Theorem 3.3. Let X be a linear 2-Banach space. Let { }nT  be a sequence 

of self-mapping defined on X satisfying 

( ) ( )( ) ( )( ),,,, yxMyxMuyTxT nnnn φ−ψ≤−ψ  

where 

 (i) [ ) [ )∞→∞ψ ,0,0:  is a continuous monotone nondecreasing function 

with ( ) 0=ψ t  if and only if .0=t  

(ii) [ ) [ )∞→∞φ ,0,0:  is a continuous function with ( ) 0=φ t  if and 

only if 0=t  and 

( )


 −−−= ,,,,,,max, uyTyuxTxuyxyxM nnn  

.2
,,



−+− uxTyuyTx nn  

And if ,lim nn TT ∞→=  then T has a unique fixed point z such that 

.lim zznn =∞→  

Proof. Since ψ and 2-norm are continuous and nT  is convergent to T, we 

have for all ,,, Xuyx ∈  

( ) uTyTxuyTxTuyTxT nnnnnn ,,lim,lim −=−=− ∞→∞→  

and 

( )


 −−−=

∞→∞→
,,,,,,maxlim,lim uyTyuxTxuyxyxM nn

n
n

n
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−+−

2
,, uxTyuyTx nn  



 −−−= ,,,,,,max uTyyuTxxuyx  



−+−

2
,, uTxyuTyx  

( )., yxM=  

Therefore, 

( ) ( )uyTxTuTyTx nn
n

,lim, −ψ=−ψ
∞→

 

( )( ) ( )( )yxMyxM nn
n

,,lim φ−ψ≤
∞→

 

( )( ) ( )( ).,, yxMyxM φ−ψ=  

That is, T satisfies the required conditions of Theorem 3.1. 

Therefore, T has a unique fixed point .Xz ∈  

We show that .zzn →  

Suppose 0, >− uzz n  for all .N∈n  

Consider 

,,,,, uzTzTuzTTzuzTTzuzz nnnnnnn −+−≤−=−  

that is, 

uzTzTuzTTzuzz nnnnn ,,, −≤−−−  

and ψ is a nondecreasing function, we have 

( ) ( )uzTzTuzTTzuzz nnnnn ,,, −ψ≤−−−ψ  

( )( ) ( )( )nnnn zzMzzM ,, φ−ψ≤  
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taking limit as ,∞→n  we get 

( ) ( )( ) ( )( )nnnnn zzMzzMuzz ,,, φ−ψ≤−ψ  

( ) ( ),,, uzzuzz nn −φ−−ψ=  

it is a contradiction, therefore we conclude that .zzn →   

Theorem 3.4. Let X be a linear 2-Banach space. Let { }nT  be a sequence 

of self-mappings defined on X satisfying 

( ) ( )( ) ( )( )yxMyxMuyTxT ji ,,, φ−ψ≤−ψ  

for all i, j and ,ji ≠  

( )yxM ,  

,2
,,

,,,,,,max






 −+−

−−−=
uxTyuyTx

uyTyuxTxuyx ij
ji  

where 

 (i) [ ) [ )∞→∞ψ ,0,0:  is a continuous monotone nondecreasing function 

with ( ) 0=ψ t  if and only if .0=t  

(ii) [ ) [ )∞→∞φ ,0,0:  is a continuous function with ( ) 0=φ t  if and 

only if .0=t  

Then nT  has a unique common fixed point. 

Proof. Let x be any element in X and let ( ).1−= nnn xTx  Substituting 

ni =  and ,1+= nj  we get 

( )uxx nn ,1+−ψ  

( ) ( )( )uxTxT nnnn ,11 +− −ψ=  

( ) ( )





 −−−ψ≤ +−−− ,,,,,,max 1111 uxTxuxTxuxx nnnnnnnn  

( )






−+− −+−

2
,, 111 uxTxuxTx nnnnnn  
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( ) ( )





 −−−φ− +−−− ,,,,,,max 1111 uxTxuxTxuxx nnnnnnnn  

( )






−+− −+−

2
,, 111 uxTxuxTx nnnnnn  















 −

−−ψ≤ +−
+− 2

,,,,,max 11
11

uxxuxxuxx nn
nnnn  

{ }( ).,,,max 11 uxxuxx nnnn +− −−ψ≤  

Suppose 

{ } .,,,,max 111 uxxuxxuxx nnnnnn ++− −=−−  

Then ( ) ( ) ( ).,,, 111 uxxuxxuxx nnnnnn +++ −φ−−ψ≤−ψ  It is a 

contradiction since φ is nondecreasing and .0,1 >− + uxx nn  

Therefore, { } uxxuxxuxx nnnnnn ,,,,max 111 −=−− −+−  and 

{ }uxx nn ,1 −−  is a decreasing and bounded below sequence in X. 

Therefore, it converges to some 0≥l  but we can prove that .0=l  As in 
the theorem, we can prove that { }nx  is a Cauchy sequence in X. Since X is a 

2-Banach space, { }nx  converges to a point .Xz ∈  We will show that z is 

the common fixed point of mT  for each m. Suppose z is not the common 

fixed point. Then ( ) .0, >− uzzTm  Consider 

( ) ( )( )uxTzTuxzT nnmnm ,, 11 ++ −ψ=−ψ  

( )( ) ( )( ),,, nn xzMxzM φ−ψ≤  

where 

( ) ( ) ( )


 −−−= + uzTzuxTxuzxxzM mnnnnn ,,,,,max, 1  

( )


−+− +

2
,, 1 uxTzuzTx nnmn  
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( )


 −−−= + ,,,,,,max 1 uzTzuxxuzx mnnn  

.2
,, 1



−+− + uxzuzTx nmn  

Taking limit as ,∞→n  we get 

( ) ( ) ,,,lim uzTzxzM mn
n

−=
∞→

 

 ( ) ( ) ( ),,,, uzTzuzTzuzTz mmm −φ−−ψ≤−ψ  (5) 

it is a contradiction, therefore zzTm =  for all m.  
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