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Abstract

In this paper, we prove the existence and uniqueness of fixed point for
generalized (¢, ) weak contraction in the setting of 2-Banach spaces.

1. Introduction

The concept of linear 2-normed spaces was introduced and investigated
by S. Géhler in 1960s. Thereafter, the subject has got great attention of
mathematicians around the world. A. White introduced the concept of 2-
Banach space. Zofia Lewandowska a Poland mathematician introduced
the concept of generalized 2-normed space and proved the Hahn-Banach
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theorem. Like other spaces, the fixed point theory has also been developed in
the framework 2-normed and 2-metric spaces. I’seki was the first man who
obtained the basic results of fixed points in 2-metric and 2-normed spaces. In
this paper, we prove an analogue of the fixed point theorem for generalized

(¢, w) weak contraction in the setting of 2-normed spaces, which generalizes

the results of Gangopadhyay et al. [4].
2. Preliminaries

Definition 2.1. Let X be a real linear space of dimension greater than 1.

Suppose ||., .|| is a real valued function on X x X satisfying the following

conditions:

() || x, y|| = 0 ifand only if x and y are linearly dependent vectors.

(i) [ »[ =1y x|l

(iii) || Ax, y | = [A]]|x, y| forall A e R and x, y € X.

(iv) |x+y, z|| < | x, z|+] . z| forallx,yand z € X.
Then ||., .|| is called a 2-norm on X and (X, |., ||) is called linear 2-normed
space over R,

Every 2-normed space X is a locally convex topological vector space. In
fact, for a fixed b € X, pp =|x, b|; x € X is a semi-norm on X and the

family P ={pp : b € X} of semi-norms generates a locally convex topology.

Definition 2.2. A sequence {x,} in a 2-normed space X is said to

converge to some point x in X if for every y € X,

lim | x, —x, y||=0.
n—>o0

Definition 2.3. Let X be a 2-normed space. A sequence {x,} in X is

called Cauchy sequence if for any x € X,

lim | x, - x,, x| =0.
n,m—x
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Definition 2.4. A 2-normed space X is said to be a 2-Banach space if
every Cauchy sequence in X converges to some point in X.

Lemma 2.5 [7]. Let {x,} be a convergent sequence in a linear 2-normed

space X. Then for all y € X,

lim [ x,. y]=] lim x,. ],
—>»00 n—»o0

3. Main Results

For all x, y,u € X and for a self-map 7 on X, we use the following

notation throughout the paper:

M(x, y)

x—T,u + —Tx,u
:max{"x—y,u”a”x—Tx,u||,||y_Ty,u||’ I Yy ||2||y ||}

Theorem 3.1. Let (X, |., ||) be a 2-Banach space and T : X — X be a
self~-map satisfying the condition

W([| 7 = Ty, u ) < w(M(x, y)) = (M (x, y)), (M
where
(i) v :[0, ) — [0, ©) is a monotone nondecreasing function with
y(t) =0 ifand only if t = 0.
(i) ¢ : [0, 00) — [0, o) is a function with ¢(t) = 0 if and only if t = 0
and liminf,_,, ¢(a,) > 0 if lim,_,,, a, > 0.
(iii) &(a) > y(a)— y(a-) for any a > 0, where y(a-) is the left limit
of v at a. Then T has a unique fixed point.

Proof. Let x be any element in X and let x,, = T"(x) for n =1, 2,3 ....

Suppose x, = x,,; for some n. Then x, = x,,; = T""'(x) = T(x,).

That is, x,, is a fixed point of 7. So we assume that x,, # x,,,;, Vn e N,
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Let d,(u) = | x, — Xporo 4| = || T"(x) = T"*'(x), u || for each n € N,
uelX.

By (i),
w(d, () < WM (x,_1, x,) = OM (x, 1, x,),
w(d,(u)) < wM(x,y, x,) since M(x,y, x,) 2 0,
that is, d,(u) < M(x,_;, x,,).
Now,

My 1, %) = M(T"(x), T(6)
: max{n ) - T (), u

|77 ) =77 () | | 77 () = 7o),

| 7" ) = T ), |+ T () = T (%), u ||}
2

= rnaX{II "7 ) = 1" (), | | 7" () = T (), |

” Tn—l(x) _ Tn+1(x), u ”

5 .
Note that

| 7" ) = T ), w | < TN ) = T () ||+ T () = T (), |

and therefore,

| 7" = T (), u |
2

< max{]| 771 (x) = 7"(x), u |, | 7" () = T () e [}
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Therefore,

M (51, %) < max((| 7706 = 7o), . Te) = T (o), [
Suppose

max| 77 () = 7" (x), w [ 77 (0) = 7 ), e )
= 7"(x) = 7" (x), u | = dy(w).

Then, from (i), y(d,(u)) < y(d,(u)) = §(d, (u)).

It is a contradiction to (iii) since ¢(d,,(u)) > 0.

Thatis, M(x,_;, x,) = d,_1(u).

Therefore, d,(u) < M(x,_;, x,,) = d,,_1(u) forall n e N.

Hence, {d,(u)} is a non-increasing sequence and each d,,(u) > 0.

Therefore,

lim d,(u) =12 0.

n—
Next, we show that / = 0 suppose, [ > 0.

If there exists an n such that d,,_;(u) =1, then [ = d,(u) < M(d,_1(u))

W(dy () < WM (x,-1 X)) = 6(M (x> X)),
v() < w(l) = o(0).

It is a contradiction. Suppose d,(u) > [ forall n > 1. Then
W(dy () < WM (xy-1, X)) = 6(M (x> X)),

w(/+) < y(l+) = liminf 6(M (x,,_;, x,,))-

Again, it is a contradiction to (iii).
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Therefore,

lim d,(u) = 0.

n—®

Next, we show that {x,} is a Cauchy sequence. Suppose not, then there

exists an ¢ > 0, for which we can find subsequences {x, } and {x,, } with
ny is the smallest index such that ng > my >k >1, | x,, —x, ul>¢

and | x,, —x, _j | <€ forall ueX.
Now,
e < Xy = Xy U |
< Woxmge =g s w4 gy = s |
<l = 15w [+ gy 1 ().

Letting & tends to infinity, we get

gskli_rgo||xmk—xnk,u||<s+0.

That is,
i [ x| =
Again,
e = Xm0 0 [ < i = X [+ = 1 0| 2
(R R N E e R L R e 3)
That is,
e = o w | =y, = X e [ < oy = s e ()
Letting k£ — oo, we get
lim | x,, —x, ,ul=¢

k—o0
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Similarly, we can prove that

L
i | 5 = = 5

Now,
M(xmk—l’ xnk—l) = max{" Xy =1~ Xy 1o U ”’

|| xmk_l - xmk’ u ||’ ” xnk—l - xnk, u ||7

| %=1 = g s [+ Xy, — X1 v II}
5 .

Letting £ — o, we get

kli_r:})o M(xmk ~1> Xpy, 1) =e

If there is a subsequence {k(p)} of {k} such that
& <[ Xm(i(p)) = Xnk(p))> ¥ [
then from (1), we get
Wl Xn(k(p)) = k(> 1)
< WM (om(i(p))-15 Tn(k(p))-1)) = OM Cimk(p))-1> n(k(p))-1))-
Letting p — o, we get

y(e+) < y(e+) — liminf ¢(¢)
p—e

which is a contradiction to (iii). Repeat the discussion for if there is a
subsequence {k(p)} of {k} such that

& < Xp(k(p))+1 — *n(k(p))s |
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and if there is a subsequence {k(p)} of {k} such that
& <[ Xtk (p)) = Hntk(pyer- v -

then we arrive at a contradiction to (iii). Therefore, we can suppose that there

exists a k; such that
i) = Fati(py)o 1l =
| %m(i(p)) = Xnti(p))+ts w11 = & | Xmr(p))+1 = Xnr(py) | < &
for all k>k. Then M(xyk), Xuk)) =€ for k>ks, where k3=
maxi{ky, kp} is such that || x,, — x,,q, u | <& for all k> k,. Substituting
X = Xp(k) and y = x,() in (i), we have
W X1 = Xners u ) < wie) = d(e)

for any k > k3. Letting k — oo, we obtain y(e—) < y(e) — ¢(g). Again, it
is a contradiction to (iii). Hence {x,} is a Cauchy sequence. Since X is a

Banach space, there existsa z € X such that x,, - z as n — oo.
Next, we will show that z is the fixed point of 7.
By (),
V(| X1 () = Tz, ) < WM (x5 2) = (M (x5 2)),

where

My 2) = max [, = 2 |5y =1, | 2= T2,

||x—T27u||+||Z—xn+1,u||}
3 .

Suppose z # Tz. Then |z = Tz, u || > 0 for some u € X,

NEETRTEER ]
b 2 >

lim M(x,, z) = lim rnax{” X, — 2z, U
n—»0 n—»0
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[ xn = T2 u[ +] 2 = 1, ull}
2

_z=Tmu]

3 0.

That is, we have

lim M(x,, z) = [z=Tzul

fras 2

using this and letting » — oo in [3],

iy o (|41 =T ) < i (M . 2) = liming oo $(M (. 2)
n
That is,
z—Tz,u - z—Tz,u
v(lz =Tz ul) < W(WJ — liminf,_, q{WJ,

that is,

v(lz =Tz ul) < "’[wj since liminf,, ., q{w) > 0.

It is a contradiction to y is nondecreasing. Hence z = 7z. Next, we show

that z is unique. Suppose there isa y € X such that y = Ty. Then we have

M. 2) = max{|y =z ul =Tl 2 - T

|y =Tz, ul+|z =Ty, ul
2
=[y-zul
Then from (1),
v(lly =z ul)<w(ly -z ul)-o(ly -z ul).

It is a contradiction. Hence z is a unique fixed point for 7. O
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Corollary 3.1. Let X be a 2-Banach space and let T : X — X be a self-
mapping satisfying the condition || Tx — Ty, u | < M(x, y) — §(M (x, y)) for

all x, y, u € X and where § is non-decreasing function from R” into itself

such that §(t) < t for each t > 0. Then T has a unique fixed point in X.

Proof. In the previous theorem, taking y(z) = ¢ and ¢(¢) = %, we get

the result. 0

Corollary 3.2. Let X be a 2-Banach space and let T : X — X be a
self-mapping satisfying the condition |Tx — Ty, u|| < §(M(x, y)) for all
X, v, u € X and where ¢ is non-decreasing function from R into itself

such that §(t) < t for each t > 0. Then T has a unique fixed point in X.

Proof. In the previous corollary, taking ¢(¢) = %, we get the result. [

As a particular case of this corollary, we get the main results of
Gangopadhyay et al. appeared in [4].

Corollary 3.3. Let X be a 2-Banach space and let T : X — X be a
self-mapping satisfying the condition ||Tx — Ty, u| < 6(N(x, y)) for all
x, v, u € X and where ¢ is upper semicontinuous from R” into itself such

that §(t) < t for each t > 0. Then T has a unique fixed point in X, where

=T ul+ ]y =Ty, u]

N(x, y) = max{” x—y,ul 5

||x—Ty,u||+||;v—Tx,u||}
5 .

Proof. Note the fact for all x, y, u € X,
N(x, y) < M(x, y),

O(N(x, y)) < 6(M(x, y)),
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" Ix =Ty, u ” = d)(N()C, y)) < ¢(M(x9 y))9

then by Corollary 3.2, T has a unique fixed point. O

Remark 3.2. Note that if y and ¢ are continuous montone nondecreasing
functions satisfying the condition in (1), then they satisfy the condition in
(ii1) of the main theorem.

Theorem 3.3. Let X be a linear 2-Banach space. Let {T,} be a sequence
of self-mapping defined on X satisfying

V([ Tox = Ty, u ) < WM, (x, y)) = oM, (x, ),
where

(i) v :[0,0) — [0, ) is a continuous monotone nondecreasing function

with y(t) = 0 ifand only if t = 0.

(ii) ¢ :[0, 00) = [0, ©) is a continuous function with §(t) =0 if and
onlyif t =0 and

M (x, v) = max{n x—youl, | x - Ty u

y =Ty, ul|,

B

Hx—nxuwwy—%%uﬂ
3 .

And if T =lim,_,,,T,, then T has a unique fixed point z such that

lim,_,, z, =z

Proof. Since y and 2-norm are continuous and 7,, is convergent to 7, we

have for all x, y, u € X,
hmn—)OO” Tyx—T,y, u " = " hmn—)OO(Tnx - Tny)9 u ” = ” Ix =Ty, u "

and

lim M, (x, y) = limmax{”x —youl,|x=Tx,ul|,|y-Ty, ul,

n—» n—
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IIX—Tny,u||+||y—Tnx,u||}
2

—max{]x < u = T ul - )

||x—Ty,u||+||y—Tx,u||}
2

= M(x, y).

Therefore,

(| Tx = Ty, u||) = lim (| T,x = T,,y, u|)
n—»o0
< lgn WM, (x, y)) — oM, (x, y))
n o0

= y(M(x, y)) - &(M(x, y)).
That is, T satisfies the required conditions of Theorem 3.1.
Therefore, T has a unique fixed point z € X.
We show that z, — z.
Suppose ||z —z,, u| > 0 forall n e N.
Consider
Iz = zp ul =172 = Tyzp, ull < |72 = Tz, w [+ Tz = Tz, u |,
that is,
2=z | =1 T2 = Tz, u ||| < | Tz = Tz, ue |
and y is a nondecreasing function, we have
V(2 = zpo wll =172 = Tz, w|[) < Wl Tz = Tz, )

< \V(Mn(za Zn)) - ¢(Mn(za Zn))
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taking limit as » — oo, we get
Wl z =z ul) < WM, (2 2,)) = 6(M (2. 2,,))
= (2 =z u ) = 6l 2 = 2. u]),
it is a contradiction, therefore we conclude that z, — z. |

Theorem 3.4. Let X be a linear 2-Banach space. Let {T,} be a sequence
of self-mappings defined on X satisfying
v Tix = Ty, u ) < w(M(x, ) - o(M(x, y))

foralli,jand i # j,

M(x, y)
| v=Tyy,ull+]y-Tw u
=l gl = T =Ty | LT
where

(i) v :[0,0) = [0, ) is a continuous monotone nondecreasing function
with y(t) = 0 ifand only if t = 0.

(i) ¢:[0, ) — [0, ) is a continuous function with §(t) =0 if and
only if t = 0.
Then T,, has a unique common fixed point.

Proof. Let x be any element in X and let x, = 7,,(x,_;). Substituting
i=nand j=n+1, weget

Wl X = X1, w [)

= \V(” Tn(xn—l) - Tn+1(xn)a u ")

o G EAEE A N PN ACHD W N AR ARCA N

[ -1 = Ty ] + 1| ¥ = T Ot IID
2
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~o{max{ s = 5 s = TGy = T )

[ X1 = Ty [+ 11 X0 = T Oxpt)s IID
2

< \y(max{" Xt = Xps 1|5 | Xy = Xpps1s 105 | x,-1 —2xn+1, u ||})

< w(max{] x, 1 = x|, [ % = 10 u[[})-
Suppose
max{] x,_1 = % 1 [ [ % = s [} = 2 = 10 )

Then \V(” Xn = Xp+lo U ”) < \V(" Xn = Xp+l U ”) - ¢(" Xp = Xptl U ”) It is a

contradiction since ¢ is nondecreasing and | x,, — x,,,1, u || > 0.

Therefore, max{|| x,_; — x,., u |, | x, = X1, u |} = | x,—1 — X, u| and

{ll x,—1 = x,,, u||} is a decreasing and bounded below sequence in X.

Therefore, it converges to some / > 0 but we can prove that / = 0. As in

the theorem, we can prove that {x,} is a Cauchy sequence in X. Since X is a
2-Banach space, {x,} converges to a point z € X. We will show that z is
the common fixed point of 7,, for each m. Suppose z is not the common

fixed point. Then | 7,,(z) — z, u | > 0. Consider
\V(” TmZ ~Xntl U ”) = \V(" TmZ - Tn+1(xn)’ u ”)
< y(M(z, x,)) = &Mz, x,)),

where

Mz ) = max{ |5, = 2 = Ty | 2 = T2

| xn = Tz, wl 112 = Ty () ull}
2
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s | Xn — Xn+ls U "’ ”Z _Tm(z)a ui,

= rnax{” Xy —Z, U

[xn = Tz w112 = g1, v II}
7 .

Taking limit as n — oo, we get

lim M(z, x,) =|z-T,(z), u|,

n—o
V(| z = Tz, ul) < wll z = Tz, u ) = 8 2 = Tz, ), )
itis a contradiction, therefore 7,,z = z for all m. O
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