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Abstract 

In this paper, we obtain the strong convergence of a kind of Ishikawa 
type iterative scheme with errors to a common fixed point of a finite 
family of iI -asymptotically quasi-nonexpansive mappings in convex 

metric spaces. Our results improve and extend the corresponding 
results of Temir [8], Thianwan [9], and Khan and Ahmed [5]. 

1. Introduction and Preliminaries 

Let ( )dX ,  be a metric space and C be a nonempty closed convex subset 

of X. Let T be a self-mapping of C. Then T is said to be asymptotically 
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nonexpansive if there exists [ )∞∈ ,0nv  with ,0lim =∞→ nn v  such that 

( ) ( ) ( ) .,,,1, CyxyxdvyTxTd n
nn ∈∀+≤  

Let ( ) { };: xTxXxTF =∈=  if ( ) ,∅≠TF  then T is called asymptotically 

quasi-nonexpansive if there exists [ )∞∈ ,0nv  with ,0lim =∞→ nn v  such 

that 

( ) ( ) ( ) ( ).,,,1, TFpCxpxdvpxTd n
n ∈∈∀+≤  

Furthermore, it is I-asymptotically quasi-nonexpansive if there exists 
sequence { } [ )∞⊂ ,0nv  with 0lim =∞→ nn v  such that 

( ) ( ) ( ) ( ),,,,1, TFpCxpxIdvpxTd n
n

n ∈∈∀+≤  

where CCI →:  is asymptotically nonexpansive mappings with { } ⊂nu  

[ ).,0 ∞  

Remark 1.1 (See [11]). From above definitions, it is easy to see that            
if ( )TF  is nonempty, then an asymptotically nonexpansive must be 

asymptotically quasi-nonexpansive. But the converse does not hold. 

In 1970, Takahashi [7] introduced initially a notion of convex metric 
space and studied the fixed point theorems for nonexpansive mappings. The 
convex metric space is a more general space and each normed linear space is 
a special example of a convex metric space. But there are many examples of 
convex metric spaces which are not embedded in any normed linear space 
(see [7]). Later on, some authors discussed the existence of fixed points and 
the convergence of the iterative processes for nonexpansive mappings in 
convex metric spaces (see, for example, [11]). 

There are a number of results on fixed points of asymptotically 
nonexpansive and asymptotically quasi-nonexpansive mappings in Banach 
spaces and metric spaces. For example, the strong and weak convergences of 
the sequence of certain iterates to a fixed point of asymptotically quasi-
nonexpansive mappings were studied by Schu [6]. Subsequently, Tian [10] 
gave some sufficient and necessary conditions for an Ishikawa iteration 
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process of asymptotically quasi-nonexpansive mappings to converge to a 
fixed point in convex metric spaces. Recently, Wang and Liu [11] gave some 
results for an Ishikawa type iteration process with errors to approximate a 
fixed point of two uniformly quasi-Lipschitzian mappings in generalized 
convex metric spaces. Temir [8] gave some sufficiency and necessary 
conditions for implicit iteration process to approximate a fixed point of a 
finite family of I-asymptotically nonexpansive mappings in uniformly 
convex Banach spaces. Moreover, Thianwan [9] investigated the 
convergence of fixed point of projection type Ishikawa iteration for two 
asymptotically nonexpansive mappings in uniformly convex Banach spaces. 

Inspired and motivated by the above mentioned works, in this paper, we 
study the Ishikawa type iteration process with errors to approximate common 
fixed point for a finite family of iI -asymptotically nonexpansive mappings, 

and obtain the strong convergence theorems for such mappings in convex 
metric spaces. 

We restate the following definitions and lemmas: 

Definition 1.2 [10]. Let ( )dX ,  be a metric space, [ ],1,0=K  and 

{ } { } { }nnn cba ,,  be real sequences in [ ]1,0  with ( ).1,1 ≥=++ ncba nnn  

A mapping XKXw →× 33:  is said to be a convex structure on X, if for 

any ( ) 33,,,,, KXcbazyx nnn ×∈  and ,Xu ∈  the following inequality 

holds: 

( )( ) ( ) ( ) ( ).,,,,,,,,, uzdcuydbuxdaucbazyxwd nnnnnn ++≤  

If ( )dX ,  is a metric space with convex structure w, then ( )dX ,  is called a 

convex metric space. Moreover, a nonempty subset C of X is said to be 

convex if ( ) ,,,,,, Ccbazyxw nnn ∈  for all ( ) .,,,,, 33 KCcbazyx nnn ×∈  

Definition 1.3. Let ( )dX ,  be a metric space with a convex structure 

.: 33 XKXw →×  Let { } ii TNiXXT ,...,,1,: ∈→  be iI -asymptotically 

quasi-nonexpansive mappings, iI  be asymptotically nonexpansive mappings. 
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Define an iterative scheme { }nx  as follows: 

( ( )
( ) ),,,,,,1 nnnnn
nk

ninn cbalyIywx =+  

( ( )
( ) ) ,1,,,,,, ≥′′′= ncbarxTxwy nnnnn
nk

ninn  (1.1) 

where { } { } { } { } { } { }nnnnnn cbacba ′′′ ,,,,,  are real sequences in ( )1,0  with  

( )( ) ( ) ( ) { }....,,1,1,1 NniniNnkncbacba nnnnnn ∈+−==′+′+′=++  

{ },nl  { }nr  are two sequences in X for ....,2,1,0=n  Then { }nx  is called 

the Ishikawa type iteration process with errors for a finite family of 

iI -asymptotically nonexpansive mappings .iT  

Lemma 1.4 [1]. Let { } { } { }nnn γβα ,,  and { }nμ  be four nonnegative 

real sequences satisfying ( ) ( ) ,111 nnnnn β+αμ+γ+≤α +  for all .1≥n  If 

∑ ∑∞
=

∞
= ∞<γ∞<μ1 1,n n nn  and ∑∞

= ∞<β1 ,n n  then nn α∞→lim  exists. 

2. Main Results 

Lemma 2.1. Let X be a convex metric space with convex structure w, C 
be a nonempty closed convex subset of X, { }{ } CCNiTi →∈ :...,,2,1:  be 

N iI -asymptotically quasi-nonexpansive mappings with sequences { } ⊂inv  

[ )∞,0  such that ∑∞
= =∞<1 ,...,,2,1,n in Niv  and let { }{ } :...,,1: NiIi ∈  

CC →  be N asymptotically nonexpansive mappings with { } [ )∞⊂ ,0inu  

such that ∑∞
= =∞<1 ,...,,2,1,n in Niu  and ( ) ( ).1 ii

N
i IFTFF ∩∩ ==  The 

Ishikawa type iteration sequence { }nx  is generated by (1.1), in which { }nl  

and { }nr  are two bounded sequences. If ∅≠F  and ( )∑∞
= ∞<′+1 ,n nn cc  

then 

(1) F is closed; 

(2) ( )pxd nn ,lim ∞→  exists for any .Fp ∈  



Convergence of a General Iterative Scheme for a Finite Family … 23 

Proof. (1) Let { } Fn ⊂ξ  be such that xn →ξ  as .∞→n  In addition, 

for { },...,,2,1 Ni ∈∀  

( ) ( ) ( ) ( ) ( ).,1,,, 11 xdvuxdxTdxxTd niinnii ξ+≤ξ+ξ≤  

This implies that .xxTi =  By the same way, we can get that ( ).iIFx ∈  So, 

x is a common fixed point of iT  and .iI  Thus, F is a closed set. 

(2) Let { },...,,,max 21 Nnnnn uuuu =  { }....,,,max 21 Nnnnn vvvv =  So, 

we have that { } { } [ )∞⊂ ,0, nn vu  satisfy .0lim,0lim == ∞→∞→ nnnn vu  

For any ,Fp ∈  we have 

( ) ( ( ( )
( ) ) )pcbalyIywdpxd nnnnn
nk

ninn ,,,,,,,1 =+  

 ( ) ( ( )
( ) ) ( )pldcpyIdbpyda nnn
nk

ninnn ,,, ++≤  

 ( ) ( ) ( )pldcpyduba nnnnnn ,,1 +++≤  

 ( ) ( ) ( ),,,1 pldcpydub nnnnn ++≤  (2.1) 

( ) ( ( ( )
( ) ) )pcbarxTxwdpyd nnnnn
nk

ninn ,,,,,,, ′′′=  

 ( ) ( ( )
( ) ) ( )prdcpxTdbpxda nnn
nk

ninnn ,,, ′+′+′≤  

 ( ) ( ) ( ) ( ) ( )prdcpxdvuvubpxdba nnnnnnnnnnn ,,, ′+++′+′+′≤  

 ( )( ) ( ) ( ).,,1 prdcpxdvuvub nnnnnnnn ′+++′+≤  (2.2) 

For all ,Fp ∈  we have from (2.1) and (2.2) that 

 ( ) ( ) ( ) ( )pldcpydubpxd nnnnnn ,,1,1 ++≤+  

( ) ( ) ( ) ( ) ,1,11 Mupxd nnnnn γ++β+α+≤  (2.3) 

where ,nnn ub=α  ( ),nnnnnn vuvub ++′=β  ,nnn cc ′+=γ  and =M  

( ) ( )( ).,,sup 0, prdpld nnnFp +≥∈  
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Notice that ,0lim =∞→ nn u  ,0lim =∞→ nn v  ( )∑∞
= ∞<′+1 ,n nn cc  we 

have that .0limlimlim =γ=β=α ∞→∞→∞→ nnnnnn  

By Lemma 1.4, ( )pxd nn ,lim ∞→  exists for each .Fp ∈  The proof is 

completed. 

Theorem 2.2. Let X be a convex metric space with convex structure w, C 
be a nonempty closed convex subset of X, { }{ } CCNiTi →∈ :...,,2,1:  be 

N iI -asymptotically quasi-nonexpansive mappings with sequences { } ⊂inv  

[ )∞,0  such that ∑∞
= ∞<1 ,n inv  ,...,,2,1 Ni =  and { }{ } :...,,1: NiIi ∈  

CC →  be N asymptotically nonexpansive mappings with { } [ )∞⊂ ,0inu  

such that ∑∞
= ∞<1 ,n inu  ,...,,2,1 Ni =  and ( ) ( ).1 ii

N
i IFTFF ∩∩ ==  The 

Ishikawa type iteration sequence { }nx  is generated by (1.1), in which { }nl  

and { }nr  are two bounded sequences. If ∅≠F  and ( )∑∞
= ∞<′+1 ,n nn cc  

then { }nx  converges strongly to a common fixed point in F if and only if 

( ) ,0,inflim =∞→ Fxd nn  where ( ) ( ){ }.:,inf, FppxdFxd ∈=  

Proof. The necessity of the conditions is obvious. Thus, we will only 
prove the sufficiency. 

By Lemma 2.1, ( )pxd nn ,lim ∞→  exists for each .Fp ∈  Hence, (2.3) 

and Lemma 1.4 guarantee that ( )Fxd nn ,lim ∞→  exists and by the hypothesis 

( ) ,0,inflim =∞→ Fxd nn  we have ( ) .0,lim =∞→ Fxd nn  

For any given ,0>ε  since ( ) ,0,lim =∞→ Fxd nn  there exists natural 

number 1N  such that when ( ) .3,,1
ε<≥ FxdNn n  Thus, there exists Fx ∈∗  

such that for above ε there exists positive integer 12 NN ≥  such that as 

( ) .2,,2
ε<≥ ∗xxdNn n  
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Now for arbitrary ,, 2Nmn ≥  we have ( ) ( ) +≤ ∗xxdxxd nmn ,,  

( ) ., ε<∗xxd m  This implies that { }nx  is a Cauchy sequence in C, therefore 

it converges to a point, say .Cp ∈  And ( ) 0,lim =∞→ Fxd nn  gives that 

( ) .0, =Fpd  By Lemma 2.1, we know that F is closed. Thus .Fp ∈  The 

proof is completed. 

Let IIi =  and TTi =  for ...,,2,1=i  where CCT →:  is an 

I-asymptotically quasi-nonexpansive mapping and I is an asymptotically 
nonexpansive mapping. Then Theorem 2.2 reduces to the following 
corollary. 

Corollary 2.3. Let C, X be same as in Theorem 2.2. Then CCT →:  is 
I-asymptotically quasi-nonexpansive mapping with sequences { } [ )∞⊂ ,0nv  

such that ∑∞
= ∞<1n nv  and CCI →:  is asymptotically nonexpansive 

mapping with { } [ )∞⊂ ,0nu  such that ∑∞
= ∞<1n nu  and ( )TFF N

i 1== ∩  

( ).IF∩  Let { }nx  be the Ishikawa type iteration process defined as follows: 

( ),,,,,,1 nnnnn
n

nn cbalyIywx =+  

( ) ,1,,,,,, ≥′′′= ncbarxTxwy nnnnn
n

nn  (2.4) 

where { } { } { } { } { } { }nnnnnn cbacba ′′′ ,,,,,  are real sequences in ( )1,0  with 

.1=′+′+′=++ nnnnnn cbacba  If ∅≠F  and ( )∑∞
= ∞<′+1 ,n nn cc  { }nl  

and { }nr  are two bounded sequences. Then { }nx  converges strongly to a 

common fixed point in F if and only if ( ) ,0,inflim =∞→ Fxd nn  where 

( ) ( ){ }.:,inf, FppxdFxd ∈=  

Remark 2.4. Since each convex subset of a Banach space is a convex 
metric space, therefore, Theorem 2.3, Theorem 2.4 of Thiawan [9] are special 
cases of Theorem 2.2. And Theorem 3.3 of Temir [8] and Theorem 2.1 of 
Khan and Ahmed [5] are improved and extended by the above theorem. 
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3. Applications 

In this section, we apply Theorem 2.2 to obtain some convergence 
theorems for scheme (1.1). 

Theorem 3.1. Let C, F, { } { }ni xT ,  be same as in Theorem 2.2. Suppose 

that there exists a map jT  which satisfies the following conditions: (1) 

( ) ;0,inflim =∞→ njnn xTxd  (2) there exists a function [ ) [ )∞→∞ϕ ,0,0:  

which is right continuous at 0, ( ) 00 =ϕ  and ( ( )) ( )FxdxTxd nnjn ,, ≥ϕ  for 

all n. Then the sequence { }nx  converges to a common fixed point in F. 

Proof. Conditions (1) and (2) yield that 

( ) ( ( ))njnnnn xTxdFxd ,inflim,inflim ϕ≤ ∞→∞→  

 ( ( )) ( ) ,00,inflim =ϕ=ϕ= ∞→ njnn xTxd  

i.e., ( ) .0,inflim =∞→ Fxd nn  By Theorem 2.2, { }nx  converges to a common 

fixed point in F. 

Remark 3.2. Theorem 3.2 in [4], Theorem 3.2 of Khan and Ahmed [5] 
are special cases of Theorem 3.1 by suitably choosing the spaces, the 
iterative scheme and the mappings. 

Beg and Azam [1], Deng and Ding [2] discussed fixed points of 
nonexpansive type mappings on star-shaped subsets of convex metric spaces. 
Since then, some authors [9] studied fixed points problems on star-shaped 
convex metric spaces. 

Definition 3.3. Let ( )dX ,  be a metric space, [ ] pK ,1,0=  be a fixed 

element of X. { } { } { }nnn cba ,,  real sequences in [ ]1,0  with ,1=++ nnn cba  

( ).1≥n  A p-star-shaped structure in X is a mapping XKXw →× 33:  is 

said to be a convex structure on X, if for any ( ) 33,,,,, KXcbazyx nnn ×∈  
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and ,Xu ∈  the following inequality holds: 

( ( ) ) ( ) ( ) ( ).,,,,,,,,, pzdcpydbpxdapcbazyxwd nnnnnn ++≤  

A metric space together with a p-star-shaped structure is called a p-star-
shaped metric space. Clearly, a p-star-shaped metric space is a convex metric 
space, but the converse is not true. 

Theorem 3.4. Let X be a p-star-shaped metric space, C, F, { },iT  { }nx         

be same as in Theorem 2.2 and ( )∑∞
= ∞<′+1 .n nn bb  Then { }nx  converges 

strongly to a common fixed point in F if and only if ( )Fxd nn ,inflim ∞→  

,0=  where ( ) ( ){ }.:,inf, FppxdFxd ∈=  

Proof. For a fixed element Xp ∈  and any .Fq ∈  Let =nu   

{ },...,,,max 21 Nnnn uuu  { }....,,,max 21 Nnnnn vvvv =  So, we have that 

{ } { } [ )∞⊂ ,0, nn vu  satisfy ,0lim,0lim == ∞→∞→ nnnn vu  

( ) ( ( ( )
( ) ) )pcbalyIywdpxd nnnnn
nk

ninn ,,,,,,,1 =+  

 ( ) ( ( )
( ) ) ( ) ( )pqdbpldcqyIdbpyda nnnn
nk

ninnn ,,,, +++≤  

 ( ) ( ) ( ) ( ) ( )pqdubpldcpyduba nnnnnnnn ,2,,1 +++++≤  

 ( ) ( ) ( ) ( ) ( ),,2,,1 pqdubpldcpydub nnnnnnn ++++≤  (3.1) 

( ) ( ( ( )
( ) ) )pcbarxTxwdpyd nnnnn
nk

ninn ,,,,,,, ′′′=  

 ( ) ( ( )
( ) ) ( ) ( )pqdbprdcqxTdbpxda nnnn
nk

ninnn ,,,, ′+′+′+′≤  

 ( ) ( ) ( ) ( ) ( )prdcqxdvubpxda nnnnnnnn ,,11, ′+++′+′≤  

( ) ( )pqdvuvub nnnnn ,2 +++′+  
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 ( )( ) ( ) ( )prdcpxdvuvub nnnnnnnn ,,1 ′+++′+≤  

( ) ( ).,2 pqdvuvub nnnnn +++′+  (3.2) 

For all ,Fq ∈  we have from (3.1) and (3.2) that 

( ) ( ) ( ) ( ) ( ) ( )pqdubpldcpydubpxd nnnnnnnn ,2,,1,1 ++++≤+  

( )( ) ( ) ( )( ) ( ) ,1,11 nnnnnnnnn bbMccupxd γ′++′+++β+α+≤  

 (3.3) 

where ( ) ( )( )nnnnnnnnnnnnnnn vuvuuvuvubub ++++=γ++′=β=α 21,,  

and ( ) ( )( ).,,sup 0, prdpldM nnnFp += ≥∈  

Notice that ,0lim =∞→ nn u  ,0lim =∞→ nn v  ( )∑∞
= ∞<′+1 ,n nn cc  

( )∑∞
= ∞<′+1 ,n nn bb  for all ,N∈n  we have that =α∞→ nnlim  

.0lim =β∞→ nn  

By Lemma 1.4, ( )pxd nn ,lim ∞→  exists for the fixed element .Xp ∈  

Hence, ( )qxd nn ,lim ∞→  exists for each .Fq ∈  

The necessity of the conditions is obvious. Thus, we will only prove the 
sufficiency. 

Since ( )qxd nn ,lim ∞→  exists for each .Fq ∈  Hence, (3.3) and 

Lemma  1.4 imply that ( )Fxd nn ,lim ∞→  exists, and by the hypothesis 

( ) ,0,inflim =∞→ Fxd nn  we have ( ) .0,lim =∞→ Fxd nn  

As the proof in Theorem 2.2, we may show that { }nx  is a Cauchy 

sequence in C, therefore it converges to a point, say .Cp ∈′  And 

( ) 0,lim =∞→ Fxd nn  gives that ( ) .0, =′ Fpd  By Lemma 2.1, we know 

that F is closed. Thus .Fp ∈′  The proof is completed. 

Remark 3.5. Theorem 1 in [2] is special cases of Theorem 3.4 by 
suitably choosing the iterative scheme and the mappings. 
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