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Abstract

Let A be a row first-plus-last right circulant matrix and C be a row
first-plus-last left circulant matrix whose first rows are

(R, Fy, .., Fy) and (L, Ly, ..., L), respectively, where F, is the

Fibonacci number and L, is the Lucas number. In this paper, by using

the inverse factorization of polynomial of degree n, the explicit
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determinants of matrices A and C are expressed by utilizing only the

Fibonacci and Lucas numbers.

1. Introduction

The Fibonacci and Lucas sequences [12] are defined by the following
recurrence relations, respectively,

Fas1 = Fn + Fp_y, where Fy =0, F =1,
I-n+1 = Ln + Ln—la where LO =2, L1 =1.
The first few values of the sequences are given by the following table
(n>0):
n 012345 6 7 8 9

F, 0 1 1 2 3 5 8 13 21 34
L, 2 1 3 4 7 11 18 29 47 76

The sequences {F,}, {L,,} are given by the Binet formulae

and

Ly = o™ +B",
where o and B are the roots of the characteristic equation x2—x—-1=0.

Definition 1 [4]. A row first-plus-last right (RFPLR) circulant matrix
with the first row (a;, @, ..., &), denoted by RFPLRcircfr(a;, a,, ..., a,),

is meant a square matrix of the form

& a an—1 an

a dta, an-1
M:=|: a,+a,.; &

a3 : a

a a+ay - ay+any a4 +ay)g,
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If the first row of a RFPLR circulant matrix is (F, F, ..., F), then the
matrix is called Fibonacci RFPLR circulant matrix. Similarly, if the first row
of a RFPLR circulant matrix is (L, Ly, ..., L), then the matrix is called
Lucas RFPLR circulant matrix.

Note that the RFPLR circulant matrix is an X" — x — 1 circulant matrix
[2], and that is neither the extension of circulant matrix [6] nor its special
case and they are two different kinds of special matrices. Moreover, it is a
FLS r-circulant matrix [4] when r =1, and is a ULS r-circulant matrix [14]

when r = 1.

We define ©(; 1) as the basic RFPLR circulant matrix, that is,

01 0 0
O, =|: L0 = RFPLRcircfr(0, 1, 0, ..., 0).
0 0 1
1 1 0 O nxn

It is easily verified that g(x) = x" — x —1 has no repeated roots in its
splitting field and g(x) = x" — x —1 is both the minimal polynomial and
the characteristic polynomial of the matrix ©( ). In addition, © ) is
nonderogatory and satisfies ®(jl )= RFPLRcircfr(0, ..., 0, 1, 0, ..., 0) and

b %{_/ f
] n-J-

®?1 )= In + ©(1,1)- Then a matrix A can be written in the form

n .
A= 1) = Zai(ah‘,ll) (1)
i=1

if and only if A is a RFPLR circulant matrix, where the polynomial
f(x) = zinzl aixi_1 is called the representer of the RFPLR circulant matrix

A.
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Definition 2 [4]. A row first-plus-last left (RFPLL) circulant matrix with
the first row (@, @y, ..., a,), denoted by RFPLLcircfr(a, ay, ..., a,), is

meant a square matrix of the form

a & an-1 an
a as a; + 4 a
N =
-1 G t+a - A2 ta3 2
at+a, ap+a -+ aAy_1t+ap_2 Ay nxn

If the first row of a RFPLL circulant matrix is (Fj, F5, ..., F), then the

matrix is called Fibonacci RFPLL circulant matrix. Similarly, if the first row
of a RFPLL circulant matrix is (L, Ly, ..., L), then the matrix is called

Lucas RFPLL circulant matrix.

Lemma 1[14]. Let A = RFPLRcircfr(a;, a,, ..., a,). Then we have

7\,i = f(Si) = Zajslj_l

and

det A = f[zn:ajslj_l,

i=1 j=1
where g; (i =1, 2, ..., n) are the roots of the equation
X" —x-1=0. )

Recently, there are many interests in properties and generalization of
some special matrices with famous numbers. Jaiswal evaluated some
determinants of circulant whose elements are the generalized Fibonacci
numbers [3]. Lin gave the determinant of the Fibonacci-Lucas quasi-cyclic
matrices [8]. Lind presented the determinants of circulant and skew-circulant
involving Fibonacci numbers in [9]. Shen et al. [12] discussed the
determinant of circulant matrix involving Fibonacci and Lucas numbers.
Akbulak and Bozkurt [1] gave the norms of Toeplitz involving Fibonacci and
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Lucas numbers. The authors [7, 11] discussed some properties of Fibonacci
and Lucas matrices. Melham [10] gave some formulae involving Fibonacci
and Pell numbers. Stanimirovi¢ et al. gave generalized Fibonacci and Lucas
matrix in [13]. Zhang and Zhang [15] investigated the Lucas matrix and
some combinatorial identities. In this paper, we define matrices of forms:
A = RFPLRcircfi(ay, a, ..., ay) and C = RFPLLcircfr (a, ay, ..., a,) are

nx n matrices whose first rows are (F, F,, ..., Fy) and (L, Ly, ..., L),

respectively, by using the inverse factorization of polynomial of degree n, the
explicit determinants of these matrices are given only by the Fibonacci and
Lucas numbers.

2. Determinant of the Fibonacci RFPLR Circulant
and Fibonacci RFPLL Circulant Matrix

Lemma 2.
TTO ez €0 = y" + Xy + )~ yl(@o™ + ")
i=1
— (@)™ + (bx)"] + x",

where

Qo 22 —dxy

2X ’

b= z—\/22—4xy

2X ’
and g; (i =1, 2, ..., n) satisfy equation (2), X, ¥, z € R, x # 0.

Proof.

H(y—siz + gizx) = x”l}(s? —ési +%) = X”H(si —-a)(gj —b)

= XnH(a—Si)(b - &),
il
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where

a+b=£, ab:l,
X X

_ z+\/zz—4xy b= z—\/zz—4xy.

2X ’ 2X

By the ¢; (i =1, 2, ..., n) satisfy equation (2), we have

x”—x—lzﬁ(x—si).
i=1

So

n
H(y — & +&7X)
i=1

x"@" -a-1)(b" -b-1)

x"[(ab)" + ab —ab(@" ' +b" ) + (a+b) = (@" +b")+1]

+—+£—%(a”_1 +b" @ +b") +1

Il
<
>
| —
VR
= <
N—
pm
< <
o

= y" X"y + 2) = y[@)" ! + (0x)" ] = [(ax)" + (bx)"] + X"

Theorem 1. Let A = RFPLRcircfr(F, Fs, ..., Fy). Then

det A = (1= Fns)" + (Fagr — 1)(g1n—1 + hln_l) - (o +h") + (_Fn)n_1

1-Lpy + (_l)n_l

where

2
_ Fne2 + VR 4R,

gl_ 2 ’

2
h = Fni2 —vVFi1 +4F, ‘

B 2
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Proof. From Lemma 1, the determinant of A is

n
det A= [ J(F + Fogi + -+ Fgl ™)
i=1

n o-p OL2—B2 (xn—Bn B
ZQ(Q—V TR R 1]

2

n 2
_ H (A= Far) —&i(Fogg + Fo) + 5 (_Fn).
i=1 1—8i — &j

According to Lemma 2, we can get

(1- I:n-rl)n +(=Fq )n_l(l +Fy) - (- Fn+1)(gln_1 + hln_l)

n n n
det A — —(9r +h)+(=Fy) 1
1= Lysy + (D"

_ (1 =F)" + (Fuag - D(gf "+ — (g + ) + (-Fy)"! .
I=Ln + (_1)n_1

Using the method in Theorem 1 similarly, we also have

Theorem 2. Let B = RFPLRcircfr(F,, Fy_;, ..., ). Then

det B = (=F)" + Fn(gg_l + hg—l)_(gg +h3)+ Foy
()" = Lyp +1

where

2
g, = Fn _1+\/(Fn+1 —1)" +4F,
2 = 2 )

2
hy — Pt _1_\/(Fn+1 - )" +4F,
2 2 .
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Theorem 3. Let C = RFPLLcircfr(F, Fs, ..., F). Then

derc - CF) + Fa(@3 ) (9 + 8) 4 Fyy it
(D" =Ly, +1

where

2
g, = Fn _1+\/(Fn+1 —-1)" +4F,
2 = 2 5

2
hy = Fns1 _1_\/(Fn+1 —-1)" +4F,
2 = 2 .

Proof. The matrix C can be written as

F Fr Fn_1 Fn
F2 F3 Fl + Fn Fl
C = . . . .
Foor R+FR o Fio+FRi3 Ry
F+F R+FR o R +Fy R
Fq Fr-1 F, FH 0 0 0 1
Fl Fn + Fl F3 F2 0 0 1 0
Fn_2 Fn_3 + Fn_2 Fn + Fl Fn—l 0 1 0 0
Fn—l Fn_2 + Fn—l Fl + F2 Fn + Fl 1 0 0 0
= BTI.

Hence, we have
detC = detBdetI,

where B = RFPLRcircfr(F,, Fy_j, ..., F{), and its determinant is obtained

from Theorem 2,

detB = (_Fn)n + Fn(gg_l + hg_l) _ (gg + hg) + Fn—l
D" - Ly +1
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where

2 2
_ R -1+ \/(Fn+l —-1)” +4F, h, — Fnt1 _1_\/(Fn+1 -1)” +4F,
g2 - 2 s 1D = D) .

In addition,

n(n-1)

detT" = (-1)

So
(F)" + Fa(@d ! + W) (g +h)) + Ry (_1)”(”{”
()" = Lyp +1 ‘

detC =

3. Determinant of the Lucas RFPLR Circulant and
Lucas RFPLL Circulant Matrix

Theorem 4. Let A = RFPLRcircfr(L;, L,, ..., L,). Then

(1- Ln+1)n +(Lngr — 1)(9_?_1 + h3n_1) - (92 + h_’?)
+3(-L)" "+ 2(-Lp)"
=Ly + (_1)n_1

det A =

where

2
_ Lo +2+ \/(Ln+2 +2)" —4ln(Lyy - 1)

-2L, ’
hy = Lnyo +2 - \/(Ln+2 +2)° 4L n(ln1 — 1)
3 2L,
Proof. From Lemma 1, we have
det A = 1_[(|_1 + Logj +-+ Lpel™)

i=1

H[(a +B)+ (0 + B + -+ (" + B ]

- (1= Lnyy) = (Lpyp +2)gi - I—ngiz .

2
il I—¢ —¢
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According Lemma 2, we get

(1- I—n+1)n +(Lpyp — 1)(92_1 + h3n_1) - (9:? + h3n)
+ (3= Ly)(L)" + (-Ly)"

det A = ]
1= Ly + (D"

(1= Loy)" + (Lpyr — D (08" + )~ (gf +hi)
+3(-L, )n—l +2(-L, )n
=Ly + (_l)n_l

where

2
g3 = Ln+2 +2+\/(|—n+2 +2)" - 4Ly (Lpyy - 1)
3 2L, ’

2
hy = Lnio +2- \/(Ln+2 +2)" — 4Ly (Lpyy —1)
L, '

Using the method in Theorem 4 similarly, we also have

Theorem 5. Let B = RFPLRcircfr(L,, Ly_q, ..., Ly). Then

g 2oL (L= 2@ + ) (g7 h) ¢ Ly
(_l)n —Lhy+1

where

2
Lo =3+ (Lo =3 +4(Ly - 2)
2 b

2
hy = Ln+1 _3_\/(|—n+1 -3)" +4(Ly - 2)
4 3 :

Theorem 6. Let C = RFPLLcircfr(L, Ly, ..., L,). Then

detC = 2-Ly)" +(Lh-2)(@8 " +hi ™) = (gf +h)+ Ly (_l)n(nz—l)
(_l)n - Ln_2 +1
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where

2
g, = et =3 (Lt =3 + 4Ly -2)
4 — B} ’

h, = Lhe1 =3 - \/(I—n+1 _3)2 +4(L, - 2)

Proof. The matrix C can be written as

L, L - Loy L,
L, L, - L+l L
C - : : . :
Lot Ltk o Lo+t b Ly
L+L, L+L - Lig+Ly2 Ly
L, Ly L L Y0 0 - 0 1
L, Li+h L L [0 0 1 0
Lio Lys+Llyo - Lo+l Loy [|[0 1 0 - 0
Loy Lys+Llog — L+bh L+t 0o 0 - 0
= BI.

Thus, we have

detC = detBdetT,
which matrix B = RFPLRcirefr(L,, Ly_i, ..., L;) and its determinant can be
obtained from Theorem 5,

g 2oL (- 2@ + ) (g7 h) ¢ Ly
(_l)n —Lhp+1

where

2
L =3+ (L =3 + 4Ly - 2)
g4 - 2 )

2
h, = Lns1 _3_\/(Ln+1 -3)" + 4L, -2)
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In addition,

4
detll = (—l)n(nz ).

So the determinant of matrix C is

detC = detBdetI

[1]

(2]

[4]

(3]

(8]

[9]
[10]

[11]

2oL (2@ 1)~ (@] ) Ly O
(_l)n - Lo +1
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