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Abstract

Let 2L  denote the Bousfield localization functor with respect to the

second Johnson-Wilson spectrum E(2). A spectrum XL2  is called

invertible if there is a spectrum Y such that .0
22 SLYXL =∧  Then

Hovey and Sadofsky showed that every invertible spectrum is a

suspension of the sphere spectrum 0
2SL  if the prime p is greater than

three. At the prime three, Kamiya and the second author constructed an

invertible spectrum P other than a suspension of ,0
2SL  and showed a

possibility of existence of another invertible spectrum Q such that every

invertible spectrum has a form qpk QP ∧∧ ∧∑  for integers Z∈k

and ,3, Z∈qp  where 0
2SLXXX =∧∧  for ., QPX =  In this

paper, we consider the homotopy groups of the invertible spectrum Q

under the assumption that Q exists, and determine the homotopy
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groups ( ( ))1VQ q ∧π ∧
∗  and ( ( ))1VQP qp ∧∧π ∧∧

∗  for the Smith-Toda

spectrum V(1). The results make the authors conjecture that Q does not

exist.

1. Introduction

Let pS  for a prime number p and nL  for an integer 0≥n  denote the

category of p-local spectra and its full subcategory of ( )nE -local spectra,

respectively, and npnL LS →:  be the Bousfield localization functor with

respect to ( ),nE  where ( )nE  denotes the Johnson-Wilson spectrum with

the homotopy groups ( )( ) ( ) ( )[ ].,...,, 1
11

±
−∗∗ ==π nnp vvvnEnE Z  We call a

spectrum nX L∈  invertible if there exists a spectrum nY L∈  such that

.0SLYX n=∧  Hopkins introduced the Picard group ( ) ( )nn LPicPic =

consisting of isomorphism classes of invertible spectra in nL  with

multiplication defined by the smash product. Then in [5] (cf. [4]), it is
shown by Hovey and Sadofsky that ( )nPic  is a well defined abelian group,

that ( ) Z≅nPic  if 222 −<+ pnn  and that ( ) 2Pic 1 ZZ ⊕≅  at the

prime 2. Note that suspensions 0SLn
k∑  of the sphere spectrum for

Z∈k  form a subgroup of ( )nPic  isomorphic to Z.

Let ( )XE ts
r

,  denote the rE -term of the Adams-Novikov spectral

sequence converging to ( ).XLn∗π  Then Kamiya and the second author [8]

constructed a monomorphism

( ) ( ) .Pic: 01,

2
TSE rr

r
r

n =⊂ϕ −

≥
⊕Z (1.1)

In particular, it is well known that 0=T  if 222 −<+ pnn  and

( ) 202,3
3 Z== SET  if 1=n  and ,2=p  which imply the above results

of Hovey and Sadofsky’s. At the prime 3, ( ) 3304,5
5 ZZ ⊕== SET  by

[13] (cf. [14]). In [6], we determined the structure of the homotopy groups
( )( ),01 VQML ∧π∗  where ( )0V  denotes the mod 2 Moore spectrum, and

the question mark complex 31
2

0 eeSQM η= ∪∪  represents the
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generator of 2Z  in ( )1Pic  at the prime two. In this paper, we study

homotopy groups of an invertible spectrum in 2L  at the prime three. Let

α and β denote the generators of ( ) .3304,5
5 ZZ ⊕=SE  In [8], it is

shown that α is pulled back to an invertible spectrum P under the

monomorphism ϕ of (1.1). We determined the homotopy groups

( ( ))1VP p ∧π ∧
∗  for an integer 3Z∈p  in [6]. Here ( )1V  denotes the first

Smith-Toda spectrum, and nX ∧  denotes the n-fold smash product of X.

In [7], we also determined ( )pP ∧
∗π  for .3Z∈p  We further, in this

paper, assume the existence of an invertible spectrum Q such that

( ) .β=ϕ Q  Then ( ) .33Pic 2 ZZZ ⊕⊕≅  Note that 0
2SLQQQ =∧∧  by

the definition corresponding .03 =β  Since ( ( )) =∧∧ ∧∧∗∗ 1,
2 VQPE qp

( )( )1,
2 VE ∗∗  for integers ,3, Z∈qp  we can compute the homotopy groups

( ( ))1VQP qp ∧∧π ∧∧
∗  by studying the differentials ( )qpd ,5 g  and ( )qpd ,9 g

on the generator ( ( ))10,0
2, VQPE qp

qp ∧∧∈ ∧∧g  of the 2E -term.

We recall [11] (cf. [3], [10]) that the 2E -term ( )( )1,
2 VE ∗∗  is isomorphic,

as ( )∗2K -module, to the tensor product of ( ) [ ]102 bK ∗  and the direct sum of

( ) { },,,,12
~

111110 bhhKF ∗=

( ) { }2 2 10 2 11 2 11 22 , , , ,F K h h b∗ζ = ζ ζ ζ ζ

( ) { }0 1 112 , , ,F K b∗
∗= ξ ψ ψ ξ

and

( ) { }2 2 0 2 1 2 11 22 , , , .F K b∗
∗ζ = ξζ ψ ζ ψ ζ ξζ

Here ( ) [ ]1
232 ±

∗ = vK Z  and the bidegrees of generators are given as

( ),16,02 =v ( ),4,110 =h ( ),12,111 =h ( ),12,210 =b

( ),36,211 =b ( ),8,2=ξ ( )16,30 =ψ    and ( ).24,31 =ψ
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In order to describe the homotopy groups of the invertible spectrum qQ∧

for ,3Z∈q  we introduce some modules:

{ } { }
( )∑ ≡/

+− ⊕=
95,1,0 10

3
2311

2
22 ,

j
jj

q hvGhvGH

{ } { }
( )∑ ≡/

+− ζ⊕ζ=ζ
95,1,0 210

3
23211

2
222 ,

j
jj

q hvGhvGH

{ } { }
( )∑ ≡/

+−∗ ξ⊕ξ=
95,1,0

5
2311

1
22j

jj
q vGbvGH

{ } { }
( )

{ } { }
( )

{ } { }
( )













=ξζ⊕ξζ⊕

ξζ⊕ξζ

=ξζ⊕ξζ

=ζ

∑
∑
∑

≡
+−

≡
+−

≡/
+−

∗

2,1for

33

0for

97,6,2 2
5

23211
1

22

98,4,3 2
5

2211
1

2

95,1,0 2
5

23211
1

22

2

qvGbvG

vbv

qvGbvG

H

j
jj

j
jj

j
jj

q ZZ (1.2)

and

{ } { }
( )

{( ) ( ) }
( )








=

=⊕
=
∑
∑

≡
+

≡
+

,2,1for,

,0for

95,1,0
~

1011
3

2
~2

1023

95,1,0 11
3

2425

qbbvbvG

qbvGvG
I

j
jj

j
jj

q

{ } { }
( )∑ ≡

+ ζ⊕ζ=ζ
95,1,0 211

3
242252 ,

j
jj

q bvGvGI

{ } { }
( )∑ ≡

++∗ ψ⊕ψ=
95,1,0 1

6
250

2
24j

jj
q vGvGI

{ } { }
( )∑ ≡

++∗ ζψ⊕ζψ=ζ
95,1,0 21

6
2520

2
242 ,

j
jj

q vGvGI (1.3)

in which [ ] ( ).3 1010
k

k bbG Z=  Note that an element of the form ( )~10xb

is not divisible by .10b  Put

,qqq IHF ⊕= ,222 ζ⊕ζ=ζ qqq IHF

∗∗∗ ⊕= qqq IHF   and .222 ζ⊕ζ=ζ ∗∗∗
qqq IHF

Then ( ( ))1VQ q ∧π ∧
∗  for ,0=q  which is ( )( ),12VL∗π  is shown in [11] (cf.

[3], [1]) to be the direct sum of the four subgroups ,0F  ,20ζF  ,0
∗F  and

.20 ζ
∗F
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Theorem I. At the prime three, the homotopy groups ( ( ))1VQ q ∧π ∧
∗

for 3Z∈q  are isomorphic to the direct sum of the subgroups ,qF  ,2ζqF

∗
qF  and .2ζ

∗
qF

Note that this theorem shows an isomorphism ( ( )) ≅∧π ∧
∗ 11 VQ

( ( ))12 VQ ∧π ∧
∗  while ( ( )) ( ( )).11 10 VQVQ ∧π≅/∧π ∧

∗
∧

∗  This is the reason

why the authors are skeptical about the existence of Q, though the
authors of [2] seem to believe the existence.

Recall [6] the equivalence 3
2v  shown by determining the homotopy

groups of ( ).1VP p ∧∧

Theorem II [6]. There exists a homotopy equivalence ( )1: 2
483

2 VLv ∑

( ).1~ 1 VP ∧− ∧

Theorems I and II give rise to the homotopy groups of an invertible
spectrum in the E(2)-local category 2L  smashing with the Smith-Toda

spectrum V(1) at the prime 3. Indeed, each invertible spectrum has the

form qpk QP ∧∧ ∧∑  for integers Z∈k  and .3, Z∈qp

Corollary III. The homotopy groups ( ( ))1VQP qp ∧∧π ∧∧
∗  for

3, Z∈qp  are isomorphic to ( ( )).13
2 VQv qp ∧π ∧

∗

In Sections 2 and 3, we compute the differentials 5d  and ,9d  which

give us the 9E - and 13E -terms of the Adams-Novikov spectral sequence

converging to the homotopy groups of ( ),1VQ q ∧∧  respectively, and show

the Theorem I.

2. The Adams-Novikov 9E -term for the Invertible Spectrum qQ∧

Let ( )XEr
∗∗,  denote the rE -term of the Adams-Novikov spectral

sequence for ( ).2XL∗π  Then ( )XE ∗∗,
2  is an ( )0,

2 SE ∗∗ -module with the

action induced from the pairing .0 XSX ≈→∧  Let Q be an invertible

spectrum such that ( ) ( )04,5
5210

1
2 SEbvQ ∈ζξ=β=ϕ −  for ϕ in (1.1). Then
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( )qQE ∧∗∗,
2  is isomorphic to ( )0,

2 SE ∗∗  as an ( )0,
2 SE ∗∗ -module on the

generator ( )q
qq QE ∧∈= 0,0

2,0gg  and ( ) ( )q
qq QEqd ∧∈β= 4,5

55 gg  by the

definition of ϕ [8]. We determine the 9E -term converging to the

homotopy groups ( ( ))1VQ q ∧π ∧
∗  for the Smith-Toda spectrum V(1) and

an integer 2,1=q  by computing ( )qd g5  with help of the relations of

( ( )) ( )( )11 ,
2

,
2 VEVQE q ∗∗∧∗∗ =∧  given in [11, Proposition 5.9]:

,0,0,0 11101110 =ξ=ξ= hhhh

,, 11101011211111010
2
2 bhbhvbhbhv −==

,, 111
1

2010100112110211 ψ=ψ−=ξψ=ψ=ξ − hvhbhvhvb

011
1

2110
2
11

2
10

3
2 , ψ−=ψ−= − bvbbbv   and  .111

2
2010 ψ=ψ − bvb (2.1)

For conveniences, we write down the chart of the 2E -term

( ( )) ( )( ),11 ,
2

,
2 VEVQE q ∗∗∧∗∗ =∧  which is drawn up to multiple of .2v  In

other words, ( )( ) ( ) ⊗≅ ∗
∗∗ 21,

2 KVE  (the chart) for ( ) [ ].,32 1
22
−

∗ = vvK Z
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Here each little circle denotes 3Z  generated by the indicated element,

and the dot on the upper left of a circle is 3Z  whose generator is the

multiplication of the element and .2ζ

Lemma 2.2. The differential 5d  of the Adams-Novikov spectral

sequence converging to ( ( ))1VQ q ∧π ∧
∗  acts trivially except for

( ) qk
j

q
j YvXvd gg 1

225
−=   if  53,13,3 ++≡ kkkj   (9),

where the elements X and kY  for 3Z∈k  are given in the following table:

X 0Y 1Y 2Y

1 210ζξbq 210
2
1011

1
2 ζξ+− − bqbhv 210

2
1011

1
2 ζξ+− bqbhv

2ζ 0 2
2
1011

1
2 ζ− − bhv 2

2
1011

1
2 ζ− bhv

11b 21011
3
10102 ζξ+ bqbbhv 21011 ζξbqb 21011

3
10102 ζξ+− bqbbhv

211ζb 2
3
10102 ζbhv 0 2

3
10102 ζ− bhv

0
2
2ψv 0 2

1011 bb ξ− 2
1011 bb ξ

20
2
2 ζψv 0 2

2
1011 ζξ− bb 2

2
1011 ζξbb

1ψ 3
10bξ− 3

10bξ 0

21ζψ 2
3
10ζξ− b 2

3
10ζξb 0

Proof. Since the identity map ( ) ( ( ))11 VQVQ qq ∧→∧ ∧=∧  gives a

natural pairing, we have a derivation formula

( ) ( ) ( ) ( )yxdyxdxyd st
555 1 −−+= (2.3)

for ( )qts QEx ∧∈ ,
2  and ( )( )1,

2 VEy ts ′′∈  [10, Theorem 2.3.3]. Then the

formula (2.3) and the equations on 5d  given in [11, Propositions 8.4, 9.9,

9.10] show us the desired differentials. Note that we set λ in [11] to be 1

in this paper.

By Lemma 2.2, we have
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Lemma 2.4. In the 2E -term of the Adams-Novikov spectral sequence

converging to ( ( )),1VQ q ∧π ∧
∗  the elements ( ) ( ) q

jj
q

j qvbvbv gg 212
2
102

~2
102 ζψ+=

for 5,1,0≡j  and ( ) ( ) q
jj

q
j qvbbvbbv gg 20

2
210112

~
10112 ζψ+= +  for 8,4,3≡j

are 5d -cycles.

Proof. The lemma follows from the equations

( ) ,2
3
10

1
2

2
1025 q

j
q

j bqvbvd gg ζξ= −

( ) ,2
3
10

1
22125 q
j

q
j bqvqvd gg ζξ−=ζψ −

( ) q
j

q
j bbqvbbvd gg 2

2
1011

1
2101125 ζξ= −

and

( ) q
j

q
j bbqvqvd gg 2

2
1011

1
220

2
25 ζξ−=ζψ −+

shown in Lemma 2.2.

Lemmas 2.2 and 2.4 show the structure of the qE -term of the Adams-

Novikov spectral sequence.

Proposition 2.5. For ,2,1=q  the subgroup 2ζ⊕ qq FF  (resp. ⊕∗
qF

)2ζ
∗
qF  of the 9E -term ( ( ))1,

9 VQE q ∧∧∗∗  originating from 2F F⊕ ζ  (resp.

2 )F F∗ ∗⊕ ζ  is 22 ζ⊕ζ⊕⊕ qqqq IHIH  (resp. ).22 ζ⊕ζ⊕⊕ ∗∗∗∗
qqqq IHIH

Here ∗ζ qqq HHH ,, 2  and 2ζ
∗
qH  are the modules of (1.2), and ∗ζ qqq III ,, 2

and 2ζ
∗
qI  are modules defined by

{( ) ( ) }
( )∑ ≡

++−=
95,1,0

~
1011

3
210

3
211

2
2

~2
102 ,,,,

j
jjjj

q bbvhvhvbvGI

{ }
( )∑ ≡

++− ζζζζ=ζ
95,1,0 211

3
2210

3
2211

2
2222 ,,,,

j
jjjj

q bvhvhvvGI

{ }
( )∑ ≡

++−+∗ ψξξψ=
95,1,0 1

6
2

5
211

1
20

2
2 ,,,

j
jjjj

q vvbvvGI

and

{ }
( )∑ ≡

++−+∗ ζψξζξζζψ=ζ
95,1,0 21

6
22

5
2211

1
220

2
22 ,,,,

j
jjjj

q vvbvvGI

in which G denotes [ ].3 10bZ
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3. The Adams-Novikov 13E -term for the Invertible Spectrum qQ∧

In this section, we compute the Adams-Novikov differential 9d  and

determine the 13E -term for the homotopy groups ( ( )),1VQ q ∧π ∧
∗  and

prove Theorem I by showing that the ∞E -term is isomorphic to the

13E -term.

Consider the spectra 1N  and 2M  defined by the cofiber sequences

0
2

10
0

0
2

0
SLNSLSL

j
∑→→→   and  .121

1
1 1

NMNLN
j

∑→→→

In [13, Lemma 6.2], it is shown that

( ) ( ).33 2
21

5
102110

4
29 MEvbvvhvd ∗∈=

Sending this to ( )0
2 SE∗  under the map ( ) ,10 ∗jj  we see that

( ) ( ),0
2

6
1419 SEd ∗∈β=βα (3.1)

since ,101 h=α  ( ) ( ) 1012101 3 bvvjj ==β ∗  and ( ) ( )1
4
2104 3vvjj ∗=β  by

definition (cf. [9]).

Lemma 3.2. The action of the differential 9d  of the Adams-Novikov

spectral sequence converging to ( ( ))1VQ q ∧π ∧
∗  for 2,1=q  is trivial except

for
( ) qjqj YXd gg =9   for  ( ),95,1,0≡j

where the elements jX  and jY  are those in the table:

jX jY jX jY

10
3

2 hvj+ ( ) 3
10

~2
102 bbv j

210
3

2 ζ+ hvj
2

5
102 ζbv j

11
7

2 hvj+ ( ) 3
10

~
1011

3
2 bbbv j+

211
7

2 ζ+ hvj
2

4
1011

3
2 ζ+ bbv j

ξ+5
2
jv 4

100
2

2 bv j ψ+
2

5
2 ξζ+jv 2

4
100

2
2 ζψ+ bv j

ξ+
11

8
2 bv j 5

101
6

2 bv j ψ+
211

8
2 ξζ+ bv j

2
5
101

6
2 ζψ+ bv j

Here ( )~2
102bv j  and ( )~1011

3
2 bbv j+  are the elements of Lemma 2.4.
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Proof. Let κ be one of the generators of ∗ζ qqq III ,, 2  and 2ζ
∗
qI  such

that .010 ≠κh  Then by (2.1), we see that κ is one of the elements ( ) ,~2
102bv j

( ) ,~
1011

3
2 bbv j+  ,22ζ

jv  ,211
3

2 ζ+ bv j  ,0
2

2 ψ+jv  ,1
6

2 ψ+jv  20
2

2 ζψ+jv  and 21
6

2 ζψ+jv

for ( ).95,1,0≡j

Since ( ),,3mod 110
3
24 vbv≡β  101 b=β  and ,101 h=α  the derivation

formula shows ( ) ( )κ+κ=κ 91010
3
2

6
101010

3
29 dbhvbbhvd  by (3.1). Since κ and

κ10
3
2hv  are [ ]103 bG Z= -free generators of the 9E -term, we have

( ) ( ).910
3
2

5
1010

3
29 κ+κ=κ dhvbhvd (3.3)

From the chart of the ( )52 EE = -term in the previous section, we obtain

the following table:

κ C κ C

( )~2
102bv j

2
6
10112

5
101

7
10 ,, ζζψ bhbb ( )~1011

3
2 bbv j+

2
6
10102

5
100

6
1011 ,, ζζψ bhbbb

0
2

2 ψ+jv 2
4
1011

6
1010

5
100 ,, ζξψ bbbhb 1

6
2 ψ+jv 2

5
10

6
1011

5
101 ,, ζξψ bbhb

20
2

2 ζψ+jv 2
6
10102

5
100

6
1011 ,, ζζψ bhbbb 21

6
2 ζψ+jv 2

6
10112

5
101

7
10 ,, ζζψ bhbb

22ζ
jv 2

5
10ζb 211

3
2 ζ+ bv j

211
5
10 ζbb

Here the column name C stands for candidates of ( )κ910
3
2 dhv  up to a

multiple of .2v  Using the relations in (2.1), the possible non-trivial

differentials are as follows:

(( ) ) ,2
5
1011

4
21

~2
1029 ζ= − bbvkbvd jj

(( ) ) ,2
6
10

2
22

~
1011

3
29 ζ= ++ bvkbbvd jj

( ) ,2
4
101

1
24

6
10

1
230

2
29 ζψ+=ψ −−+ bvkbvkvd jjj

( ) ,2
4
100

4
26

5
1011

2
251

6
29 ζψ+=ψ +++ bvkbbvkvd jjj

( ) 2
6
10

1
2720

2
29 ζ=ζψ −+ bvkvd jj
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and

( ) 2
5
1011

2
2821

6
29 ζ=ζψ ++ bbvkvd jj

for scalars .3Z∈ik  All generators of the 5E -term on the right hand

sides of the equations die in 9E -term by Lemma 2.2 except for

( ) 2
6
10720

3
29 ζ=ζψ bkvd   and  ( ) .2

5
1011

3
2821

7
29 ζ=ζψ bbvkvd

The relation (3.3) for 2ζ=κ  (resp. )211
3
2 ζ=κ bv  is ( ) 2

5
10210

3
29 ζ=ζ bhvd

(resp. ( ) ),2
5
1011

3
221110

6
29 ζ=ζ bbvbhvd  and so we replace 20

3
2 ζψv  (resp.

)21
7
2 ζψv  with 21010

3
2720

3
2 ζ−ζψ bhvkv  (resp. ).21110

6
2821

7
2 ζ−ζψ bhvkv  After

the replacement, we see that ( ) ,09 =κd  and so ( ) .5
1010

3
29 κ=κ bhvd  It

gives rise to the table of the theorem by the relations (2.1).

Therefore, we obtain the 13E -term of the Adams-Novikov spectral

sequence.

Proposition 3.4. In the homotopy group ( ( ))1VQ q ∧π ∧
∗  for each

,2,1=q  the subgroup 2ζ⊕ qq FF  (resp. )2ζ⊕ ∗∗
qq FF  of the 13E -term

originating from 2ζ⊕ qq FF  (resp. )2ζ⊕ ∗∗
qq FF  is 22 ζ⊕ζ⊕⊕ qqqq IHIH

(resp. ).22 ζ⊕ζ⊕⊕ ∗∗∗∗
qqqq IHIH  Here the modules ,,,, 22 ζζ ∗∗

qqqq HHHH

∗ζ qqq III ,, 2  and 2ζ
∗
qI  are those given in (1.2) and (1.3).

Proof of Theorem I. For ,0=q  the theorem is shown in [11] (cf. [3],

[1]). For ,2,1=q  Proposition 3.4 says that ( ( )) 01,
13 =∧∧ VQE qts  for

,12>s  and so ( ( )) ( ( ))11 ,,
13 VQEVQE qtsqts ∧=∧ ∧

∞
∧  since the differential

0=rd  for .13≥r  The homotopy group ( ( ))1VQ q
k ∧π ∧  for each Z∈k

is a 3Z -vector space since ( )1VQ q ∧∧  is a ( )0V -module spectrum.

Therefore, there is no extension problem and we obtain the theorem from

Proposition 3.4.
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