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Abstract 

In this paper, we denote R a near-ring. We initiate a study of 
substructures in R, and relationship between them. 

Next, we investigate some isomorphic properties of near-rings and 
then some characterizations of right ideal structures in near-rings. 

1. Introduction 

A near-ring R is an algebraic system ( )⋅+,,R  with two binary operations 

+ and ⋅ such that ( )+,R  is a group (not necessarily abelian) with neutral 

element ( )⋅,,0 R  is a semigroup and ( ) acabcba +=+  for all a, b, c in R. 

We note that obviously, 00 =a  and ( ) abba −=−  for all a, b in R, but in 

general, 00 ≠a  and ( ) .abba −≠−  

If R has a unity 1, then R is called unitary. An element d in R is called 
distributive if ( ) bdaddba +=+  for all a and b in R. 
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An ideal of R is a subset I of R such that (i) ( )+,I  is a normal subgroup 

of ( ),, +R  (ii) IaI ⊂  for all ,Ra ∈  (iii) ( ) IabbaI ⊂−+  for all a, 

.Rb ∈  If I satisfies (i) and (ii), then it is called a left ideal of R. If I satisfies 
(i) and (iii), then it is called a right ideal of R [4]. 

On the other hand, an R-subgroup of R is a subset H of R such that             
(i) ( )+,H  is a subgroup of ( ),, +R  (ii) HRH ⊂  and (iii) .HHR ⊂  If H 

satisfies (i) and (ii), then it is called a left R-subgroup of R. If H satisfies           
(i) and (iii), then it is called a right R-subgroup of R. In case, ( )+,H  is 

normal in above, we say that normal R-subgroup, normal left R-subgroup 
and normal right R-subgroup instead of R-subgroup, left R-subgroup and 
right R-subgroup, respectively. Note that the normal left R-subgroups of R 
are equivalent to the left ideals of R. 

We consider the following substructures of near-rings: Given a near-ring 
R, { }000 =|∈= aRaR  which is called the zero symmetric part of R, 

{ } { } { }RaRaRraraRaaaRaRc ∈|∈=∈=|∈==|∈= 0allfor,0  

which is called the constant part of R, and { }vedistributiisaRaRd |∈=  

which is called the distributive part of R. 

A non-empty subset S of a near-ring R is said to be a subnear-ring of R, 
if S is a near-ring under the operations of R, equivalently, for all a, b in S, 

Sba ∈−  and .Sab ∈  Sometimes, we denote it by .RS <  

We note that 0R  and cR  are subnear-rings of R, dR  is a subsemigroup 

of ( ),, ⋅R  but is not a subnear-ring of R. A near-ring R with the extra axiom 

00 =a  for all ,Ra ∈  that is ,0RR =  is said to be zero symmetric, also, in 

case ,cRR =  R is called a constant near-ring, and in case RRR d ,=  is 

called a distributive near-ring. 

Moreover, we note that 0R  is a right ideal of R, but not generally ideal of 

R, also cR  is an R-subgroup of R, but in general neither a right nor a left 

ideal of R. 



A Study on Right Substructures in Near-rings 83 

Let ( )+,G  be a group (not necessarily abelian). We may obtain some 

examples of near-rings as follows: 

First, if we define multiplication on G as yxy =  for all x, y in G, then 

( )⋅+,,G  is a near-ring, because ( ) ( )yzxzzxy ==  and ( ) zyzyx +=+  

,xzxy +=  for all x, y, z in G, but in general, 00 =x  and ( ) =+ zyx  

yzxz +  are not true. These kinds of near-rings are constant near-rings. 

For the remainder basic concepts and results on near-rings, we refer to 
Pilz [4]. 

2. Characterizations of Right Ideal Structures in Near-rings 

Let R and S be two near-rings. Then a mapping f from R to S is called a 
near-ring homomorphism [4] if (i) ( ) ,bfaffba +=+  (ii) ( ) ,afbffab =  

for all ., Rba ∈  Obviously, SRf <  and { } RTafRaTf <∈|∈=−1  for 

any .ST <  As in ring theory, Rf is called the image of f which is denoted by 

Imf, also, { } { }00 1 =|∈=− afRaf  is called the kernel of f which is 

denoted by .fKer  

We can replace homomorphism by monomorphism, epimorphism, 
isomorphism, endomorphism and automorphism, if these terms have their 
usual meanings as in ring theory [1]. 

From now on, we will consider the isomorphism theorem in near-rings 
(or, R-groups) which is only mentioned already in [4], we can reprove it 
more concretely as follows. 

Let SRf →:  be a near-ring homomorphism. Then certainly, +Rf :  
+→ S  be a group homomorphism, where ( ),, +=+ RR  and so as group 

.fRfKerR ++ ≅  

Putting ( )+= ,,: KfKerK  is a normal subgroup of ( )+,R  and =KR  

{ }.RaKa ∈|+  The addition in R defines an addition in KR  by 
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( ) ( ) ( ) .KbaKbKa ++=+++  

This addition is well defined in group theory. 

Would it make 

( ) ( ) KabKbKa +=++  

a well defined binary operation? It is affirmative in the following statement: 

Lemma 2.1. Let K be the kernel of a near-ring homomorphism Rf :  

.S→  Then ( ) .,, ImfKR ≅⋅+  

Proof. If ( ) ( ) KabKbKa +=++  is a well defined binary operation, 

then easily, ( )⋅+,,KR  is a near-ring. 

Suppose that KaKa +′=+  and .KbKb +′=+  Then there exist 
Kyx ∈,  such that xaa +′=  and .ybb +′=  We need to show that +ab  

KbaK +′′=  or equivalently, .Kbaab ∈′′−  

Now, ( ) ( ) ( ) ( ) .yxabxaybxaab +′+′+′=+′+′=  Since ( ) yxa +′  is 

in K, putting ( ) kyxa =+′  in K, ( ) kbxaab +′+′=  and =′′− baab  

( ) ( ) ,Kkbabxabakbxa ∈′+′′−′+′=′′−+′+′  for some .Kk ∈′  Hence, 

multiplication is well defined. 

As groups, ( ) ( ),,, +≅+ RfKR  where a mapping RfKRF →:  which 

is defined by ( ) afFKa =+  is the group isomorphism. Now, we have 

( ) ( )( ) ( ) ( ) ( ) .FKbFKaafbfabfFKabFKbKa ++===+=++  

Consequently, F is a near-ring isomorphism. ~ 

We can obtain the following fundamental theorem in near-ring 
homomorphism as in ring theory: 

Proposition 2.2. Let SRf →:  be a near-ring epimorphism with the 

kernel K of f, and let KRR →π :  defined by Kaa +=π  be the natural 

epimorphism. Then the isomorphism SKRF →:  which is defined by 

( ) afFKa =+  is unique such that .fF =π  
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Proof. By Lemma 2.1, there exists a near-ring isomorphism .: SRf →  

Next, to show that ,fF =π  let ,Ra ∈  and we get ( ) ( ) =π=π FaFa  

( ) .afFKa =+  Hence, .fF =π  

Finally, to show that the “uniqueness”, if SKRF →′ :  is a near-ring 

isomorphism such that ,fF =′π  then for all ,KRKa ∈+  we have 

 ( ) ( ) ( ) ( ) ( ) .FKaFaafFaFaFKa +=π==′π=′π=′+  ~ 

Analogously, we can prove the isomorphism theorem and fundamental 
theorem for R-groups. 

The following are some characterizations of ideal structures of near-
rings, in particular right ideal structures, which are obtained using the fact of 
the proof in Lemma 2.1. 

Proposition 2.3. Let ( )⋅+,,R  be a near-ring. Suppose that ( )+,K  is a 

normal subgroup of ( )+,R  and K is a left R-subgroup of R. Then the 

following conditions are equivalent: 

(1) K is the kernel of a near-ring homomorphism. 

(2) ( ) Kabbax ⊂−+  for all Kx ∈  and ., Rba ∈  

(3) ( ) Kabbxa ⊂−+  for all Kx ∈  and ., Rba ∈  

(4) ( ) Kbxaab ⊂++−  for all Kx ∈  and ., Rba ∈  

(5) ( ) Kbaxab ⊂++−  for all Kx ∈  and ., Rba ∈  

(6) K is a right ideal of R. 

Proof. (1) ⇒ (2) Suppose K is the kernel of a near-ring homomorphism 
,: SRf →  that is, { }.0: =|∈== afRafKerK  Then for all Kx ∈  and 

,, Rba ∈  ( )( ) ( ) 0=−+=−+ afbfbfafxffabbax  since .0=xf  Hence 

( ) Kabbax ⊂−+  for all Kx ∈  and ., Rba ∈  

(2) ⇒ (1) Assume the condition that ( ) Kabbax ⊂−+  for all Kx ∈  
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and ., Rba ∈  Since ( )+,K  is a normal subgroup of ( ),, +R  there exists a 

quotient group ( )+,KR  and the natural group epimorphism KRR →π :  

defined by .Kaa +=π  Now π= KerK  as a group homomorphism. We 

need only show that ( ) ,ππ=π baab  that is, ( ) ( ).KbKaKab ++=+  To 

do this, we must show that 

( ) ( ) KabKbKa +=++  

is a well defined binary operation. 

We take that ., KbKbKaKa +′=++′=+  So there exist Kyx ∈,  

such that ., ybbxaa +′=+′=  Hence 

( ) ( ) ( ) ( ) yxabxaybxaab +′+′+′=+′+′=  

( ) ( ) ,baKyxabababxa ′′+∈+′+′′+′′−′+′=  

since K is a left R-subgroup of R, ( ) ,Kyxa ∈+′  also, by assumption, 

( ) .Kbabxa ∈′′−′+′  Hence we see that ,Kbaab ∈′′−  equivalently, +ab  

.KbaK +′′=  Consequently, ( ) ( ) KabKbKa +=++  is a well defined 

binary operation. 

(2) ⇔ (3) Let Kx ∈  and ., Rba ∈  Then from ( )+,K  is a normal 

subgroup of ( ) ,,, KaaKaxR +=+∈++  so that there exist Kx ∈′  such 

that .xaax ′+=+  Analogously, there exist Kx ∈′′  such that =+ xa  

.ax +′′  

(3) ⇔ (4) Let Kx∈  and ., Rba ∈  Then ( ) ( )bxaKabbxa +⇔⊂−+  

( ) ,KbxaabKabK ⊂++−⇔+=+  because of ( ) =⊂++− Kbxaab  

( )[ ] ( ) ( ) ( )[ ].Kbabxaabbxa ∈−−−+−=++−−  

(2) ⇔ (5) can be proved as similar method of the proof of (2) ⇔ (3). 

(1) ⇔ (6) is obviously proved from the definition of right ideal structure. 
 ~ 
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