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Abstract 

In this paper, a new iteration process is introduced and some strong 
convergence theorems are obtained for the nonexpansive mapping in 
Hilbert spaces. 

1. Introduction 

Let H be a Hilbert space with inner product ⋅⋅,  and norm ,⋅  C be a 

closed convex subset of H. Then a mapping CCT →:  is said to be 
nonexpansive if ( ) ( ) yxyTxT −≤−  for all ., Cyx ∈  A mapping 

HHF →:  is said to be η-strong monotone if there exists a constant 0>η  

such that 2, yxyxFyFx −η≥−−  for any ., Hyx ∈  HHF →:  is 
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said to be k-Lipschitzian if there exists a constant 0>k  such that FyFx −  

yxk −≤  for any ., Hyx ∈  

The interest and importance of construction if fixed points of 
nonexpansive mappings stem mainly from the fact that it may be applied in 
many areas, such as imagine recovery and signal processing (see, e.g., [1, 2, 
8]). Iterative techniques for approximating fixed points of nonexpansive 
mappings have been studied by various authors (see, e.g., [1, 3-7, 9-14], etc), 
using famous Mann iteration method, Ishikawa iteration method, and many 
other iteration methods such as, viscosity approximation method [5] and CQ 
method [6]. 

For reducing the complexity of computation, for a sequence { }nα  of  

real numbers in [ ]1,0  and an arbitrary point ,Cu ∈  starting with another 

arbitrary initial ,0 Cx ∈  Halpern [3] defined a sequence { }nx  as follows: 

 ( ) ,0,11 ≥α−+α=+ nTxux nnnn  (1.1) 

and got some convergence results. Lions [4] improved his results and proved 
the strong convergence of { }nx  if the sequence { }nα  satisfies the following 

conditions: 

(1) ;0lim =α
∞→ nn

 

(2) ∑
∞

=
∞=α

1
;

n
n  

(3) ( ) .0lim 2
1 =

α

α−α −
∞→ n

nn
n

 

In 1992, Wittmann [12] proved the strong convergence of { }.nx  His 

conditions on the parameters { }nα  are (1), (2), and 

(3)′ .
1

1∑
∞

=
+ ∞<α−α

n
nn  
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In 2002, Xu [13] got another strong convergence theorem of { }nx  in the 

framework of Banach spaces, and conditions on the parameters { }nα  are (1), 

(2), and 

(3)∗ ( ) .0lim 1 =
α
α−α −

∞→ n
nn

n
 

For the same aim, Yamada [14] proposed an iteration method as follows: 
for arbitrary ,0 Hu ∈  

 ( )( ) ,0,11 ≥μλ−= ++ nuTFTuu nnnn  (1.2) 

where T is a nonexpansive mapping from H to itself, K is the fixed point set 
of T, F is an η-strong monotone and k-Lipschitzian mapping on K, { }nλ  is a 

real sequence in [ ),1,0  and .20 2kη<μ<  Then Yamada got a strong 

convergence result as { }nλ  satisfies the following conditions: 

(1) ;0lim =λ
∞→ nn

 

(2) ∑
∞

=
∞=λ

1
;

n
n  

(3) ( ) .0lim 2
1

1 =
λ

λ−λ

+

+
∞→ n

nn
n

 

In 2006, Wang [11] defined a sequence { }nx  as follows: 

 ( ) ,0,1 11 ≥α−+α= +λ
+ nxTxx nnnnn n  (1.3) 

where λT  is a mapping from H to itself and defined as follows: 

 ( ) ., HxTxFTxxT ∈∀λμ−=λ  (1.4) 

Then under some suitable conditions, the sequence { }nx  is shown to 

convergence strongly to a fixed point of T and the necessary and sufficient 
conditions that { }nx  converges strongly to a fixed point of T are obtained. 
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Motivated by the above work, we propose a new explicit iteration 
scheme with mapping F to approximate the fixed point of nonexpansive 
mapping in Hilbert space. 

2. Preliminaries 

Let T be a nonexpansive mapping from C into itself, HHF →:  an 
η-strongly monotone and k-Lipschitzian, { } [ ),1,0⊂λn  and μ a fixed 

constant in ( ).2,0 2kη  Starting with an initial point ,0 Hx ∈  the explicit 

iteration scheme with mapping F is defined as follows: 

 ( ) ,0,1 11 ≥α−+α= +λ
+ nxTux nnnn n  (2.1) 

where u is an arbitrary point, and λT  is a mapping from H to itself and 
defined as follows: 

 ( ) ., HxTxFTxxT ∈∀λμ−=λ  (2.2) 

Note. If 0=λn  for any ,1≥n  then scheme (2.1) reduces to the famous 

Halpern iteration scheme (1.1). 

If we replace nTx  in scheme (2.2) with the mean 

( ) ,,1,1:
1

0
∑
−

=

∈≥=
n

k

k
n CxnxTnxT  

then we have 

 ( ) .0,1 11 ≥α−+α= +λ
+ nxTux nnnnn n  (2.3) 

Notice that T is a nonexpansive mapping, so nT  is a nonexpansive mapping 

too. 

We restate the following lemmas which play crucial roles in our proofs. 

Lemma 2.1 [13]. Let { }ns  be a sequence of nonnegative real numbers 

satisfying 
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( ) ,0,11 ≥∀γ+βα+α−≤+ nss nnnnnn  

where { },nα  { },nβ  { }nγ  satisfy the conditions: 

(1) { } [ ],1,0⊂αn  ∑
∞

=
∞=α

1
;

n
n  

(2) ;0suplim ≤β
∞→

n
n

 

(3) ( ) ∑
∞

=
∞<γ≥≥γ

1
.,00

n
nn n  

Then 
.0lim =

∞→ nn
s  

Lemma 2.2 [14]. Let ( ),TxFTxxT λμ−=λ  where HHT →:  is a 

nonexpansive mapping and HHF →:  is an η-strongly monotone and     

k-Lipschitzian mapping. If 10 <λ≤ n  and ,20 2kη<μ<  then λT  is a 

contraction and satisfies 

( ) ,,,1 HyxyxyTxT ∈∀−λτ−≤− λλ  

where ( ).211 2kμ−ημ−−=τ  

Lemma 2.3 [9]. Let X be a uniformly smooth Banach space, C be a 
closed convex subset of X and T be a nonexpansive mapping such that 
( ) .φ≠TF  Let { } Czt ∈  be defined as follows: 

 ( ) ,1 tt Tzttuz −+=  (2.4) 

where ( ).1,0∈t  Then the strong tt
z

0
lim
→

 exists and is a fixed point of T. 

Note. If X is a Hilbert space, then the result owes to Browder [1]. 

Lemma 2.4 [8]. Let E be a real Banach space. Then for arbitrary 

Eyx ∈,  and 
∗

→ EEJ 2:  is a normalized duality mapping, the following 

inequality holds: 
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( ) .,222 yxjyxyx ++≤+  

Lemma 2.5 [15]. If E is a uniform Banach space and C~  is a bounded 
subset of C, then 

( )( ) ( ) .0suplim
~,

=−
∈∞→

xTxTT nn
Cxn

 

3. Main Results 

Lemma 3.1. Let H be a Hilbert space, C be a closed convex subset of H, 
CCT →:  be a nonexpansive mapping with ( ) ,φ≠TF  and HHF →:  

be an η-strongly monotone and k-Lipschitzian mapping. For any given 
,0 Cx ∈  { }nx  is generated by (2.1). If the sequences { } { } [ )1,0, ⊂λα nn  

satisfy the conditions: 

(1) ( ) ;0lim,,0lim 1

1
=

α
α−α

∞=α=α −
∞

= ∞→∞→
∑

n
nn

n n
nn

n
 

(2) ∑
∞

=
∞<λ

1
;

n
n  

(3) ,20 2kη<μ<  

then 

(1) { }nx  is bounded, so are { }nTx  and { };nFx  

(2) .0lim =−
∞→

nn
n

Txx  

Proof. (1) For any ( ),TFq ∈  it follows from (2.1) that 

( ) ( ) ( )qxTquqx nnnn n −α−+−α=− +λ
+

111  

( ) ,1 1 qxTqu nnn n −α−+−α≤ +λ  

where 
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qqTqTxTqxT nnnn nn −+−=− ++++ λλλλ 1111  

qqTqTxT nnn n −+−≤ +++ λλλ 111  

( ) ( ) .1 11 qFqx nnn μλ+−τλ−≤ ++  

Thus 

( ) ( ) qxquqx nnnnn −τλ−α−+−α≤− ++ 11 11  

( ) ( )qFnn μλα−+ +11  

( ) ( ) .1 1 qFqxqu nnnn μλ+−α−+−α≤ +  

Then by induction, we get 

{ } ( ) ∑
∞

=

λμ+−−≤−
1

0 .,max
n

nn qFqxquqx  

Since ∑
∞

=
∞<λ

1
,

n
n  so { }nx  is bounded, { }nTx  and ( ){ }nTxF  are bounded, 

too. 

(2) It follows from (2.1) and (2.2) that 

 ( ),0111 ∞→→−α=− ++ λλ
+ nxTuxTx nnnn nn  (3.1) 

and 

( ) ( ) 1111 11 1
−

λ
−−

λ
+ α−−α−α−+α=− + nnnnnnnn xTuxTuxx nn  

( )( ) ( )( )111 11 1 −
λλ

−
λ

− −α−+−α−α= ++ nnnnnn xTxTxTu nnn  

( ) ( ) 111 11 −
λλ

−
λ

− −α−+−α−α≤ + nnnnnn xTxTxTu nnn  

( ) 111 1 −−
λ

− −α−+−α−α≤ nnnnnn xxxTu n  

( ) ( ) ( )111 −+ λ−λμα−+ nnnnn TxFTxF  

( ) ,1 11 nnnnnn Mxx γ+α−α+−α−= +−  
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where ,sup: 1
1

∞<−= −
λ

≥
n

n
xTuM n  ,0: 1 →

α
α−α

=β − M
n

nn
n   

( ) ( ) ( )111: −+ λ−λμα−=γ nnnnnn TxFTxF  

satisfies ( )10 ≥≥γ nn  and ∑
∞

=
∞<γ

1
.

n
n  By Lemma 2.1, we have 

.0lim 1 =−+
∞→

nn
n

xx  

Thus, 

( )nnnnnn TxFxTxTxx n μλ+−=− +
λ + 11  

( )nnnnnn TxFxTxxx n μλ−−+−= +
λ

++
+ 111 1  

( ) .111 1 nnnnnn TxFxTxxx n μλ+−+−≤ +
λ

++
+  

In addition, ∑
∞

= ∞→
=λ⇒∞<λ

1
.0lim

n
n

n
n  Thus, .0lim =−

∞→
nn

n
Txx  

The proof is completed. 

Theorem 3.2. Let H be a Hilbert space, C be a closed convex subset of 
H, CCT →:  be a nonexpansive mapping with ( ) ,φ≠TF  and HHF →:  

be an η-strongly monotone and k-Lipschitzian mapping. For any given 
,0 Cx ∈  { }nx  is generated by (2.1). If the sequences { } { } [ )1,0, ⊂λα nn  

satisfy the conditions: 

(1) ( )∑
∞

=

−
∞→∞→

=
α
α−α

∞=α=α
1

1 ;0lim,,0lim
n n

nn
n

nn
n

 

(2) ∑
∞

=
∞<λ

1
;

n
n  

(3) ,20 2kη<μ<  

then the sequence { }nx  converges strongly to a fixed point of T. 
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Proof. By equation (2.3), we can write 

( ) ( ) ( ).1 ntnnt xTztxutxz −−+−=−  

It follows from Lemma 2.4 that 

( ) ( )ntnntnt xzjxutxTztxz −−+−−≤− ,21 222  

( ) ( )221 nnnt xTxTxTzt −+−−≤  

( ( ) )nttnt xzjzuxzt −−+−+ ,2  

( ) ( )nnntnnnt xTxxzxTxxzt −+−−+−+≤ 21 2  

( ) .,2 ntt xzjzut −−+  

Hence 
( )tnt zxjzu −− ,  

( ).222
2

nnnt
nn

nt xTxxzt
xTxxzt −+−

−
+−≤  

Taking lim sup as ∞→n  yields 

( ) .2suplim,suplim 2
nt

n
tnt

n
xztzxjzu −≤−−

∞→∞→
 

Letting ,0→t  noting the fact that zzt →  in norm and the fact that the 

duality map j is norm-to-norm uniformly continuous on bounded sets on X, 
we get 
 ( ) .0,suplim ≤−−

∞→
zxjzu n

n
 (3.2) 

In addition, from (2.1) and (2.2), we can write 

( ) ( ) ( ).1 11 zxTzuzx nnnn n −α−+−α=− +λ
+  

By Lemma 2.4, we have 

2
1 zxn −+  

( ) ( )zxjzuzxT nnnn n −−α+−α−≤ +
λ + 1

22 ,21 1  
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( ) ( )21111 zzTzTxT nnn nn −+−α−≤ +++ λλλ  

( )zxjzu nn −−α+ +1,2  

( ) ( ) ( )zxjzuzx nnnnn −−α+−τλ−α−≤ ++ 1
22

1 ,211  

( ) ( )zzTzTxTzzT nnnn nn −+−−α−+ ++++ λλλλ 1111 21  

( ) ( )zxjzuzx nnnn −−α+−α−≤ +1
2 ,21  

( ) ( ),21 1111 zzTzTxTzzT nnnn nn −+−−α−+ ++++ λλλλ  

where ( )zxjzu n −−=β +1,2:  satisfies 0suplim ≤β
∞→

n
n

 by (3.2), and 

( )zzTzTxTzzT nnnn nn −+−−=γ ++++ λλλλ 1111 2:  

satisfies ,0≥γn  ∑
∞

=
∞<γ

1
.

n
n  Apply Lemma 2.1, we see that zxn

n
−

∞→
lim  

,0=  that is, .zxn →  The proof is completed. 

Theorem 3.3. Let H be a Hilbert space, C be a closed convex subset of 
H, CCT →:  be a nonexpansive mapping with ( ) ,φ≠TF  and HHF →:  

be an η-strongly monotone and k-Lipschitzian mapping. For any given 
,0 Cx ∈  { }nx  is generated by (2.3). If the sequences { } { } [ )1,0, ⊂λα nn  

satisfy the conditions: 

(1) ∑
∞

=∞→
∞=α=α

1
;,0lim

n
nnn

 

(2) ∑
∞

=
∞<λ

1
;

n
n  

(3) ,20 2kη<μ<  

then the sequence { }nx  converges strongly to a fixed point of T. 
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Proof. For any ( ),TFq ∈  it follows from (2.3) that 

( ) ( ) ( )qxTquqx nnnnn n −α−+−α=− +λ
+

111  

( ) ,1 1 qxTqu nnnn n −α−+−α≤ +λ  

where 

qqTqTxTqxT nnnn nnnnnn −+−=− ++++ λλλλ 1111  

qqTqTxT nnn nnnn −+−≤ +++ λλλ 111  

( ) ( ) .1 11 qFqx nnn μλ+−τλ−≤ ++  

Thus 

( ) ( ) qxquqx nnnnn −τλ−α−+−α≤− ++ 11 11  

( ) ( )qFnn μλα−+ +11  

( ) ( ) .1 1 qFqxqu nnnn μλ+−α−+−α≤ +  

Then by induction, we get 

{ } ( ) ∑
∞

=

λμ+−−≤−
1

0 .,max
n

nn qFqxquqx  

Since ∑
∞

=
∞<λ

1
,

n
n  so { }nx  is bounded, { }nnxT  and ( ){ }nnxTF  are bounded, 

too. 

It follows from (2.3) and Lemma 2.4 that 

21 nnt xTz n+λ−  

( ) ( ) ( ) 2111 nnnnt xTutxTTzt nn ++ λλ −+−−=  

( ) ( ) ( ) 22 1111 nnnnnnt xTxTTxTTTzt nnn +++ λλλ −+−−≤  

nntnn xTzxTut nn 11 ,2 ++ λλ −−+  
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( ) ( ( ) ( ) )22 1111 nnnnnnt xTxTTxTTTzt nnn +++ λλλ −+−−≤  

nntnntt xTzxTzzut nn 11 ,2 ++ λλ −−+−+  

( ) nnttnnt xTzzutxTzt nn 11 ,21 22 ++ λλ −−+−+≤  

( ) nnnn xTxTT nn 11 ++ λλ −+  

( ( ) ).2 111 nnnnnnt xTxTTxTz nnn +++ λλλ −+−⋅  

Hence 

211
2, nnttnnt xTztzxTzu nn ++ λλ −≤−−  

( )
t

xTxTT nnnn nn

2
11 ++ λλ −

+  

( ( ) ).2 111 nnnnnnt xTxTTxTz nnn +++ λλλ −+−⋅  (3.3) 

Since 

( ) ( )[ ]nnnnnnnn xTxTTxTxTT nn −−− ++ λλ 11  

( ) ( )( ) ( )( )nnnnnnnnnnnnnn xTFxTxTFxTTxTxTT μλ−+μλ−−−= ++ 11  

( ) ( )( ) ( )nnnnnnnnnn xTFxTFxTTxTT μλ+μλ−−≤ ++ 11  

( ) ( ),02 1 ∞→→μλ≤ + nxTF nnn  

and 

( ) ( ) nnnnnnnn xTxTTxTxTT nn −−− ++ λλ 11  

( ) ( )[ ] ,11 nnnnnnnn xTxTTxTxTT nn −−−≤ ++ λλ  

we have 

( ) ( ) .0limlim0 11 =−≤−≤
∞→

λλ

∞→
++ nnnn

n
nnnn

n
xTxTTxTxTT nn  
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Taking lim sup as ∞→n  in (3.3) yields 

 .2suplim,suplim 211 nnt
n

tnnt
n

xTztzxTzu nn ++ λ

∞→

λ

∞→
−≤−−  (3.4) 

Letting ,0→t  noting the fact that zzt →  in norm, we have 

 .0,suplim 1 ≤−− +λ

∞→
zxTzu nn

n
n  (3.5) 

Notice that ( ) ,,22 tyxytyxdtd +=+  we have 

∫ ∈∀++=+
1

0
22 .,,,2 Hyxdttyxyxtyx  

It follows that 

( ) ( ) ( ) 22
1 11 zuzxTzx nnnnn n −α+−α−=− +λ
+  

( ) ( )22 11 zxT nnn n −α−≤ +λ  

( ) ( ) ( )∫ −α+−α−−α+ +λ1

0
11,2 dtzutzxTzu nnnnn n  

( ) ( ) ( )( )21111 zFzx nnnn μλ+−τλ−α−≤ ++  

( ) ( ) ( )∫ −α+−α−−α+ +λ1

0
11,2 dtzutzxTzu nnnnn n  

( ) ( ) 22
111 zxnnn −τλ−α−≤ +  

( ) ( ) ( ) 222
111 12 zFzFzx nnnn μλ+−τλ−μλ+ +++  

( ) ( ) ( )∫ −α+−α−−α+ +λ1

0
11,2 dtzutzxTzu nnnnn n  

( ) ,1 2
nnnnn zx γ+βα+−α−≤  
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where 

( ) ( ) ( )∫ −α+−α−−=β +λ1

0
11,2: dtzutzxTzu nnnnn n  

and 

( ) ( ) ( ) .12: 222
111 zFzFzx nnnnn μλ+−τλ−μλ=γ +++  

Since 

( ) [( ) ( ) ( )] ( )∞→→−α+−α−−− ++ λλ nzutzxTzxT nnnnnn nn 01 11  

uniformly in [ ],1,0∈t  so we can get 

.0,suplim2suplim ≤−−=β
∞→∞→

zxTzu nn
n

n
n

 

Then apply Lemma 2.4 to get ,0lim =−
∞→

zxn
n

 that is, .zxn →  The 

proof is completed. 
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