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Abstract 

We obtain some results related to common random solution for a class 
of random operator equations generalizing several results provided in      
[4, 5, 7, 18] for Banach spaces. Also, we extend the Altman inequality 
into the determinant form.  

1. Introduction 

We obtain the random solution of some random operator equations by 
using random fixed point theorems. The random functional analysis requires 
the random fixed point theory. Random operators lie at the heart probabilistic 
functional analysis and their theory is needed for the study of several classes 
random operator equations. 
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In random contract operator, the random topological degree theory, etc. 
fully work. The importance of random fixed point theorem is seen amongst 
others in the existence of solution for the equation and also in multiple 
solutions problem of the corresponding system. In this paper, we consider the 
random solution of random operator equations and by using random fixed 
point theorem and the Altman’s type inequality generalize some results 
obtained in [4, 5, 7, 18]. 

We shall consider random semi-closed 1-set-contractive operators in a 
separable real Banach space. 

Lemma 1.1 (Lemma 1 in [5]). Assume that E is a separable real Banach 
space, X is a non-empty closed convex set in E, and D is a bounded open set 
in X. Let XDA →×Ω:  be random semi-closed 1-set contract operator, 
and De ∈0  be such that 

( ) ( ),, 00 exexA −α≠μ−ω  

where ,1≥μ>α  ( ) ., Ω∂×Ω∈ω x  Then the operator equation ( )xA ,ω  

xμ=  has a random solution in D. 

Theorem A (See [5, Theorem 2]). Assume that E is a separable real 
Banach space, X is a non-empty convex and closed set in E, and D is a 

bounded open set in X. Let XDA →×Ω:  be a random semi-closed 1-set 
contract operator, ,D∈θ  and for a real number ,1≥μ  

( ) ( ) ( ) ,,,, γ+β+βγ+γ+β+ μ−μ+ωω≥μ−ω mmm xxxAxAxxA  

( ) .0,0,1, ≥γ≥β>∂×Ω∈ω∀ mDx  

Then the equation ( ) xxA μ=ω, has a random solution in D. 

2. Common Solution of an Operator Equation 

Theorem 2.1. Assume that E is a separable real Banach space, X is a 
non-empty convex and closed set in E, and D is a bounded open set in X. 
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Let XDBA →×Ω:,  be random semi-closed 1-set contract operators, 

,D∈θ  and real numbers ,0>λ  1≥μ  be such that 

( ) ( ) ( ) 76 ,,, xxBxxAxA λμ−ω+μ+ωω  

( ) ,, 77 xxxA μ+μ−ω≤    ( ) ., Dx ∂×Ω∈ω∀  (2.1) 

Then the systems ( ) ,xxA μ=ω  ( ) xxB λμ=ω,  have a common random 

solution in D. 

Proof. By Theorem A, assuming ,1,1,5 =γ=β=m  we get 

( ) ( ) ( ) ( ) .,,,,, 776 DxxxxAxxAxA ∂×Ω∈ω∀μ+μ−ω≤μ+ωω  

By Lemma 1.1, this equation ( ) xxA μ=ω,  has a random solution ∗x  in D, 

that is, ( ) ,, ∗∗ μ=ω xxA  and from (2.1), we have ( ) 7, ∗∗ λμ−ω xxB  ,0≤  

that is, ( ) ., ∗∗ λμ=ω xxB  Hence, we get that systems: ( ) ,, xxA μ=ω  

( ) xxB λμ=ω,  have a common random solution ∗x  in D.  

Theorem 2.2. Assume the hypothesis of Theorem 2.1. Substitute (2.1) in 
the following: 

( ) ( ) ( ) ( ) ( ) βγ+β+γ+β+ μ+ωω≥μ−ω 555 ,,, 1 xxAxAxxA mm  

( ) ( ) ,2, 11 5 β+γ+β+β μ−μ+ω⋅ mxxxA  

( ) ,, Dx ∂×Ω∈ω∀  (2.2) 

where .0,0,0,1 1 ≥γ≥β≥β>m  Then the equation ( ) xxA μ=ω,  has a 

random solution in D. 

Proof. Let De ∈θ=0  in Lemma 1.1. Then we only prove that ( )xA ,ω  

,xα≠  ( ) ,, Dx ∂×Ω∈ω  .1≥μ>α  

Assume to the contrary. Then for some ,10 ≥μ>α  ,0 Ω∈ω  Dx ∂∈0 , 

we have ( ) ., 0000 xxA α=ω  
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Now, using ( ) ,, 0000 xxA α=ω  on substitution in (2.2) and letting 

,00 >α=μ−α  we have  

( ) ,5 1β+γ+β+= ml  

( ) ( ) ( )( ) ( ) .2 10
5

0
5

00
ββγ+ μ+αμ+αα≥μ+μ−α mll  

Further, letting ,00 >α=μ−α  we have 

( ) ( )( ) ( ) ( ) .32 155 lmll μ+α>μ+αμ+αμ+α≥μ+α ββγ+  

This is a contradiction. Hence, by Lemma 1.1, ( ) xxA μ=ω,  has a random 

solution ∗x  in D such that ( ) =ω ∗xA ,  .∗x  

Let ( )uϕ  be strictly increasing and continuous in [ ) ( ) .00,,0 =ϕ∞  We 

will extend Theorem 3 in [11] in the following theorem for common solution 
of the system with random semi-closed 1-set contract operators. 

Theorem 2.3. Assume that E is a separable real Banach space, X is a 
non-empty convex and closed set in E, and D is a bounded open set in X. 

Let XDBA →×Ω:,  be random semi-closed 1-set contract operators, 

D∈θ , and real numbers ,0>λ  1≥μ  be such that 

( ) ( ( ) )βγ+ μ+ωφ⋅μ−ω xxAxxA m ,,  

( ) ( ) ( )( )xxAxAxxB mm μ+ωφω+λμ−ω≥ γ+γ+β+ ,,,  

( ) ( )( ).,,0,1,1 Ω∂×Ω∈ω∀>γ≥β>μφμ− γ+ xmxx m  (2.3) 

Then the systems ( ) ,, xxA μ=ω  ( ) xxB λμ=ω,  have a common random 

solution in D. 

Proof. Letting De ∈θ=0  in Lemma 1.1, we only prove that 

( ) ,, xxA α≠ω  ( ) ., Dx ∂×Ω∈ω  By (2.3), we have 
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( ) ( ( ) ) ( )βγ+βγ+ μφμ−μ+ωφω xxxxAxA mm ,,  

( ) ( ( ) ).,, βγ+ μ+ωφμ−ω≤ xxAxxA m  

Assuming in contrary, there exist ,0 Ω∈ω  ,0 Dx ∂∈  10 ≥μ>α  such that 

( ) .0000 xxA α=ω  Substituting it into the above inequality, we have 

( ) ( ( ) ) ( ) ( ( ) )βγ+βγ+ μ+αφμ−α≤μ+αφα 000000 xx mm  

( ) ( ),0
βγ+ μφμ+ xm  (2.4) 

so 

(( ) ( ) ) (( ) ) ( ) (( ) ).000000
ββγ+ββγ+γ+ μ+αφα≥μ+αφμ+μ−α xx mmm  

That is, 

( ) (( ) ) ( ) .000
γ+γ+γ+γ+γ+γ+ μ+μ−α>μ+μ−α=α≥μ+μ−α mmmmmm  

This is a contradiction. Hence, by Lemma 1.1, ( ) xxA μ=ω,  has a random 

solution ∗x  in D such that ( ) ., ∗∗ μ=ω xxA  By (2.3), we have 

( ) .0, ≤λμ−ω γ+∗∗ mxxB  That is, ( ) ., ∗∗ λμ=ω xxB  Hence, ( ) =ω ∗xA ,  

,∗μx  ( ) ., ∗∗ λμ=ω xxB  Then the systems ( ) ,, xxA μ=ω  ( ) xxB λμ=ω,  have 

a common random solution ∗x in D. 

Corollary 2.4. Letting ,1,0,1 1 =β=γ=λ  we get Theorem 3 in [18]. 

Corollary 2.5. Substituting (2.3) into 

( ) ( ( ) )βγ+ μ−ωφ⋅μ−ω xxAxxA m ,,  

( ) ( ) ( ( ) )βγ+γ+β+ μ+ωφ⋅ω+λμ−ω≥ xxAxAxxB mm ,,,  

( ),xx m μφμ− γ+  (2.5) 

 we have similar results. 
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Theorem 2.6. Assume that E is a separable real Banach space, X is a 
non-empty convex and closed set in E, and D is a bounded open set in X. 

Let XDCBA →×Ω:,,  be all random semi-closed 1-set contract 

operators, ,D∈θ  and the real number 1≥μ  is such that 

( ) ( ) ( ( ) )γβ μ+ωϕμ+ωω xxAxxAxA m 2,,,  

( ) ( ) ( ) γ+β+ω−ωλ+ωλ+ mxAxCxB ,,,2  

( ) ( ) ( ) ,,,, DxxxxA m ∂×Ω∈ω∀μϕμ−ω≤ γβ+  (2.6) 

where ,1≥m  ,0≥β  .0≥γ  Then the systems ( ) ( ) ,,,2 xxCxB μ=ωλ+ωλ  

( ) xxA μ=ω,  have a common solution ∗x  in ( ).0>λD   

Theorem 2.7. Assume the hypothesis of Theorem 2.1. Substitute (2.1) in 
the following: 

( ) ( ) ( ) ( ) xxAxAxxBxxC μ+ωω+μ−ω⋅μ−ω ,,2,3, 533  

( ) ( ) .,,, 66 DxxxxA ∂×Ω∈ω∀μ+μ−ω≤  (2.7) 

Then the systems ( ) ,, xxA μ=ω  ( ) xxB μ=ω 2,  have a common random 

solution ∗x  in D, or the ( ) ,, xxA μ=ω  ( ) xxC μ=ω 3,  have a common 

random solution ∗x  in D. 

Proof. It follows from Theorem A by taking ,5=m  ,1=β  1=γ . 

3. Altman Type Inequality 

We can extend Altman’s inequality into the type determinant form as 
follows: 

( ) ( )
( )

( )
.

,,

,,
,, 2

222 D
xAx

xxA
xxAxxA =

ωμ

μω
=μ−ω≥μ−ω  

Hence, we easily get following Theorem 3.1. 
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Let n-order determinant 

( )

( )

( )

nD

xAxx

xxAx

xxxA

=

ωμμ

μωμ

μμω

,...,,,

,,,,,,

...,,,,

...,,,,

  (as symmetry form). 

Clearly, ( ) ( )( ) ,1, 1−μ−+ω= n
n xnxAD  ( ) ( ) n

n xnxAD μ+ω=+ ,1  

and ( ) ( )( ) .1, 1
2

+
+ μ++ω= n

n xnxAD  

Hence, we easily get the following results: 

 

( )

( )

( )

.

,...,,,

,,,,,,

...,,,,

...,,,,

333

333

333

xAxx

xxAx

xxxA

Dn

ωμμ

μωμ

μμω

=  (∗) 

Simple calculation gives that 

( ( ) ( ) ) ( ( ) ) .,1, 13333 −μ−ωμ−+ω= n
n xxAxnxAD  

Theorem 3.1. Suppose that 

 ( ) .,2 6
21

n
nnn xxADDD μ−ω≤++  (3.1) 

Then the random operator equation ( ) xxA μ=ω,  has a random solution ∗x  

in D. 

Proof. Assume to the contrary. Then from (∗) and =nD  

( ( ) ( ) ) ( ( ) ) ,,1, 13333 −μ−ωμ−+ω nxxAxnxA  by Lemma 1.1, on 

considering ( ) ,, 0000 xxA α=ω  substituting it in above (3.1) and by 

calculating that ,00 >α=μ−α  from ,1+nnDD  we have 

( ( ) ) ( ) ( ) .1 61233
0

33
0

33
0

nnnn α>μ−αμ+αμ−+α −  



Ning Chen and Jiqian Chen 136 

And from nD2  corresponding, we have 

( ( ) ) ( ) .12 61233
0

33
0

nnn α>μ−αμ−+α −  

Thus, we substituting ( ) 0000, xxA α=ω  in (3.1) that holds larger ,2 6nα  

which is a contradiction. By Lemma 1.1, we obtain the random operator 

equation ( ) xxA μ=ω,  have a random solution ∗x  in D. 

4. Some Remarks and Examples 

Theorem 4.1. Assume the hypothesis of Lemma 1.1 and substitute (1.1) 
in the following: 

( ) ( ) 2,1 xA ωε−  

( ) ( ) ( ) ( ) .,,,,71 DxxAxxAx ∂×Ω∈ω∀ωδ−μωδ+με+≤  (4.1) 

Then ( ) xxA μ=ω,  has a random solution in D ( ,10 <δ≤  ).10 <ε<  

Proof. Similar to the proof of Theorem 2.1, considering ( )00, xA ω  

,00xα=  and substituting it in (4.1), we get ( ) ( )ε+≤αε− 711 2
0  

( ( ) ),2
0

2 δα−μ  ( ) (( ) ( ) ) .071171 2
0

22 ≥αδε++ε−−με+  Then the 

discriminant 

(( ) ( )) ,0761714 2
0

222 >αε−ε++δε+=Δ  

provides a contradiction. Hence, by Lemma 1.1, the equation ( ) xxA μ=ω,  

has a random solution in D for .10,10 <ε<<δ≤  

Corollary 4.2. Letting ,0,0 =ε=δ  from Theorem 4.1,  

 ( ) ( ) .,,, 22 DxxxA ∂×Ω∈ωμ≤ω  (4.2) 

Corollary 4.3. For random semi-closed 1-set contract operators 
XDBA →×Ω:,  that satisfy: 

 ( ) ( ) ( ) ,,,, 222 xxAxBxA μ≤ω−ω+ω  (4.3) 
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the systems ( ) ,, xxA μ=ω  ( ) xxB λμ=ω,  have a common random solution 

in .Dx ∈∗  

5. Some Random Operator Equations 

Example 1. We consider the following equation similar to Example 4 in 
[7] or [18]: 

( ) ( ) [ ]1,0,02sin3
13sin =Ω∈ω=−ω++ω+ xxx  (5.1) 

which must have a random solution in [ ]., ππ−  

In fact, we can take that ( ) ( ) ( ) (wheresin6
13sin2

1, ω++ω+=ω xxxA  

[ ] [ ])ππ−∈Ω=∈ω ,,1,0 x  is a random semi-closed 1-set contract operator 

(see Example 2 in [18]), and from Corollary 4.2 with ,1=μ  here it is at the 

boundary point in interval [ ]ππ− , : 

( ) ( ) .,,, 222222 π=π<πωπ=π−<π−ω AA  

Hence, ( )xA ,ω x=  has a random solution on [ ]., ππ−  

Example 2. We consider the following equation: 

( ) ( ) [ ] 10,1,0,02sin33sin ≤<Ω=∈ω=−ω++ω+ axxaxa  (5.2) 

which has a random solution in [ ]., ππ−  By ( ) ( ) +ω+=ω 3sin2, xaxA  

( ),sin6 ω+xa  equation (5.2) must have a random solution in [ ]., ππ−   

Letting ,1=a  we have Example 1. 

6. Some Stability for the Solution of Stochastic Differential Equation 

We consider stochastic differential equation: 

 ( ) ( ) ( ) ( ) ( )( ),tdwtbdttatxtdx +=  (6.1) 
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( )tw  is one-dimensional standard Brown motion in (6.1) and solution of 

(6.1) is given by: 

( ) ( ) ( )( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ +−= ∫ ∫

t t
sdwsbdssSsaxtx

0 00 2exp  

(see [10, p. 60]). (6.2) 

(i) Langevin equation: ( ) ( ) ( ),tdwdttxtdx σ+α−=  ( )tx  expresses the 

velocity of particle with action, positive constant .0, >σα  

The solution: 

( ) ( ) ( )∫ −αα− σ+=
t stt sdweextx
00 ,  

( ) ( ) ( ( ) ( )),12,0~ 22
0

tt st eNsdwe α−−α −ασσ∫  

as ,∞→t  here ( )tx  is asymptotic normal distribution ( ).2,0 2 ασN  

We have ( ) ,0ExetEx tα−=  

( )( ) ( ) ( ) ( ).12 22
0

2 tt exVaretxVar α−α− −ασ+=  

(ii) By (see [10, p. 69]), we have ( ) ( ) ( )( ) 012sup
0

<−+
≥

tSpta
t

 with       

p-moment index stability, and ( ) ( ) ( )( ) 012inf
0

>−+
≥

tSpta
t

 with p-moment 

index without stability. 

We consider stochastic differential equation: ( ) ( ) ( ( ) += dttatxtdx  

( ) ( )),tdwtb  in which ( )tw  is a one-dimensional standard Brown motion and 

solution of this equation is (6.2)-exact solution formula. 

For ( ) ( ) ( ) ( )[ ],sin tbdwdttatxtdx +=  ,1=a  ,1=b  ( ) ,10 =x  the zero 

solution is stable. 



Some Random Fixed Point Theorems and Random Operator … 139 

We use Milstein method and by MATLAB solve above stochastic 
differential equation with numerical test - figure as shown below (or may by 
using other as Euler-Taylor method, R-K method). 

The red curve expresses orbit of exact solution, the black curve describes 
orbit of solution with numerical test in Figure 1. By Milstein method step 

1/400.large =  

 

 

Figure 1 

Using MATLAB, we find the solution mean square index-stability which 
is described as in the curve shown in the figure. Clearly, it belongs to the 
stability case. 
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Next, we consider  

( ) ( ) ( )( ) ( )( ),2sin tbdwdttatxtdx +−=  

when ( ) ( ) .30,10,1,1,1 <<==== pxbtba  

Similar as above numerical test, Figure 2 shows the curve of solution for 
this equation with index p-exponential stability. 

 

 

Figure 2 
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