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Abstract

We obtain some results related to common random solution for a class
of random operator equations generalizing several results provided in
[4, 5, 7, 18] for Banach spaces. Also, we extend the Altman inequality
into the determinant form.

1. Introduction

We obtain the random solution of some random operator equations by
using random fixed point theorems. The random functional analysis requires
the random fixed point theory. Random operators lie at the heart probabilistic
functional analysis and their theory is needed for the study of several classes
random operator equations.
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In random contract operator, the random topological degree theory, etc.
fully work. The importance of random fixed point theorem is seen amongst
others in the existence of solution for the equation and also in multiple
solutions problem of the corresponding system. In this paper, we consider the
random solution of random operator equations and by using random fixed
point theorem and the Altman’s type inequality generalize some results
obtained in [4, 5, 7, 18].

We shall consider random semi-closed 1-set-contractive operators in a
separable real Banach space.

Lemma 1.1 (Lemma 1 in [5]). Assume that E is a separable real Banach
space, X is a non-empty closed convex set in E, and D is a bounded open set

in X. Let A:QxD — X be random semi-closed 1-set contract operator,
and ey € D be such that

A(®, X) — peg # o(x —eg),

where o >p>1 (o, X) e Qx0Q. Then the operator equation A(w, X)

= ux has a random solution in D.

Theorem A (See [5, Theorem 2]). Assume that E is a separable real
Banach space, X is a non-empty convex and closed set in E, and D is a

bounded open set in X. Let A: Qx D — X be a random semi-closed 1-set
contract operator, 6 € D, and for a real number p > 1,

I A, X) = M > | A, )™ A, )+ P [,
V(o x) e QxdD, m>1 B>0, y>0.
Then the equation A(w, x) = px has a random solution in D.
2. Common Solution of an Operator Equation

Theorem 2.1. Assume that E is a separable real Banach space, X is a
non-empty convex and closed set in E, and D is a bounded open set in X.
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Let A, B: Qx D — X be random semi-closed 1-set contract operators,
0 € D, and real numbers A > 0, p >1 be such that

| Ao, ) [P Ao, )+ x|+ ]| B(o, %) = Apx]
< | Ao, X)— x| + | ux|”, V(e X) e Qx D, (2.1)

Then the systems A(o X) = uX, B(w, X) = Aux have a common random

solution in D.

Proof. By Theorem A, assuming m =5, B =1, y =1, we get
| Ao, ) [P Ao, )+ x| < | Alw, ) = x|+ x|, ¥(o, %) € @ x aD.
By Lemma 1.1, this equation A(w, X) = ux has a random solution x* in D,
that is, A(w, x*)=px"*, and from (2.1), we have |B(o, x*)-Aux"* ||7 <0,
that is, B(w, x*) = Aux". Hence, we get that systems: A(w, X) = pX,
B(w, X) = Aux have a common random solution x* in D.

Theorem 2.2. Assume the hypothesis of Theorem 2.1. Substitute (2.1) in
the following:

| Al, %) — px XML > | A, %) P A, x) + x|
. ” A(CO, X) + ZHX ”Bl _ ” HX ”5(m+ﬁ+y)+ﬁl’
(o, X) € Q x 8D, (2.2)

where m>1 B3>0, B; >0,y >0. Then the equation A(®, X) = ux has a
random solution in D.

Proof. Let ey = 6 € D in Lemma 1.1. Then we only prove that A(w, X)
£ OX, (0), X)GQXGD, o>p>1

Assume to the contrary. Then for some og > p2>1 wgeQ, Xy €D,

we have A((Do, Xo) = QgXp-
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Now, using A(mg, Xg) = agXg, On substitution in (2.2) and letting

og —u=a >0, wehave
I =5(m+B+7y)+Bg,
(g — ) +p" = (ag)™ ™ (g + )P (ag + 20,
Further, letting o.g — . = o > 0, we have
o+t > (o ™ (e + 20 (o + 3P > (o + ).
This is a contradiction. Hence, by Lemma 1.1, A(®, x) = ux has a random
solution x* in D such that A(w, x*) = X".

Let ¢(u) be strictly increasing and continuous in [0, =), ¢(0) = 0. We

will extend Theorem 3 in [11] in the following theorem for common solution
of the system with random semi-closed 1-set contract operators.

Theorem 2.3. Assume that E is a separable real Banach space, X is a
non-empty convex and closed set in E, and D is a bounded open set in X.

Let A, B:Qx D — X be random semi-closed 1-set contract operators,

0 € D, and real numbers A > 0, u >1 be such that
| Ao, %) = ™7 - (] Ao, %)+ x[P)
> [ B(o, %) = Ax [T P Ao, )™ A, X) + x )
X ™ o(Jux ) (M>LB>17y>0, V(o X) € Qx Q). (2.3)

Then the systems A(w, X) = ux, B(w, X) = Aux have a common random

solution in D.

Proof. Letting ey =0 D in Lemma 1.1, we only prove that

A, X) # aX, (o, X) € Q x dD. By (2.3), we have
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| A 0™ 9 A, %)+ g [P) = o 7 () x|
< | Ao, x) = x [V (| Ao, ) + px |P).
Assuming in contrary, there exist og € 0, Xg € 0D, ag > p =1 such that
A(og Xg) = agXg. Substituting it into the above inequality, we have

()™ 7 d(| (ctg + )Xo [P) < (ctg = )™ 7] (et + 1) %o )

+ (W™ o( o |P), (24)
SO
(o0 = ™7+ (™)l + 1) %0 ) 2 (o)™ ({0 + 1) %0 )
That is,
(ag =)™ + 0™ > ad™" = (g — ) + W)™ > (00— )™+ ™
This is a contradiction. Hence, by Lemma 1.1, A(o, X) = ux has a random
solution x* in D such that A(e, x*)=ux*. By (2.3), we have
I B(w, x*) — apx™ ™Y < 0. Thatis, B(w, x*) = Aux". Hence, Ao, X*) =
ux”, B(w, x*) = Aux”. Then the systems A(w, X) = px, B(w, X) = Aux have
a common random solution x™ in D.

Corollary 2.4. Letting L =1, y = 0, B; =1, we get Theorem 3 in [18].

Corollary 2.5. Substituting (2.3) into
I A, %)= x|[™7 - 6] Ao, %) - x|
> [ B(o, %) = 2 ™Y ] Ao, )™ - 4] Ao, X) + px[P)

=[x ™Y (] x|, (2.5)

we have similar results.
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Theorem 2.6. Assume that E is a separable real Banach space, X is a
non-empty convex and closed set in E, and D is a bounded open set in X.

Let A, B,C:QxD — X be all random semi-closed 1-set contract

operators, 6 € D, and the real number p > 1 is such that
| A, )™ Alw, X) + ux [Po(]| Alo, X)+ 2ux|?)
+ | A%B(w, X) + AC(w, X) — A(w, X)|™ P
<[ A@, x) = x| Pl ux]"), V(e x) e @ x D, (26)
where m>1, B >0, y> 0. Then the systems 7»28(0), X) + AC(®, X) = px,
A, X) = pux have a common solution x* in D(A > 0).

Theorem 2.7. Assume the hypothesis of Theorem 2.1. Substitute (2.1) in
the following:

| o, %) = 3>+ B(w, %) = 2ux | + ]| Alw, %) 7] Ao, x) + px |
< || Alo, ¥) = ux [P+ | ux |°, (o, X) € Q x D, 2.7)
Then the systems A(w, X) = pX, B(®, x) = 2ux have a common random
solution x* in D, or the A(®, X) = ux, C(m, X) = 3ux have a common
random solution x* in D.

Proof. It follows from Theorem A by taking m =5, B =1, vy =1.

3. Altman Type Inequality

We can extend Altman’s inequality into the type determinant form as
follows:

I Ao, X, x|

| A, %)= x| = || Ao, %) |2 = | ux |* =
x| A, X) |

= 2.

Hence, we easily get following Theorem 3.1.
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Let n-order determinant

| A, ), o], ey x|

X\, I Alw, X)|, ..., | px
"u " ” .( )" "“” = D, (as symmetry form).
[y [ s s [ Ao, X)

Clearly, Dy = (| A(w, X)[[+(n =1) x|)" ™, Dyag = [ Ao, x)]+ ()] ux "
and Dy, = (| Ao, X) +(n + D) px|)"*,

Hence, we easily get the following results:

| Ao, )P, [P, [P
e P A@ ) P e P

Dy = (+)
3 3 3
o [P, oo [ A, X) |
Simple calculation gives that
3 3 3 3yn-1
Dn = (I A, ) [ + (0 =D ux[3) (| Alw, %) [F — px [F)" 2
Theorem 3.1. Suppose that
DnDn1 + Dop < 2| Alw, x) — pux|P". (3.1)

Then the random operator equation A(w, X) = ux has a random solution x*
in D.
Proof. Assume to the contrary. Then from (x) and D, =
3 3 3 3\n-1
(I A, 9)[° + (0 =D ux ) (| Aw, 9)° ~ x>, by Lemma 1.1, on
considering A(wg, Xg) = agXg, substituting it in above (3.1) and by

calculating that ag —n = a > 0, from DD, 1, we have

(e + (0= D) (@d + np®) (ad - p?)™" 7 > 0.



136 Ning Chen and Jigian Chen
And from D, corresponding, we have
(o5 + (20 = D) (0 — )" > 0.

Thus, we substituting A(wg, Xg) = agXo in (3.1) that holds larger 2a°",
which is a contradiction. By Lemma 1.1, we obtain the random operator

equation A(w, X) = ux have a random solution x* in D.

4. Some Remarks and Examples

Theorem 4.1. Assume the hypothesis of Lemma 1.1 and substitute (1.1)
in the following:

2
(L=e)] A, ¥
<L+ 7e)| px + 8A(w, X) ||| ux — 8A(w, X)|, V(o, X) € A xdD.  (4.1)
Then A(w, x) = ux has a random solutioninD (0<8 <1 0<eg<1).

Proof. Similar to the proof of Theorem 2.1, considering A(wg, Xg)
= 0gXg, and substituting it in (4.1), we get (1—g)a5 <(@1+7¢)

(% = (50g)?), (M+7e)u® —(L-¢€)+(1+7¢)5%)af =0. Then the
discriminant

A= 4(1+7e)%8% + (L+6c — 7%))ad > 0,

provides a contradiction. Hence, by Lemma 1.1, the equation A(®, X) = px
has a random solutioninDfor 0 <6 <1, 0<¢ < 1.

Corollary 4.2. Letting 6 = 0, € = 0, from Theorem 4.1,
| Alo, X) | <|lux|?, (o, X) e QxéD. (4.2)

Corollary 4.3. For random semi-closed 1-set contract operators
A B:QxD — X that satisfy:

| A(, X) [ + | B(w, X) = Alw, ) [* <] ux]?, (4.3)
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the systems A(o, X) = ux, B(®, x) = Aux have a common random solution
in x* e D.
5. Some Random Operator Equations

Example 1. We consider the following equation similar to Example 4 in
[7] or [18]:

sin(x + 3m) + %sin(x +0)-2x=0, 0eQ=[0,1] (5.1)
which must have a random solution in [, =t].

In fact, we can take that A(o, x) = %sin(x +3m) + %sin(x + o) (where

o € [0,1] = Q, x € [-x, n]) is a random semi-closed 1-set contract operator
(see Example 2 in [18]), and from Corollary 4.2 with p =1, here it is at the

boundary point in interval [-r, «t]:
2 2 2 2
| Ao, —m) |2 < | -=[? =%, | Al )| <|x|* = =*.
Hence, A(w, X) = X has a random solution on [-=, «t].

Example 2. We consider the following equation:

asin(x+3m)+%sin(x+m)—2x=O, 0el0,1]=Q 0<a<l (52

which has a random solution in [-m, n]. By Ao, X) =%sin(x+3m)+

%sin(x+m), equation (5.2) must have a random solution in [-=, =].

Letting a = 1, we have Example 1.
6. Some Stability for the Solution of Stochastic Differential Equation

We consider stochastic differential equation:

dx(t) = x(t)(a(t)dt + b(t)dw(t)), (6.1)
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w(t) is one-dimensional standard Brown motion in (6.1) and solution of

(6.1) is given by:
X(t) = %o exp{ [ ; (a(s) - S(s)/2)ds + | ; b(s)dw(s)}

(see [10, p. 607]). (6.2)

(i) Langevin equation: dx(t) = —ox(t)dt + ocdw(t), x(t) expresses the

velocity of particle with action, positive constant o, ¢ > 0.

The solution:

X(t) = xpe * + GI; e*=S)gw(s),

cj;e“<t-5>dw(s) < N(0, (62/200) (1 - &~ 201Y),

as t — oo, here x(t) is asymptotic normal distribution N(O, GZ/Za).
We have Ex(t) = e *'Exg,
var(x(t)) = e 2*Var(x) + (62 /20.) (1 — e 72%),
(ii) By (see [10, p. 69]), we have ?gg(Za(t)+(p -1)S(t)) < 0 with
p-moment index stability, and igE(Za(t) +_(p —1)S(t)) > 0 with p-moment
index without stability.

We consider stochastic differential equation: dx(t) = x(t)(a(t)dt +
b(t)dw(t)), in which w(t) is a one-dimensional standard Brown motion and
solution of this equation is (6.2)-exact solution formula.

For dx(t) = x(t)[asin(t)dt + bdw(t)], a=1, b=1 x(0)=1, the zero

solution is stable.
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We use Milstein method and by MATLAB solve above stochastic
differential equation with numerical test - figure as shown below (or may by
using other as Euler-Taylor method, R-K method).

The red curve expresses orbit of exact solution, the black curve describes
orbit of solution with numerical test in Figure 1. By Milstein method step
large = 1/400.
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Using MATLAB, we find the solution mean square index-stability which
is described as in the curve shown in the figure. Clearly, it belongs to the
stability case.
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Next, we consider
dx(t) = x(t)(a(sin(t) — 2)dt + bdw(t)),
when a=1b(t)=14,b=1 x0)=1,0< p<3.
Similar as above numerical test, Figure 2 shows the curve of solution for

this equation with index p-exponential stability.
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