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Abstract 

Positive switched systems have attracted increasing attention from 
researchers. This paper addresses the existence problem of common 
linear copositive Lyapunov function for positive linear switched 
systems, both discrete- and continuous-time cases are considered. If 
the system matrices of two linear systems are mutually transposed, 
then these two systems are said to be mutually dual, or one is the 
duality of the other one. This paper proposes some simple necessary 
and sufficient conditions which can determine whether or not         
two-dimensional dual systems (continuous- or discrete-time) 
simultaneously possess corresponding common linear copositive 
Lyapunov function. A numerical example is provided to demonstrate 
the theoretical results. 
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1. Introduction 

There are many real variables in various systems which can only        
take nonnegative values, otherwise, they are meaningless, for example, 
population levels, absolute temperature, concentration and density of 
substances, and data packets flowing in a network. A dynamic system only 
involving such kind of states can be modeled as dynamic positive system. A 
system is said to be positive if its state and output are nonnegative whenever 
the initial condition and input are nonnegative [1, 2]. Because positive 
systems have broad applications in many areas [3-6] and important properties 
[7, 8], in recent years, researchers from different fields have paid much 
attention to analyze and synthesize positive systems [9-11]. 

Positive systems have many important and interesting properties, among 
which the most fundamental one is their stability. For example, for a linear 
time-invariant positive system, its asymptotic stability and diagonal quadratic 
stability are equivalent [5]; for positive systems with delays, the asymptotic 
stability is completely determined by system matrices, and has nothing to do 
with delays [12-16]. When dealing with the stability issues of positive 
systems with delays, especially in the case where the delays are time-varying, 
we frequently use the “comparison approach” [14] rather than the popular 
Lyapunov-Krasovskii or Razumikhin method [17]. During the past few 
years, many researchers have also paid their attention to positive switched 
systems - a combination of positive systems and switched systems [18-20]. 
Recently, Liu and Dang [14] have extended some interesting properties of 
positive systems to positive switched systems with delays. 

Generally speaking, when we consider the stability property of a 
dynamic system, it is sometimes more convenient to establish the results by 
studying another system related to the original system. One of such 
approaches is using the equivalence of stability between two systems under 
duality. Two systems are said to be mutually dual if their system matrices are 
mutually transposed [21, 22]. It is well known that a linear time-invariant 
system and its dual system have the same stability properties, that is, the 
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system ( ) ( )tAt xx =  is (asymptotically) stable if and only if the system 

( ) ( )tAt T xx =  is. Based on this simple property, Ait Rami and Tadeo [21] 

proposed a new stability condition for positive systems ([21, Theorem 2.4]). 
It is this simple result that motivates some new ideas, with which [12, 23] 
established some necessary and sufficient stability conditions for positive 
systems with time-varying delays. As a matter of fact, duality is widely used 
in a variety of fields such as circuits, systems, and control theory [24]. 

When stability of positive systems is considered, it is natural to adopt 
linear copositive Lyapunov function. The approach of linear copositive 
Lyapunov function relies on the following fact: a positive system is stable, if 
there is a function ( )xV  which is positive definite and its derivative (for 

continuous-time systems) or difference (for discrete-time systems) taken 
along the system’s trajectories is negative definite, when x is in the positive 
orthant. This approach captures the nature of positivity, and has been shown 
a powerful tool to treat the positive systems. For example, using common 
linear copositive Lyapunov functional (a generalization of linear copositive 
Lyapunov function), [22, 25] have successfully dealt with the analysis and 
synthesis problems of positive systems with delays. In the context of 
switched linear positive systems, the common linear copositive Lyapunov 
function has attracted more and more attention and a massive literature on it 
has appeared; see [18, 26-29] and the references therein for details. 

On the ground above-mentioned, this paper considers the following 
problems: for switched linear positive systems, either continuous- or 
discrete-time, under what conditions a system and its dual system admit 
corresponding common linear copositive Lyapunov functions? Some 
necessary and sufficient criteria are provided to answer the question. 

The rest of this paper is organized as follows: Section 2 gives two 
necessary and sufficient conditions to determine when a system and its 
duality admit corresponding common linear copositive Lyapunov functions, 
Section 3 verifies the main results of this paper by a numerical example, and 
Section 4 concludes this paper. 
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2. Main Results 

Nomenclature 

( )00A  Matrix A with nonnegative (positive) elements 

( )00 ≺≺A  Matrix A with nonpositive (negative) elements 

TA   Transpose of matrix A 

( )+,0RR   The set of all real (nonnegative) numbers 

nR   The set of n-dimensional real vectors 

mn×R   The set of all real matrices of mn × -dimension 

N   { }...,3,2,1  

0N  { } N∪0  

p  { },...,,2,1 p  where N∈p  

M  The set of Metzler matrices of appropriate dimension, 
i.e., the set of nn ×  real matrices with nonnegative off 
diagonal entries 

Throughout this paper, the dimensions of matrices and vectors will not 
be explicitly mentioned if clear from context. In addition, we use the 

convention that +∞=0
a  if 0>a  and that −∞=

0
a  if .0<a  

First, let us consider the following system: 

( ) ( ) .0, ≥= ttAt xx  (2.1) 

Definition 1 [5]. System (2.1) is said to be positive if ( ) 00x  always 

implies that ( ) 0tx  holds for any .0>t  

Lemma 1 [5]. System (2.1) is positive if and only if the system matrix A 
is a Metzler matrix. 
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In this paper, we are concerned only with the 2-dimensional systems, that 
is, A is of the following form: 

.22

2221

1211 ×∈



= R

aa
aa

A  

The following lemma is crucial to establish our main results. 

Lemma 2. Suppose that system (2.1) is positive. Then there exists a 
positive vector 0λ  such that 0≺λA  holds if and only if the following 
condition holds: 

.
21
22

11
12

a
a

a
a >  (2.2) 

Proof. Clearly, there exists a vector [ ] 0, 21
Tλλ=λ  satisfying 

0≺λA  is equivalent to the fact that 

λA  






λ
λ





=

2

1

2221

1211
aa
aa

 







λ+λ
λ+λ

=
222121

212111
aa
aa

 

0≺  

in other words, 

.0,0 222121212111 <λ+λ<λ+λ aaaa  (2.3) 

Since system (2.1) is positive, by Lemma 1, A is a Metzler matrix, (2.3) 
clearly implies that 011 <a  and 022 <a  necessarily hold by the fact that 

[ ] .0, 21
Tλλ=λ  As a result, (2.3) amounts to saying that 

2
21
22

12
11
12 λ−<λ<λ− a

a
a
a  
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which is just the same as the following inequality: 

.
21
22

2
1

11
12

a
a

a
a −<

λ
λ<−  (2.4) 

Hence, existing a positive vector 0λ  satisfying 0≺λA  means that 

,
21
22

11
12

a
a

a
a −<−  or equivalently, (2.2) holds. 

Conversely, if (2.2) holds, then we can always find out, not unique, a 

vector [ ] 0, 21
Tλλ=λ  satisfying (2.4), and (2.4) indicates that .0≺λA  

   

Now, consider the following system: 

( ) ( ) .,1 0N∈∀=+ kkAk xx  (2.5) 

Definition 2 [5]. System (2.5) is said to be positive if ( ) 00x  always 

implies that ( ) 0kx  holds for any .N∈k  

Lemma 3 [5]. (2.5) is positive if and only if .0A  

We have the following lemma. 

Lemma 4. Consider positive system (2.5). There exists a positive vector 
0λ  such that ( ) 0≺λIA −  holds if and only if the following condition 

holds: 

.1
1 21

22
11

12
a

a
a

a −>
−

 

Proof. Since system (2.5) is positive, IA −  is necessarily a Metzler 

matrix. Applying Lemma 2, one knows that the lemma holds.   

Consider the following continuous-time switched linear system: 

( ) ( ) ( ) ,0, ≥= ρ ttAt t xx  (2.6) 
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where m→ρ +,0: R  is a switching signal. In what follows, it is always 

assumed that the switching signal ( ) ,Ct S∈ρ  where CS  is the set of all 

switching signals with the property that there are only finitely many switches 
on any finite interval. 

System (2.6) is positive if ( ) 00x  always implies that ( ) 0tx  holds 

for any 0>t  and any switching signal ( ).tρ  By Lemma 1, system (2.6) is 

positive if and only if all system matrices lA ’s are Metzler matrices. 

The dual system of (2.6) is given by 

( ) ( ) ( ) ( ) ( ) .,0, C
T

tt tttAt S∈ρ≥= ρ xx  (2.7) 

Denote [ ( )].l
ijl aA =  Now, we will consider the following question: under 

what conditions, there exist two positive vectors 0λ  and 0η  such that 

mlAl ∈∀,0≺λ  (2.8) 

and 

mlAT
l ∈∀,0≺η  (2.9) 

hold simultaneously? 

Theorem 1. Consider the 2-dimensional positive systems (2.6) and (2.7). 
There exist two positive vectors 0λ  and 0η  such that (2.8) and (2.9) 

hold if and only if 

( )

( )

( )

( ) 











>












∈∈ l

l

mll

l

ml a

a

a

a

21

22

11

12 maxmin  (2.10) 

and 
( )

( )

( )

( ) 











>












∈∈ l

l

mll

l

ml a

a

a

a

12

22

11

21 maxmin  (2.11) 

hold simultaneously. 
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Proof. The proof is divided into two parts: Necessity and Sufficiency. 

Necessity. Suppose that there exists a positive vector 0λ  such that 
,0≺λlA  ml ∈∀  hold. By Lemma 2, for each fixed ,ml ∈  0≺λlA  is 

equivalent to 

( )

( )

( )

( ) .
21

22

11

12
l

l

l

l

a

a

a

a
>  

Since the vector λ  is common to all ,ml ∈  inequality (2.10) necessarily 

holds. 

Similarly, there exists a positive vector 0η  satisfying 0≺ηlA  

( )ml ∈∀  implies that inequality (2.11) holds. 

Sufficiency. Suppose that (2.10) holds. By Lemma 2, for any ,ml ∈  

there exists a positive vector λ  such that 0≺λlA  holds. As a result, there 

exists a common vector λ  such that 0≺λlA  holds for all .ml ∈  

Analogously, condition (2.11) implies that there exists a positive vector 

η  such that 0≺ηT
lA  holds for all .ml ∈  

The proof is completed.   

Now, consider the following discrete-time switched linear system: 

( ) ( ) ( ) ,,1 0N∈=+ σ kkAk k xx  (2.12) 

where ( ) nk R∈x  is the state variable, the map m→σ 0: N  is an arbitrary 

switching signal with m being the number of subsystems, ,nn
lA ×∈ R  

,ml ∈  are system matrices. A subsystem, say the lth one, is activated at 

instant k if and only if ( ) .lk =σ  For convenience, denote the set of arbitrary 

switching signals for system (2.12) by .DS  

For system (2.12), if ( ) 00x  always implies that ( ) 0kx  holds for 
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any N∈k  and any switching signal ( ),kσ  then it is positive. What is more, 

according to Lemma 3, it is not difficult to see that (2.12) is positive if and 
only if all the system matrices, lA ’s, are nonnegative, that is, ,0lA  

.ml ∈∀  

The dual system of (2.12) is 

( ) ( ) ( ) .,1 0N∈=+ σ kkAk T
k xx  (2.13) 

The following theorem holds. 

Theorem 2. Consider the 2-dimensional positive systems (2.12) and 
(2.13). There exist two positive vectors 0λ  and 0η  such that 

mlAA T
ll ∈∀,, ηηλλ ≺≺  (2.14) 

hold if and only if 
( )

( )

( )

( ) 









 −

>












− ∈∈ l

l

mll

l

ml a

a

a

a

21

22

11

12 1
max

1
min  

and 
( )

( )

( )

( ) 









 −

>












− ∈∈ l

l

mll

l

ml a

a

a

a

12

22

11

21 1
max

1
min  

hold simultaneously. 

Proof. Condition (2.14) is equivalent to the following one: 

( ) ( ) .,0,0 mlIAIA T
ll ∈∀−− ≺≺ ηλ  

Then following a similar line in the proof of Theorem 1, we can, 
analogously, complete the remaining proof without any difficulty.   

3. Numerical Example 

This section provides an example to test the validity of the main results 
of this paper. 
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Example 1. Consider the following system: 

( ) ( ) ( ) ,0, ≥= ρ ttAt t xx  (3.1) 

where ( ) 2R∈tx  and { },3,2,1: 0Nρ  and the system matrices are as 

follows: 







−
−

=





−
−

=





−
−

=
12.0
8.12

,
12.0

8.0
,

4.04.0
1.05.1

321 A
a

AA  

with a in 2A  a positive parameter. 

First, take .7.0=a  Simple computation shows that 

( )

( )

( )

( ) 1max,9.0min
21

22

11

12
3

−=












−=












∈∈ l

l

mll

l

l a

a

a

a
 

and hence (2.10) holds. We can, similarly, verify that (2.11) also holds. By 
Theorem 1, there exist two positive vectors 0λ  and 0η  such that (2.8) 

and (2.9) hold. Indeed, using linear programming tool in MATLAB (the 
function linprog from the Optimization Toolbox is used here), we find out 
two vectors: 

[ ] [ ]TT 5659.155,0732.70,4751.114,7996.113 == ηλ  

with the following property: 

[ ] [ ] ,07152.91,9071.10,02702.0,2519.159 21 ≺≺ TT AA −−=−−= λλ  

[ ] [ ] ,02190.55,8834.42,07152.91,5441.21 13 ≺≺ TTT AA −−=−−= ηλ  

[ ] [ ] .04342.29,0332.109,05147.106,9454.24 32 ≺≺ TTTT AA −−=−−= ηη  

Now, take .9.0=a  It is easy to verify that 

( )

( )

( )

( ) 











>












∈∈ l

l

mll

l

ml
a

a

a

a

12

22

11

21 maxmin  
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does hold, but 
( )

( )

( )

( ) 











>












∈∈ l

l

ll

l

l
a

a

a

a

21

22
3

11

12
3 maxmin  does not hold. According to 

Theorem 1, it is impossible to exist two positive vectors 0λ  and 0η  

satisfying (2.8) and (2.9) simultaneously. 

4. Conclusions 

The existence problem of common linear copositive Lyapunov functions 
for two-dimensional dual switched linear positive systems is studied. Some 
simple necessary and sufficient conditions are established to determine 
whether or not such functions exist. A numerical example is carried out to 
show that the obtained results are effective. 
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