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Abstract

We construct a certain family of products of twists of an elliptic curve
such that each rank of twisted elliptic curves is positive.

1. Introduction

In the previous paper [4], we investigate a generalization of the following
problem:

Problem 1. For a field K finitely generated over a prime field, construct
polynomials f(t), g(t) € K[t] of degree three such that each of the three

twists of E : y? = f(x);

fO)y? = f(x), gt)y? = f(x) f®aM)y? = f(x),

has positive Mordell-Weil rank over K(t).
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This and related problems are investigated in [3] by focusing on the
geometry of elliptic surfaces, and in [2] by relating them to a certain

threefold. In [4] however, we consider a generalized problem where y2 is

replaced by yP with p a prime. There we recognize that the theory of twists,

developed in [1] plays a central role, since it provides us with a unified view
point to study the original problem as well as the generalized one.

Based on the theory of twists, as another way of generalization of
Problem 1, we construct in this paper polynomials f(t), g(t), h(t) € K][t] of

degree three and ¢ e K such that each of the four twists of E : y2 = f(x);

f(t)y? = f(x), g(t)y? = f(x), h(t)y? = f(x), cg()h(t)y? = f(x), (1)

has positive Mordell-Weil rank over K(t). Moreover we show that one can

eliminate ¢ from the last equation. Actually our field K has four independent
parameters. Hence by specialization we can show that for any elliptic curve

E:y? = f(x) over Qwith E(Q) = (Z/2Z)?, there exists a pair g(t), h(t)
€ QIt] such that all of twists in (1) have positive Mordell-Weil rank over

Q(t).
2. Main Theorem and its Proof

Let k be a field of characteristic = 2,3 and let o, B, my, my be
independent variables. Let K = k(a, B, my, my) and f(t) =t(t — a)(t — ).

Let E be an elliptic curve over K defined by the equation y? = f(x). Put
m3 = (Bmy — Bm, + am,)/a € K, and let

(1) = (M — M) (¢ — my) (£~ m) (¢~ mg),

a(20 - B)
h(t) = —
“ (o - B)*(my — my)’

x (200 — B)t + (a2 — ap + p2)my — (o0 — B)*my)
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x (200 = B)t + (o — B)>my + (=3a + 3B — B%)my)
x (20— B)t — (o0 = B)my — amy).
Then we have the following theorem:

Theorem 1. Let C¢, Cq, Cy, Cgy be elliptic (or hyperelliptic) curves

defined by the following equations:

Cs 1u? = (1), )
Cq :u® = g(t), 3)
Cp, 1 u? = h(t), 4)
Can 1 U2 = —ng—:[‘? g(Oh(). 5)

Let Eg (resp. Eq, Ep, Egy) be the twist of E by the quadratic extension
K(Ct)/K(PY) (resp. K(Cq)/K(P), K(Cp)/K(PY), K(Cgn)/K(PY). Then
each rank of E¢ (K(t)), Eq(K(t)), Ex(K(t)), Egn(K(t)) is > 1.

For the proof, we recall the following result in [1].

Theorem 2 ([1]). Let C be a hyperelliptic curve over k defined by the

equation y2 = P(x) and let E be an elliptic curve over k. Let Ep denote the
twist of E defined by the quadratic extension k(C)/k(Pl) so that Ep is an

elliptic curve over k(P*) = k(t). Then we have an isomorphism of abelian

groups,
Ep(k(t)) = Hom (J(C), E) ® E(k),, (6)
where E(k), denotes the group of k-rational 2-division points on E.

Proof of Theorem 1. The defining equations of Ej, Eg, Ep, Egh are

given by
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Er : f®)Y? = f(x), (7)
Eg - 9(1)y* = f(%), ®)
Ep : h(t)y* = (%), 9)
Egn - E gn)y? = 100 (10

We will construct good rational points on these four curves separately.

(i) E (K(t)): The isomorphism of (6) shows that the K(t) -rational point
(t, 1) on Ejs isa free generator of E¢ (K(t)).

(i) Egn(K(t)): Put

_ (ot = Bmy — (o = B)my) (20 — B)t — (o0 = B)my — oMy )
a(t) > .
(=) (my — my)

Then we can simplify the factors (multiplied by (o — B)(my — m2)2) of
f(a(t)) = a(t)(a(t) - a)(a(t) - B) as follows:

(o = B) (my — my Y q(t)
= (at - Bmy — (o = B)My) ((2a - B)t - (a — B)my — cumy)
= (at —amz)((2a - B)t — (a0 — B)my — amy)
= a(t - mg) (20 - )t - (0 — B)my - amy),

(e = B) (my — mp)*(al(t) — )

= (o0 — B) (my — my)?

X((at - B — (o~ B)My) (20 = Bt — (o = B)my — aumy) ‘“j

(o0 — B) (my — my)?
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= (at = Bmy — (o — B)mz) (20 = P)t — (o — B)my — amy)
— oo = B) (my - my)°
= a(20 - B)t? + ((~a® — af + P?)my — (3a — 3af + BZ)my)t
— (o = B)?mf + (3a — 3ap + B?)mym,
= (t — my) (a(2a — B)t + (o — B)>my + (=3a% + 3ap — p2)my),
(o = B) (my — m2)*((t) - B)

= (o0 — ) (my — my)?

) ((at — By — (o — B)m,) (20 ~ B)t = (o = B)my — amp) BJ

(o0 = B) (my — my)?
= (at = Bmy — (ot = B)my) (201 — B)t — (ot — B)my — amy)
— Bla — B) (my — my)°)
= (20 — Bt + ((—a? — af + P2)my + (=30 + 30 — P2)my)t
+(a? + of — B2)mym, + (o — B)?m3
= (t = mp) (a(2a - )t + (~o® — aB + B%)my — (o - B)*my).

Consequently,

f(a(t)) = a(®)(a(t) - o) (a(t) - B)

pirs e USLALELOIELY

x (200 = B)t = (o0 = B)my — amy)

x (20 = )t + (o0 — B)°my + (=30 + 30 — BZ)m,)
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x (a(20 — B)t + (~a® — o + B2)my — (o — B’ mp)

" (my - mp)(o - B

X( o guﬂxﬂ}a—ﬁfmh—mﬂ7mﬂJ

m —my a(2a — B)

__a(a—-P)
Therefore (q(t), 1) is a K(t)-rational point on Eg, and this point is free in
Egn(K(t)) by (6).

(iii) Eq(K(t)): One can check that C is isomorphic to E over K.

In fact, put ¢; = (Mg —my)/a, t = ¢ X+ my, u = —c2y in (3), then

(~fy)? = < (y — mg) (cpx + My — my) (©x) (egx + mg — )

= ofx(ex - cloc)(qx + P Py Bmzj

= o'x(x — a) (x~ ),
hence
y? = x(x - o) (x=B) = f(x).
Consequently, one has
rank(Homg (Cg, E)) 2 1,
and by (6), rank(Eq(K(t))) > 1, and that the K-rational point ((t —mj)/cy,

—~1/c?) is free in Eq(K(1)).



A Certain Quadruple Family of Elliptic Curves ... 187

(iv) En(K(t)): One can also check that Cy, is isomorphic to E over K. In
fact, put
—CX + ( )((a +ap = B)my + (o — B)°my),

((06 é;x(mlﬁ— mz)jz

in (4). Then the equation becomes

((OC S;L(mlﬁ— mz)j4 2

a(2a - B)
(o = BY*(my — my)’

(a2 - By -oix + gy (@2 + 0B = BRI+ 0 - By )

+ (ca? — o + B2)my — (o - B)Zmzj
x[a(Za—m( eix + gy (@2 + op = By + (- B)2m2>j
+ (o= B)2my + (~3a? + 30 — Bz)mzj

(@0 =B ox + gy (@2 + 0B~ B+ @ - pPmy)

—wa—smu—amﬂ- (11)

Multiplying both hand sides of (11) by (o — B)*(my — my)* /(20 — B), we
have
(20— B)*y?
o

= —mx (20 = B)(my — my) x
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x (20 = ) (M — my)X + (2 — aP)my + (—2a° + ap)my)
<2 (20~ B) (g — )X + (20~ B2)my + (-2 + B2)mp)
_ 20—
(my — my)?
x (200 = B) (My — my )X + o200 = B)my + ou(—200 + B)My)
x (200 = B) (M — my) X + B(200 — B)my + (=20 + B)my)

_ (20-p)°
(my — my)?

x ((my —my)x + B(my —my))
= (20— B)*x(x — &) (x — B),

X((my — my)x + a(my — my))

hence
y? = x(x - o) (x = B) = f(x).
Consequently, one has

rank(Homg (Cy,, E)) > 1

and by (6), rank(Ey, (K(t))) > 1. Then the K-rational point

(—G(ZG—B)H(OLZ+aB—B2)m1+(a—B)2mz <a—s)2<m1—m2>2]

(20 = B)(my —my) " (20 -p)
is free in Ep,(K(t)). O
2
Corollary 3. Put g = Mzg), K =k(a, y, m, my), and let
o+y

Ef : f(t)y? = f(x), Eg:g(t)y? = f(x),

En th(t)y? = £(X), Egn : g()h(t)y* = f(x).

Then the rank of each elliptic curve over K(t) is positive.
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2
Proof. If BZM' then we can compute the coefficient

a+y

c= —M on the left side of (10) as follows:

200 — B
o{oc oo+ ZyZ)J
_ofa-PB) _ a+ 7y

20—~ 3 2a_oc(a+2y2)

Cc =
O(,+"{2

_a(a(a+y?)-afa+2y?) _ —aly® _ 2
20 + %) — afa + 2y2) o

Hence ¢ e K*2 and the curve (10) is isomorphic to g(t)h(t)y? = f(x). O
3. Examples

By substituting suitable values into a, B, m, my, we give some
examples of a family of twisted elliptic curves over Q(t). Moreover by

specializing t, we also obtain that over Q.
Example4. If k =Q, a =1, B = -1, my =3, my =5, then we have
mg =7,
fH)=tt-1(t+12),
g(t) = -2(t-3)(t-5)(t-7),

(1) = g (3t ~11) (3t ~17) (3t - 23).

By Theorem 1, rank(E¢(Q(t))), rank(Eq(Q(t))), rank(Ep(Q(t))),
rank(Eqn (Q(t))) > 1. The free Q(t)-rational points of respective Mordell-

Weil group found in the proof of Theorem 1 become

t+5 1) (3t—17 16) (32 —32t+77
t.2) (T ‘z) (T ?} (T 1}
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Example 5. Specialize t of Ej, Eg, Ep, Egh in Example 4. Let T be

the coefficient of y2 in the equation cy? = X(x =1)(x +1). Put t = 2, then

_aa—B) _
20—

free pointson E¢, Eg, Ep, Egh.

C= —2/3. Table 1 shows the values of ¢, minimal forms, and

Table 1. Minimal forms of twisted elliptic curves and free points on them

C minimal form free point
E¢ 6 y? = x3 - 36x (12, 36)
Eq 30 y? = x3 - 900x (45, —225)
2805
E _ e 2 _y3_ 10285, 874225
h 2048 y“ = x° —31472100x ( )
E 14025 2 3 14025 1573605
gh 510 y© = x° —1258884x 7 )

These four elliptic curves are not isomorphic to each other over Q. One
can check that each rational point of the rightmost column of the above table
is free in respective Mordell-Weil group over Q.

Example 6. If k =Q, a =1, y =2, m =3, my, =5, then we have

£(t) = t(t —1)(t —%j

9(t) = ~2(t - 3)(t —5)[t —gj,

h(t) = 32—$68(t _ 4—57j (t _ %} (t-13).
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By Corollary 3, rank(E¢(Q(t))), rank(Eg(Q(t))), rank(Ex(Q(t))),
rank(Egn(Q(t))) > 1. The free Q(t)-rational points of respective Mordell-

Weil group are

P — — 2 —
(t,l),( t+5'_1j’ (St 47,64)’ 5t2 + 72t 91 )
2 ' 4) 10 80

Example 7. Specialize tof E¢, Eg, E, Eg, in Example 6. Let C be the

coefficient of y? in the equation Ty? = x(x —1)(x — 9/5). Put t = 2. Table 2

shows the values of ¢, minimal forms, and free pointson E¢, Eg, Ep, Egp.

Table 2. Minimal forms of twisted elliptic curves and free points on them

c minimal form free point
Et % y? = x® — x? - 81x + 81 (11, 20)
Eq —% y2 =x3+x? —81x-81 (-6, -15)

19129 Y2 =X —x? - 744034570033x

~819200 (4431552, 9147966025)

— 47182629708158063

2 3 2

) 172161 Y~ =X +X° —7440345700x ( 797047 1097755923)

9" 2048000 16 4
2048000 + 47180397604448 6 6

These four elliptic curves are not isomorphic to each other over Q. One
can check that each rational point of the rightmost column of the above table
is free in respective Mordell-Weil group over Q.
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