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Abstract

The finite null expectation and variance of a rank correlation measure
proposed by Borroni and Zenga [2] are considered. A formal proof of
their expressions was never provided, even if some partial results were
published in a technical report (Borroni [1]), which had a limited
circulation. This paper aims at filling this gap by reporting a detailed
proof.

1. Introduction

A common statistical problem is to test whether two sorting criteria can
be considered as independent. More specifically, take a sample of n units and
denote by Ryq, Rio, ..., Riy and Ry, Ryo, ..., Ry, the two sequences of

ranks obtained after sorting the sampled units according to the two
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considered criteria. A test-statistic based on the two above sequences is often
referred to as a rank correlation measure. Along with the most known
Spearman’s rho and Kendall’s tau, other measures can be considered. This
paper will focus on a measure proposed by Borroni and Zenga [2], as an
application of Gini’s mean difference to the total ranks T; = Ryj + Ryj, 1 =

1, ..., n. The final expression of such a measure is

n

JEC —n)ZZ|R1‘+R2i‘R11—sz ] (1)

i=1 j=1

To develop a test of independence, one obviously needs to determine the
finite, or at least the asymptotical, null distribution of the chosen test-
statistic. An important issue is often to know the expressions of the null
expectation and variance of the statistic as a function of n. Borroni and Zenga
[2] provided such expressions for D. The proof of the related theorem, which
will be restated in the next section, was never reported. Some partial results
appeared in a technical report (Borroni [1]), which had, however, a limited
circulation. A detailed proof is hence provided in the following.

2. Expectation and Variance of D under Independence

Note that the value taken by D does not change if the terms in its
summation are rearranged according to the increasing values of one of the
two sequences of ranks. This means that D can be rewritten as

n n
D=——1— i+ Ry —j— Ry (2)
2(n e DD iR il

i=1 j=1

where Ry, ..., Ry, denotes the corresponding rearrangement of Ry, ..., Rop.

By noticing that, under independence, the sequence R5q, ..., Ry, takes every
permutation of the set {1, .., n} with the same probability 1/n!, the null

distribution of D can be determined. Such a logic bases the proof of the
following theorem:
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Theorem. Under independence,

7n? —10n + 2
0= "fontn-1) ©

and

Var(D)

_ 1751n° - 3090n° + 233n* +1428n° - 2173n* - 9822n + 4725
12600n3(n — 2)(n —1)%(n + 1)

when n is odd

_ 1751n® — 3090n° — 5020n* +192n° — 5344n2 — 20448n — 10008
12600n2(n — 3)(n — 1)*(n + 1)

when n is even. 4

Proof. For the sake of simplicity, write R; instead of Ry, (i =1, ..., n)
and consider

i=1l j=1
n i-1
222 |I+R2|—|—R2||
i=2 1=1
n i
:22 |Ri =R +(i-1)] (5)
i=2 1=1
Notice that i —1 >0 in the double summation of (5). Consider now the

variables A j(u) =|Ri —R +u| (i=2,..,n1=1..,1i); for each fixed
u=1..,n-1 these variables are, under independence, identically
distributed as A, 1(u) =| R, — Ry +u/|. The distribution of Aj 4(u) depends

on u. When n is odd,
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ewhen u =1, . nT—l

Pr{Ap 1(u) = x} = % if x=0

_2(n-u) . B
_n(n—l) if x=1..,u-1
(except when u =1)
zﬁ if xX=u
n(n —1)
_2(n=x) .o o
_n(n—l) if x=u+1..,n-u-1
(except when u = nT—lj
nN+u-—x .
= =D if XxX=n-u,..,n+u-1
-whenu:n—+1,...,n—1
2
n-u

Pr{iAy(u) = x} = =1 if x=0

_2(n-u) ... o

= -1 ifx=1.,n-u-1
n—u+x .

_7m:37|fx_n—quu—l
nN+u-x .

'”ﬁGtTTIfX_U+L"”n+U_L

From the distribution above, the null expected value of A ;(u), which turns

out to have the same expression for every u =1, ..., n —1, can be computed
as:
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3 2 3
E(Ap 1(u)) = P ISR

We can then compute

n i-1

ES)=2 Y E(A(i-1)

i=2 =1

[y

22 E(Ag,1(u))
i=2

1

c
Il

_(n+ 1)(7n% —10n + 2)
- I .

This expression does not change when n is even. The results in (3) are then
easily obtained by the definition of D.

The null variance of S is to be computed as

n i-1
Var(s) = 4> > var(A (i - 1)
i=21=1
n i-1 n h-1
4 3 > Cov(A G- 1), A(h=Kk). ()
i=2 1=1 h=2k=1

The first term in (6) can be easily obtained from the above reported
distribution:

1

— = _[n%—3n®+ (6u? +12u + )n*
18(n —1)2n2

Var(Ag 1(u)) =

+(4u® = 36u° — 4u + 3)n® - 2(3u? —1)(3u? - 6u —1)n?

+4u(u —1)(u +1)(3u® = 3u —1)n — 2u?(u — )*(u +1)?]

for u =1, ..., n—1. Concerning the second term in (6), we have to compute
three kinds of covariance:
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Co(u, v) = Cov(Ay 1(u), Ag 3(v)), )
Ci(u, v) = Cov(Ag 1(u), Ag1(V)), 8)
Ca(u, v) = Cov(Ay 1(u), Ay 2(V)), 9)

Co(u, v) is used when all the indexes of the summands take different values
(i #1#h=k); C(u, V) is used when the index i equals h or the index I

equals k; finally, C,(u, v) isused when i =k or | = h.

To determine (7), (8) and (9), suitable joint distributions are to be
derived. For Cqy(u, v), we can first determine the expressions of Pr{A; 1(u)

=X, A 3(v) = y} whennisodd, u,v=1..,(n-1)/2 and u <v:
ewhen x=0,..,u-1

_(n=u+x)(n-v)—2(2n —u —2v + X)
B n(n-1)(n-2)(n-3)

if y=0

_2(n—u+x)(n-v)—2(4n — 2u — 4v + 2x)
B n(n—1)(n-2)(n-3)

ify=1..,v-u+x-1

~2(n—u+x)(n—v)—(7n —3u —8v + 3x)
- n(n-1)(n-2)(n-3)

if y=v-u-+x

~2(n—-u+x)(n—-v)—2(4n—3u —3v+3x—Y)
B n(n —1)(n-2)(n-3)

ify=v—-u+x+1.,v-Lx=#u-1

_(n—u+x)(n-2v)—2(2n—u —4v + X)
B n(n-1)(n-2)(n - 3)

ify=v
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~2(n-u+x)(n—-y)—2(4n—3u -V + 3x — 3y)
- n(n-1)(n-2)(n-3)

ify=v+1l .,u+v-x-Lx=#u-1

~2(n-u+x)(n-u-v+x)—(7n-11u - 8v +11x)
- n(n-1)(n-2)(n-3)

if y=u+v-x

_2(n-u+x)(n-y)—4(2n—u+x-2y)
- n(n-1)(n-2)(n-3)

if y=u+v—-x+1.,n-1-u—-v+x

_2n-u+x)(n-y)—-283n—u+V+x—3y)
- n(n-1)(n —2)(n - 3)

ify=n-u-v+x.,n-v-1

(n—u+x)(N+v-y)—2(2n—u+ 2v + x — 2y)
nin-1)(n-2)(n-3)

ify=n—-v,.,n-1-u+v+x

~(n—u+x)(n+v-y)-2(n+v-y)
B n(n-1)(n-2)(n-3)

ify=n+u-v+x .,n+v-1
ewhen x=1,..,v—-u-1

(n—u-x)(n-v)—2(2n—u—2v—x)
nin-1)(n-2)(n-3)

ify=0

2(n—u—-x)(n—v)—4(2n —u — 2v — x)
n(n-1)(n-2)(n-23)

ify=1.,v-u-x-Lx=#v-u-1
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~_2(n—u-x)(n—-v)—(7n—3u —8v —3x)
Bl n(n—1)(n-2)(n - 3)

ify=v-u-x

~2n-u-x)(n—v)—2(4n-3u —3v-3x-y)
Bl n(n-1)(n-2)(n-3)

ify=v-u-x+1..,v-1

~(n—u-=x)(n-=2v)—2(2n —u — 4v — x)
Bl n(n-1)(n-2)(n-3)

if y=v

~2(n-u-x)(n—y)—2(4n —3u —v —3x —3y)
B n(n —1)(n-2)(n-3)

ify=v+1 .,u+v+x-1

~2n-u-x)(n-—u-v-x)—(7n—-11-8v —11x)
a n(n—1)(n-2)(n-3)

if y=v+u+x

_2(n-u-x)(n—y)—-4(2n—u —x—2y)
B n(n—1)(n-2)(n - 3)

if y=v+u+x+1.,n-1-u-v-x

_2n-u-x)(n—-y)-2(Bn—-u+Vv—-x-3y)
- n(n -1)(n - 2)(n - 3)

ify=n-u-v-x..,n-v-1

~(n—u-x)(n+v-y)-2(2n—u + 2v - x — 2y)
B n(n—1)(n-2)(n-3)

ify=n-v,.,n-1-u+v-x

~(n—-u-x)(n+v-y)-2(n+v-y)
B n(n-1)(n-2)(n-3)

ify=n-u+v-x,..,n+v-1
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ewhen X =v—-u

_(n —v)2 —(3n-5v)

“ i =D)(n=2)(n-3) ify=0
_2(n—v)’ —2(4n —6v - y) o
= rrll(nv—l)(n—g)(nx3)y ify=1..,v-1
_(n—v)(n-2v)-2(2n - 5v) if y=v

n(n-1)(n-2)(n-23)

_ 2(n—v)(n—y)—2(4n —4v — 3y)

n(n—1)(n - 2)(n - 3) ify=v+1.,2v-1

_2(n—v)(n—2v)—(7n —13v)

"D (n-2)(n-3) ify=2v

_2An-v)(n-y)—4(@2n-v-2y)
B n(n—1)(n-2)(n - 3)

if y=2v+1 ..,n-1-2v

2(n —v)(n —y) - 6(n — i
_ (g(n\igl(nz)z)(n(E@y) ify=n-2v,.,n-v-1

_(h=v)(n+v-y)-2(2n+v-2y)

n(n—1)(n - 2)(n - 3) ify=n-v,..,n-1

_(-v)(n+v-y)-2(n+v-y)

n(n—1)(n — 2)(n - 3) ify=n..,n+v-1

ewhen x=v—-u+1..,2v—-u-1

_(n=u-=x)(n-=v)—2(2n —2u — v — 2x)
B n(n-1)(n-2)(n-3)

if y=0

~2(n—u—-x)(n—v)—4(2n - 2u — v — 2x)
B n(n —1)(n -2)(n - 3)

ify=1.,u-v+x-Lxzu-v+1
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~2(n—u-x)(n—=v)—(7n—7u — 4v — 7x)
Bl n(n—1)(n-2)(n - 3)

if y=u—-v+x

~2(n-u-x)(n-v)—2(4n-3u—-3v-3x-Y)
B n(n-1)(n-2)(n-3)

ify=u-v+x+1 ., v-L x#2v-u-1

_(n—u-=-x)(n-=2v)—2(2n—u —4v - x)
Bl n(n-1)(n-2)(n-3)

if y=v

~2(n-u-x)(n—y)—2(4n —3u — v —3x — 3y)
- n(n-1)(n —2)(n - 3)

ify=v+1.,n-1-u-v-x

~2(n-u-x)(n—y)—2(3n—2u — 2x — 2y)
B n(n—1)(n -2)(n - 3)

ify=n—-u-v-x.,u+v+x-1

~2n-u-x)(n-u—-v—-x)—(5n—7u —4v - 7x)
a n(n-1)(n-2)(n-3)

if y=u+v+x

_2n-u-x)(n—y)—-2(3n—u +Vv - x—3y)
B n(n-1)(n-2)(n -3)

ify=u+v+x+1.,n-v-1

~(n—u-x)(n+v-y)—-2(2n—u + 2v — x — 2y)
- n(n-1)(n-2)(n-3)

ify=n-v,.,n-1-u+v-x

_(n—u-x)(n+v-y)-2(n+v-1y)
B n(n-1)(n-2)(n-3)

ify=n-u+v-x,..,n+v-1
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ewhen X = 2v—-u

_ (n=2v)(n-v)—2(2n - 5v)

n(n-1)(n-2)(n-73) ify=0
2(n - 2v)(n —v) - 2(4n - 10 _
= n(nvz(f)(nv—) 2)(51 E3) ; ify=1.,v-1
_ (n—2v)* —(3n-10v) yy

“n(n-1)(n-2)(n-23)

~2(n—=2v)(n—y)—2(4n - 7v —3y)
- n(n-1)(n-2)(n-3)

ify=v+1.,3v-1

_2(n—2v)(n—3v)—(7n-30v)
Bl n(n—1)(n-2)(n-3)

_2n-2v)(n—-y)-8(n-v-y)
B n(n-1)(n-2)(n - 3)

if y=23v

if y=3v+1 ..,n-1-3v

_2n-2)(-y)-2@n-v-3y)
= " - -2)(n=3) ify=n-3v,..,n-1-v
_(m=2v)(n+v-y)-2(n+v-y)
B n(n—1)(n-2)(n - 3)

ify=n-v,.,n+v-1

ewhen x=2v-u+1 ..,n-u-2v-1

_(n—u-=x)(n-v)—2(2n - 2u — v — 2x)
B n(n-1)(n-2)(n-3)

if y=0

_2(n—u-—x)(n—=Vv)—2(4n — 4u — 2v — 4x)
B n(n-1)(n-2)(n - 3)

ify=1..,v-1

_(n—u-=x)(n-2v)—2(2n — 2u — 2v — 2x)
B n(n-1)(n-2)(n-23)

if y=v
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~_2(n—u-x)(n—y)—2(4n —4u — 4x — 2y)
- n(n-1)(n-2)(n-3)

ify=v+1.,n-1-u-v-x;x2v—-Uu+L x#n-u-2v-1

~2n-u-x)(n-y)—-2(B3n—-3u+Vv-3x—-Y)
- n(n-1)(n-2)(n-3)

ify=n—-u-v-X .,Uu-v+x-1Lx#2v-u+1

~2n-u-x)(n—u+Vv—x)—(5n—7u + 4v — 7x)
- n(n—1)(n - 2)(n - 3)

ify=u-v+x

_2(n—u-x)(n—y)—2(3n—2u — 2x — 2y)
B n(n-1)(n-2)(n-3)

if y=u-v+x+1.,n-1-u+v-x

_2n-u-x)(n—-y)-2(2n-u—-v-x-Y)
B n(n-1)(n-2)(n-3)

ify=n—-u+v-x .,u+v+x-1

_2(n—u-x)(n—u—-v—x)—(3n—3u—4v-23x)
B n(n-1)(n-2)(n-3)

if y=u+v+x

_2n-u-x)(n—y)-4n-y)
n(n-1)(n-2)(n-23)

if y=u+v+x+1.,n-v-L x#n-u-2v-1

~(n—u-=-x)(n+v-y)-2(n+v-y)
B n(n-1)(n-2)(n-3)

ify=n-v,.,n+v-1
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ewhen x=n-u-2v,..,n=-1-u-v

_(n—=u-=x)(n-v)—2(2n —2u — v — 2x)
- n(n-1)(n-2)(n-3)

if y=0

~_2(n—u-x)(n—v)—4(2n - 2u — v — 2x)
B n(n-1)(n-2)(n-3)

ify:]_, ---,n—l—U—V—X;X:¢n—1—u_V

_2n-u-x)(n-v)—-2(3n—3u—v-3x+Y)
B n(n-1)(n-2)(n-3)

ify=n-u-v-x..,v=-Lx#n-u-2v

~(n—u-x)(n-2v)—2(n—u—Xx)
B n(n-1)(n-2)(n-3)

if y=v

~2n-u-x)(n-y)-2(Bn-3u+Vv-3x—Yy)
a n(n-1)(n-2)(n-3)

ify=v+1.,n-1-u+v-x

~2n-u-x)(n—y)—4(n-u-x)
B n(n —1)(n-2)(n-3)

ify=n—-u+v-x .,u—-v+x-1

~2(n—u-x)(n-u+v-x)-3(n—u-x)
- n(n-1)(n-2)(n-3)

if y=u-v+x

_2n-u-x)(n—-y)-2(2n-u-v-x-Y)
B n(n-1)(n-2)(n-3)

ify=u-v+x+1.,n-v-1
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~(n—u-x)(n+v-y)-2(n—u—x)
B n(n-1)(n-2)(n-13)

ify=n-v,..,u+v+x-1

_(n—u—x)z—(n—u—x)
~ n(n-)(n-2)(n-3)

if y=u+v+x

_(n-u-x)(n+v-y)-2(n+v—-y)
B n(n-1)(n-2)(n-3)

ify=u+v+x+1..,n+v-1
ewhen X=n-u-v,..,.n-1-u

_(n—u-x)(n-v)-2(n—u—x)
- n(n—1)(n-2)(n-3)

if y=0

~2(n-u-x)(n—-v)—4(n—-u—x)
B n(n-1)(n-2)(n - 3)

ify=1..,Uu+v+X—-n;Xx#n—-u-vVv

_2n-u-x)(n-v)—2(3n—-3u—-v-3x+Y)
B n(n-1)(n-2)(n-3)

ify=u+v+x—-n+1 ., ,v-Lx=n-1-u

~(n—u-x)(n-2v)—2(n—u—x)
- n(n-1)(n-2)(n-3)

ify=v

_2n-u-x)(n—-y)-2(8n—-3u+Vv—-3x—-y)
B n(n —1)(n -2)(n - 3)

if y=v+1.,n-1-u+v-x;x=n-1-u
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~2n-u-x)(n—-y)—4(n—-u-x)
- n(n -1)(n —2)(n - 3)

ify=n—-u+v-x .,u-v+x-1

_2n—-u-x)(n-u+v-x)-3(n—u-x)
Bl n(n-1)(n-2)(n-3)

if y=u-v+x

_2n-u-x)(n—-y)-2(2n-u-v-x-Y)
B n(n -1)(n-2)(n-3)

ify=u-v+x+1.,n-v-Lx#n-1-u

~(n-u-x)(n+v-y)-2(n—u—x)
B n(n-1)(n-2)(n-3)

ify=n-v,.,u+v+x-1

_(n—u—x)z—(n—u—x)
~ n(n-1)(n-2)(n-3)

if y=u+v+x

_(n—u-x)(n+v-y)-2(n+v-y)
B n(n-1)(n-2)(n-3)

ify=u+v+x+1.,n+v-Lx=n-1-u.

The remaining part of the distribution can be determined by the above
probabilities, by noting that, for every y in the support of A, 3(v),

PriAg,1(u) = X, Aq3(v) = ¥}
= Pr{Ay 1(u) = 2u - x, Ay 3(v) = y} when x =u +1, .., 2u

=Pr{Ay 1(u) = x—-2u, Ay 3(v) =y} when x =2u+1, .., n+u -1
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By the described distribution, after some calculations, we get

1
~45(n —12(n - 2)(n - 3)n?

Co(u, v) =

x[n" = 6n% +10n° —10(u — 2 + v)(U? —u —uv — v + v*)n*

+ (@5u* +15v* — 90u?v — 30v® — 15u2 + 90uv — 15v2

+30v — 11)n3 — (3u® +15uv — 30uv? + 6v° + 15u*

—30udv — 90u?v? + 5u® —15u%v + 120uv? — 40v® + 1502

+ 30UV + 30v? — 38 + 4v — 6)n? — (20uv3 — 3u® —15u%v
+60u3v? + 30u?v® — 6v° — 20u3v — 50uv + 15v* —15u° — 150y
— 60uv? + 50uv — 15v2 +18u + 6v)n + 30uv(v> — 1)(u? —1)].

It can be shown that the above formula remains valid, for every n,
whenever u <v and u+v < n+ 2. By similar computations, when u <v
and u+v >n-2, weget:

(v-n+1)(v-n)(v-n-1)
45(n —1%(n - 2)(n - 3)n?

Co(u, v) = - [2n* — (15u + 9v — 3)n®

+(30u? +15uv — 3v? + 15U + 24v — 23)n?

—(20u® + 60u? + 15uv — 3v2 — 50U + 15v — 18)n + 30u(u? — 1)].

Note that when Cq(u, v) needs to be computed for u > v, it is sufficient

to interchange the roles of u and v in the above formulas. In addition, note
that the two formulas give the same resultswhen u +v=n-2, ..., n + 2.

Turning to Cy(u, v), it can be derived from the joint probability

Pr{A; 1(u) = x, Ag 1(v) = y}, whose expressions are reported in the following

whennisodd, u,v=1, .., nT—l and u < v:
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ewhen x=0,..,u-1

n-v

n(n-1)(n-2)

2(n—-v)

n(n-1)(n-2)

n+u-2v-x

n(n-1)(n-2)

2n—-u—-V+Xx-—y

n(n-1)(n-2)

n-2v

n(n-1)(n-2)

2n—u+ x -2y

n(n-1)(n-2)

N—U+V+X-—Yy

n(n-1)(n-2)

ewhen x=1,..,v-u-Lv-u=l1

n-v
n(n-1)(n-2)
2(n—v)
n(n-1)(n-2)
n+u-2v-—x
n(n-1)(n-2)
2n—U—-VvV-Xx-—-Y
n(n-1)(n-2)
n-—2v
n(n-1)(n-2)
2n—u—Xx-—2y

- n(n-1)(n-2)

if y=0

ify=1..,v-u+x-1

if y=v-u+x

ify=v-u+x+1.,v-Lxzu-1

if y=v

if y=v+1,

ify=n-v,.,n-u+v+x-1

if y=0

ify=1..,v-u-x-Lxzv-u-1

vy nN=v-1

ify=v-u-x

if y=v—-u-x+1..,v-1

if y=v

if y=v+1

vy nN=v-1

141
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N-Uu+vV-X-Y

“nn-1)(n-2) ify=n-v,.,n-u+v-x-1

ewhen x =v—-u

_% ify=1 ., v-1
e B
:% ify=v+1.,n-v-1
:m ify=n-v,..,,n-1

ewhen x=v—-u+1 ..,2v-u-1

n-u-xX

“hh-D(n-2) iy =0

__2n-u-x) iy - N
“nh-D(n-2) ify=21.,u-v+x-Lxzv-u+1
__n-u=-x iy = U+ x

n(n-1)(n-2)

_2n-u-v-x-y ify=u-v+x+1..,v-Lxz#2v-u-1

n(n-1)(n-2)
___nh-2v if y=v
n(n-1)(n-2)
_ 2nrzn_—ul;()r(l:g if y=v+l.,n-v-1

_N—-U+V-X-Y PR 3 .
= D=2 ify=n-v,..,n-u+v—-x-1

ewhen x =2v—-u

_2 A
“WDn=y 1Yo
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2(n -2 .
:m ify=1..,v-1
:% ify=v+l ...on-v-1

ewhen x =2v-u+1 ..,v-u+(n-1)/2

n-u-x

M -D(n-2) Ty=0
2(n—u - .
:M ify=1..,v-1
__N-u-Xx ify=v
n(n-1)(n-2)

_2N-2u+V-2X-y .o B . B
~ T h(n-D(n-2) ify=v+l.,u-v+x-Lx#2v-u+1

n—u+V-—X-— .
= y ify=u-v+x

n(n-1)(n-2)
_2n—u-—x-2y o ) o
“n(n-1(n-2) ify=u-v+x+l.,n-u+v-x-1
__nN-v-y e ~ o
“nin=-1)(n-2) ify=n-u+v-x.,n-v-1

ewhen x=v-u+(n-1)/2+1 ..,n-u-1

n-u-x

~hn-Dm-2) Ty=0
2(n—u - .
:M ify=1..,v-1
=_n-d=X if y=v
n(n-1)(n-2)

_2n—-2u+V-2X-Y
n(n-1)(n-2)

ify=v+l.,n-u+v-x-Lx=n-u-1
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:M ify:n_u+V—X,“.,u—V+X_1
n(n-1)(n-2)

__n-v-y TR o o
“nh-D(n-2) ify=u-v+x+1.,n-v-Lx=n-u-1

ewhen x =u+1, .., (n-1)/2+u-v

n+u-v-xX

“nin-1)(n-2) ify=0
_2(n+u-v-x) Lo B
= =D =2) ify=1..,v-1
_N+u-2v-x if y=v

n(n-1)(n-2)

_2n+2u-v-2x-y . 3 ~ L
T ain-D(n-2) ify=v+1 ., v-u+x-Lxz#u+1

_nN+2u-2v-2X ifV=V_U4+ X
~ n(n=-1)(n-2) y=

_2n+u—-x-2y ify=v-u+x+1..,n+u-v-x-1

n(n-1)(n-2)
Xx#(N-1)/2+u-v
__n+v—-y if v= —v-— _
GG ify=n+u-v-x,..,n+v-1

ewhen x=(n-1)/2+u-v+1 .., n+u—-2v-1

n+u-v-xX

BCECEr A
_2(n+u-v-—x) T B
= =D =2) ify=1..,v-1
=n+u—2v—x if y=v

n(n-1)(n-2)
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_n+2-v-2x-y ify=v+1l.,n+u—-v-x-1

n(n-1)(n-2)
X#N+U-2v-1
__h+u=-Xx Y =NtV VU X1
n(n-1)(n-2)
__n+v-y e B
“n(n-1)(n-2) if y=v-u+x+1.,n+v-1

ewhen Xx=n+u-2v,..,n+u-v-1

n+uU-v-X .
G GER)) ify=0

2(n+u—vVv—Xx)
n(n-1)(n-2)

ify=1.,n+u-v-x-Lx#n+u-v-1

nN+Uu-—-v-—X+ .
= y ify=n+u-v-x,..,v=-L x#n+u-2v

n(n —1)(n - 2)

n+u-x _
_m Ify_v+1,...,V—u+X_1
__ntvoy I ]
“nin-1)(n-2) ify=v-u+x+1.,n+v-1

ewhen xX=n+u-v,..,.n+u-1

N+U-—-V-—X+ .
= y ify=v—-u-n+x+1.,v-Lx#n+u-1

n(n-1)(n-2)
n+u-x _
“n(n-D(h-2) if y=v+l ., v-u+x-1
n+v-y _
=—_— ify=v-u+x+1..,n+v-Lx=n+u-1
n(n-1)(n-2) y

The expression of Cq(u, v) derived from the above distribution can be

proved to be valid for all u < v; this unique expression is:
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1

- > - [n" ~11n° + (60uv + 25)n°
180(n —1)°(n—2)n

Cy(u, v)

— (10u® + 10v® - 60u® + 240uv — 60v2 + 50u — 50v — 5)n*

+ (@5u* — 60u’y — 60uv® + 15v* + 50u° — 180u®v + 180uv?

— 70v3 —15u2 + 420uv — 15v® — 50u + 70v — 26)n° + (60u°v?
+30uv? — 6v° — 45u* + 120u3v + 180u?v? + 15v* — 80u®

— 450uv? + 70v® —15u2 — 60UV — 75v2 + 140U — 4v +16)n?

— (20u®v® +120uv? + 60u?v3 + 30uv? — Bv° — 30u* — 20u’y
—140uv® + 30v* — 40u® — 60u?v — 150uv? — 10v® + 30u?

+140uv — 30v2 + 40u + 16v)n + 40uv(u® — 1) (v? —1)].

Finally, C,(u,v) is to be determined from the joint probability
PriAy 1(u) = x, Ag 2(v) = y}, whose expressions when n is odd, u,v =

1 ..., nT—l and u < v, are:

ewhen x=0,..,u-1

n-u-v+X

=D =2) ify=0
_2(n—u—-vVv+Xx) —_— 3
G GE) ify=1.,v-1
_N-u-2v+x if y=v

n(n-1)(n-2)

_2n-2u-Vv+2xX-Yy
n(n-1)(n-2)

ify=v+1 ., u+v-x-1
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n—2u-—2v+2x .
if y=u+v-x

n(n-1)(n-2)

2n—u+x -2y

ify=u+v-x+1..,n-u-v+x-1

n(n-1)(n-2)
_nN+v-y ifven_u-— _
=D (n-2) ify=n-u-v+x ..,n+v-1

ewhen x=1,..,(n-1)/2-u-v

n—u-v-—x .
n(n-1)(n-2) ify=0
2(n—u-v-Xx) —_— 3
GRS G ify=1..,v-1
n—u-2v-x if y =v

n(n-1)(n-2)

2n—-2u—v-—-2x-Yy

"D =2) if y=v+1 .,u+v+x-1

n-2v-2u-2x

if y=u+v+x

n(n-1)(n-2)

2n—u-x-2y —— o
n(n—1)(n - 2) ify=u+v+x+1.,n-u-v-x-1
_n+v-oy ey )
n(n—1)(n - 2) ify=n-u-v-x.,n+v-1

ewhen x=(n-1)/2-u-v+1 ..,n-u-2v-1

n-u-v-xX

nn=D(n=2) ify=0
2(n—u-v-x) —_— 3
GRS G ify=1..,v-1
n—u-2v-—x if y =v

n(n-1)(n-2)
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_2n_2u-v—2x—y ify=v+l.,n-u-v-x-1

n(n-1)(n-2)
__N-u=-x _ Y =N UV X Uty ex_1
n(n-1)(n-2)
__nN+v-y o ~
“nin-1)(n-2) if y=u+v+x+1.,n+v-1

ewhen Xx=n-u-2v,..,n—-u-v-1

n—-u-v-xX .
S A -D=2) ify=0

2(n—u—-v—x)
n(n-1)(n-2)

ify=1..n-u-v-x-1

nin-1)(n-2)
n—u-x )
_m if y=v+1 .,u+v+x-1
__nEvoy . )
_n(n—l)(n—z) if y=u+v+x+1..,n+v-1

ewhen Xx=n-v-u,..,n—-u-1

_N-u-v-x+y ify=u+v-n+x+1..,v-1

n(n-1)(n-2)

n—-u-x )
“nn-)(n-2) ify=v+1l .,u+v+x-1
__n+v-y _— i
“nin-1)(n-2) ify=u+v+x+1.,n+v-1

ewhen x=u+1 ..,u+v-1

DN y=0
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__2An-v) _— o
“nin-0)(n-2) ify=1.,u+v-x-1
nN-u-2v+x fy—usvox
n(n-(n-2)

2n+U—V—X—y

ify=u+v-x+1.,v-1

n(n-1)(n-2)

__n-v ity = v
n(n-1)(n-2)

2n+U—Xx—2y —— o
n(n-1)(n - 2) ify=v+1.,n-v-1

n+u+v-XxX-Yy

n(n-1)(n-2) ify=n-v,.,n+u+v-x-1

ewhen X =u+V

2n-2v-y o )
NGERIGEA) ify=1.,v-1
__n-v ity —v
n(n-1)(n-2)

2n—v -2y ) ~ o
nn-1)(n-2) ify=v+1.,n-v-1
__n=y e -
n(n—1)(n - 2) ify=n-v,..,n-1

ewhen x=u+v+1 ..,u+2v-1

n+u-xX

A -D(n-2) Ty=0

2 - .

% ify=1..,x-u-v-1
n+u-xX

nn-1)(n-2) ify=x-u-v
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_2n+u-v-x-y ify=x-u-v+1 .,v-1

n(n-1)(n-2)
___n-a ity v
n(n-1)(n-2)

_2n+u-x-2y o o
" n(n-1)(n-2) ify=v+l.,n-v-1

_N+U+V-—X-Y o o
“Tnin-D(n-2) ify=n-v,.,n+u+v-x-1

ewhen X =u+ 2v

_9 .

= - =2 fy=0
__2(n-2v) T
_m ify=1..,v-1
:% ify=v+l.,n-v-1

ewhen x=u+2v+1 ..,n+u-1

“An-00-2) ty-0

2(n +u - _
ZW ify=1.,v-1
__n+u-x ity =v
n(n-1)(n-2)

2N+ 2u+Vv-2X—-Yy ) ~ o
B n(n_]_)(n_z) if y=v+1.,x-u-v-1

_N+2u+2v-2X AV
" n(n-1)(n-2) y=

_2n+u-x-2y Lo o
“n(n-1)(n-2) if y=x-u-v+1..,n+u+v-x-1

__nN-v-y _ T ~ o
“nin-1)(n-2) ify=n+u+v-x.,n-v-1
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The following expression for C,(u, v) is derived from the above
distribution. The expression is valid for u <v and u +v < n+ 2. Another
expression for u +v > n — 2 can be determined but, as below explained, it is
not needed to complete the proof:

1
180(n - 1)%(n — 2)n?

Co(u, V) = n’ —11n% — (60uv — 25)n°
2

— (10u® + 10v3 — 60u® — 240uv — 60v? + 50u + 50v + 5)n*

+ @5u” + 60u’y + 60uv® + 15v* — 70u® — 180u®v — 180uv?
—70v® —15u? — 60uv —15v2 + 70u + 70v — 26)n° — (6u° + 30uv
+30uv? + 6v° —15u* —180u?v? —15v* — 70u® - 30u?v — 30uv?
—70v2 + 75U + 60UV + 75v2 + 4u + 4v —16)n? — (20uv® - 6u®
—30u’v + 60usv? + 60UV — 30uv* — 6v° + 30u* — 20u’v

— 20uv® + 30v* —10u® — 30u?v — 30uv? — 10v3 - 30u? + 20uv
—30v2 + 16U + 16v)n + 4Ouv(v2 -1) (u2 -1)].

Now note that, as covariance is a symmetric operator, (6) can be
computed by reducing the number of terms in the summation.

As a consequence,

n i- n i-1| i-1
Var(S|Hg) = 4> > Var(Ay 1(u)+8) DI > Cyi-1,i-m)
i=2 u=1 i=2 I=1| m=I+1

n 1-1 n
+ > 3 Coli-Lh-m+ > Cli-1h-1)
h=i+1 m=1 h=i+1

n h-1 n
+ 30 > Coli-Lh-m)+ Y Coli-1,h-i)].
h=i+1 m=I+1 h=i+1

(m=i)
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The terms in the summations of the above formula can be rearranged so that
the reported formulas of covariance can be applied; for instance, the
arguments of Cy(i —I, h —m) should be switched when i —1 >h—-m. In

addition, note that, in the last summation, a further expression for C,(u, v)

for u+v >n+ 2 is not needed, as the arguments i —| and h —i are such
that (i— 1)+ (h—i)<n-—1. The result of this last summation is different

when n is even or odd; this explains why the final expression for Var(D|H)

differs when n is odd or even.

After some calculations, we finally get
Var(S)

_(n+1)(1751n® — 3090n° — 9822n — 2173n? + 233n* +1428n° + 4725)
- 28350n(n — 2)

when n is odd

~1751n® — 3090n° — 5020n* +192n° — 5344n? — 20448n — 10008
- 28350(n - 3)

when n is even

from which, (4) is easily obtained.
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