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Abstract 

The finite null expectation and variance of a rank correlation measure 
proposed by Borroni and Zenga [2] are considered. A formal proof of 
their expressions was never provided, even if some partial results were 
published in a technical report (Borroni [1]), which had a limited 
circulation. This paper aims at filling this gap by reporting a detailed 
proof. 

1. Introduction 

A common statistical problem is to test whether two sorting criteria can 
be considered as independent. More specifically, take a sample of n units and 
denote by nRRR 11211 ...,,,  and nRRR 22221 ...,,,  the two sequences of 

ranks obtained after sorting the sampled units according to the two 
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considered criteria. A test-statistic based on the two above sequences is often 
referred to as a rank correlation measure. Along with the most known 
Spearman’s rho and Kendall’s tau, other measures can be considered. This 
paper will focus on a measure proposed by Borroni and Zenga [2], as an 
application of Gini’s mean difference to the total ranks ,21 iii RRT +=  =i  

....,,1 n  The final expression of such a measure is 
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To develop a test of independence, one obviously needs to determine the 
finite, or at least the asymptotical, null distribution of the chosen test-
statistic. An important issue is often to know the expressions of the null 
expectation and variance of the statistic as a function of n. Borroni and Zenga 
[2] provided such expressions for D. The proof of the related theorem, which 
will be restated in the next section, was never reported. Some partial results 
appeared in a technical report (Borroni [1]), which had, however, a limited 
circulation. A detailed proof is hence provided in the following. 

2. Expectation and Variance of D under Independence 

Note that the value taken by D does not change if the terms in its 
summation are rearranged according to the increasing values of one of the 
two sequences of ranks. This means that D can be rewritten as 
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where ∗∗
nRR 221 ...,,  denotes the corresponding rearrangement of ....,, 221 nRR  

By noticing that, under independence, the sequence ∗∗
nRR 221 ...,,  takes every 

permutation of the set { }n...,,1  with the same probability ,!1 n  the null 

distribution of D can be determined. Such a logic bases the proof of the 
following theorem: 
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Theorem. Under independence, 
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and 

( )DVar  
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when n is odd 

( ) ( ) ( )222

23456

11312600
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+−−
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when n is even. (4) 

Proof. For the sake of simplicity, write iR  instead of ,2
∗
iR  ( )ni ...,,1=  

and consider 
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Notice that 0≥− li  in the double summation of (5). Consider now the 
variables ( ) uRRuA lili +−=,  ( );...,,1;...,,2 ilni ==  for each fixed 

,1...,,1 −= nu  these variables are, under independence, identically 

distributed as ( ) .121,2 uRRuA +−=  The distribution of ( )uA 1,2  depends 

on u. When n is odd, 
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• when 2
1...,,1 −= nu  

{ ( ) } ( )1Pr 1,2 −
−== nn

unxuA      if 0=x  

( )
( )1

2
−
−= nn

un     if 1...,,1 −= ux  

 ( )1whenexcept =u  

( )1
2
−

−= nn
un      if ux =  

( )
( )1

2
−
−= nn

xn     if 1...,,1 −−+= unux  

 ⎟
⎠
⎞⎜

⎝
⎛ −= 2

1whenexcept nu  

( )1−
−+= nn

xun   if 1...,, −+−= ununx  

• when 1...,,2
1 −+= nnu  

{ ( ) } ( )1Pr 1,2 −
−== nn

unxuA      if 0=x  

( )
( )1

2
−
−= nn

un     if 1...,,1 −−= unx  

( )1−
+−= nn

xun   if 1...,, −−= uunx  

( )1−
−+= nn

xun   if .1...,,1 −++= unux  

From the distribution above, the null expected value of ( ),1,2 uA  which turns 

out to have the same expression for every ,1...,,1 −= nu  can be computed 

as: 
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We can then compute 
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This expression does not change when n is even. The results in (3) are then 
easily obtained by the definition of D. 

The null variance of S is to be computed as 

( ) ( ( ))∑∑
=

−

=

−=
n

i

i

l
li liAVarSVar

2

1

1
,4  

( ( ) ( )).,4
2

1

1 2

1

1
,,∑∑∑∑

=

−

= =

−

=

−−+
n

i

i

l

n

h

h

k
khli khAliACov  (6) 

The first term in (6) can be easily obtained from the above reported 
distribution: 

( ( ))
( )

[ ( ) 4256
221,2 11263

118
1 nuunn

nn
uAVar +++−

−
=  

( ) ( ) ( ) 222323 16313234364 nuuunuuu −−−−+−−+  

( ) ( ) ( ) ( ) ( ) ]2222 112133114 +−−−−+−+ uuunuuuuu  

for .1...,,1 −= nu  Concerning the second term in (6), we have to compute 

three kinds of covariance: 
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 ( ) ( ( ) ( )),,, 3,41,20 vAuACovvuC =  (7) 

( ) ( ( ) ( )),,, 1,31,21 vAuACovvuC =  (8) 

( ) ( ( ) ( )),,, 2,41,22 vAuACovvuC =  (9) 

( )vuC ,0  is used when all the indexes of the summands take different values 

( );khli ≠≠≠  ( )vuC ,1  is used when the index i equals h or the index l 

equals k; finally, ( )vuC ,2  is used when ki =  or .hl =  

To determine (7), (8) and (9), suitable joint distributions are to be 
derived. For ( ),,0 vuC  we can first determine the expressions of { ( )uA 1,2Pr  

( ) }yvAx == 3,4,  when n is odd, ( ) 21...,,1, −= nvu  and :vu <  

• when 1...,,0 −= ux  
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 if 1...,,1 −+−= xuvy  
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( ) ( ) ( )321
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 if vy =  
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 if 1;1...,,1 −≠−−++= uxxvuvy  

( ) ( ) ( )
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• when 1...,,1 −−= uvx  
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 if 1;1...,,1 −−≠−−−= uvxxuvy  
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( ) ( ) ( )
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 if xuvy −−=  
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 if 1...,,1 −+−−= vxuvy  
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 if vy =  
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 if xuvy ++=  
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 if 1...,, −+−+−= vnxvuny  
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• when uvx −=  

( ) ( )
( ) ( ) ( )321

532

−−−
−−−= nnnn

vnvn                              if 0=y  

( ) ( )
( ) ( ) ( )321

6422 2

−−−
−−−−= nnnn

yvnvn                       if 1...,,1 −= vy  

( ) ( ) ( )
( ) ( ) ( )321

5222
−−−
−−−−= nnnn

vnvnvn                     if vy =  

( ) ( ) ( )
( ) ( ) ( )321

34422
−−−

−−−−−= nnnn
yvnynvn            if 12...,,1 −+= vvy  

( ) ( ) ( )
( ) ( ) ( )321

13722
−−−
−−−−= nnnn

vnvnvn                   if vy 2=  

( ) ( ) ( )
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2242
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yvnynvn   if  vnvy 21...,,12 −−+=  
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ynynvn                       if 1...,,2 −−−= vnvny  

( ) ( ) ( )
( ) ( ) ( )321
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−−−

−+−−+−= nnnn
yvnyvnvn         if 1...,, −−= nvny  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−+−−+−= nnnn
yvnyvnvn             if 1...,, −+= vnny  

• when 12...,,1 −−+−= uvuvx  

( ) ( ) ( )
( ) ( ) ( )321
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−−−

−−−−−−−= nnnn
xvunvnxun  

if 0=y  

( ) ( ) ( )
( ) ( ) ( )321

22242
−−−

−−−−−−−
= nnnn

xvunvnxun  

if 1;1...,,1 +−≠−+−= vuxxvuy  
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( ) ( ) ( )
( ) ( ) ( )321

74772
−−−

−−−−−−−= nnnn
xvunvnxun  

if xvuy +−=  

( ) ( ) ( )
( ) ( ) ( )321

333422
−−−

−−−−−−−−
= nnnn

yxvunvnxun  

if 12;1...,,1 −−≠−++−= uvxvxvuy  

( ) ( ) ( )
( ) ( ) ( )321

4222
−−−

−−−−−−−= nnnn
xvunvnxun  

if vy =  

( ) ( ) ( )
( ) ( ) ( )321

333422
−−−

−−−−−−−−
= nnnn

yxvunynxun  

if xvunvy −−−−+= 1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

222322
−−−

−−−−−−−
= nnnn

yxunynxun  

if 1...,, −++−−−= xvuxvuny  

( ) ( ) ( )
( ) ( ) ( )321

74752
−−−

−−−−−−−−−
= nnnn

xvunxvunxun  

if xvuy ++=  

( ) ( ) ( )
( ) ( ) ( )321

3322
−−−

−−+−−−−−
= nnnn

yxvunynxun  

if 1...,,1 −−+++= vnxvuy  

( ) ( ) ( )
( ) ( ) ( )321

2222
−−−

−−+−−−+−−
= nnnn

yxvunyvnxun  

if xvunvny −+−−−= 1...,,  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−+−−+−−
= nnnn

yvnyvnxun  

if 1...,, −+−+−= vnxvuny  
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• when uvx −= 2  

( ) ( ) ( )
( ) ( ) ( )321

5222
−−−
−−−−= nnnn

vnvnvn                  if 0=y  

( ) ( ) ( )
( ) ( ) ( )321

104222
−−−
−−−−= nnnn

vnvnvn              if 1...,,1 −= vy  

( ) ( )
( ) ( ) ( )321

1032 2

−−−
−−−= nnnn

vnvn                            if vy =  

( ) ( ) ( )
( ) ( ) ( )321

374222
−−−

−−−−−= nnnn
yvnynvn   if 13...,,1 −+= vvy  

( ) ( ) ( )
( ) ( ) ( )321

307322
−−−
−−−−= nnnn

vnvnvn             if vy 3=  

( ) ( ) ( )
( ) ( ) ( )321

822
−−−

−−−−−= nnnn
yvnynvn            if vnvy 31...,,13 −−+=  

( ) ( ) ( )
( ) ( ) ( )321

33222
−−−

−−−−−= nnnn
yvnynvn        if vnvny −−−= 1...,,3  

( ) ( ) ( )
( ) ( ) ( )321

22
−−−

−+−−+−= nnnn
yvnyvnvn       if 1...,, −+−= vnvny  

• when 12...,,12 −−−+−= vunuvx  

( ) ( ) ( )
( ) ( ) ( )321

2222
−−−

−−−−−−−= nnnn
xvunvnxun  

if 0=y  

( ) ( ) ( )
( ) ( ) ( )321

424422
−−−

−−−−−−−= nnnn
xvunvnxun  

if 1...,,1 −= vy  

( ) ( ) ( )
( ) ( ) ( )321

222222
−−−

−−−−−−−= nnnn
xvunvnxun  

if vy =  
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( ) ( ) ( )
( ) ( ) ( )321

244422
−−−

−−−−−−−
= nnnn

yxunynxun  

if 12;12;1...,,1 −−−≠+−≠−−−−+= vunxuvxxvunvy  

( ) ( ) ( )
( ) ( ) ( )321

33322
−−−

−−+−−−−−
= nnnn

yxvunynxun  

if 12;1...,, +−≠−+−−−−= uvxxvuxvuny  

( ) ( ) ( )
( ) ( ) ( )321

74752
−−−

−+−−−+−−−
=

nnnn
xvunxvunxun  

if xvuy +−=  

( ) ( ) ( )
( ) ( ) ( )321

222322
−−−

−−−−−−−
= nnnn

yxunynxun  

if xvunxvuy −+−−++−= 1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

222
−−−

−−−−−−−−
= nnnn

yxvunynxun  

if 1...,, −++−+−= xvuxvuny  

( ) ( ) ( )
( ) ( ) ( )321

34332
−−−

−−−−−−−−−
= nnnn

xvunxvunxun  

if xvuy ++=  

( ) ( ) ( )
( ) ( ) ( )321

42
−−−

−−−−−
= nnnn

ynynxun  

if 12;1...,,1 −−−≠−−+++= vunxvnxvuy  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−+−−+−−= nnnn
yvnyvnxun  

if 1...,, −+−= vnvny  
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• when vunvunx −−−−−= 1...,,2  

( ) ( ) ( )
( ) ( ) ( )321

2222
−−−

−−−−−−−= nnnn
xvunvnxun  

if 0=y  

( ) ( ) ( )
( ) ( ) ( )321

22242
−−−

−−−−−−−
= nnnn

xvunvnxun  

if vunxxvuny −−−=≠−−−−= 1;1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

33322
−−−

+−−−−−−−
= nnnn

yxvunvnxun  

if vunxvxvuny 2;1...,, −−≠−−−−=  

( ) ( ) ( )
( ) ( ) ( )321

22
−−−

−−−−−−= nnnn
xunvnxun  

if vy =  

( ) ( ) ( )
( ) ( ) ( )321

33322
−−−

−−+−−−−−
= nnnn

yxvunynxun  

if xvunvy −+−−+= 1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

42
−−−

−−−−−−
= nnnn

xunynxun  

if 1...,, −+−−+−= xvuxvuny  

( ) ( ) ( )
( ) ( ) ( )321

32
−−−

−−−−+−−−= nnnn
xunxvunxun  

if xvuy +−=  

( ) ( ) ( )
( ) ( ) ( )321

222
−−−

−−−−−−−−
= nnnn

yxvunynxun  

if 1...,,1 −−++−= vnxvuy  
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( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−−−−+−−
= nnnn

xunyvnxun  

if 1...,, −++−= xvuvny  

( ) ( )
( ) ( ) ( )321

2

−−−
−−−−−= nnnn

xunxun  

if xvuy ++=  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−+−−+−−
= nnnn

yvnyvnxun  

if 1...,,1 −++++= vnxvuy  

• when unvunx −−−−= 1...,,  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−−−−−−= nnnn
xunvnxun  

if 0=y  

( ) ( ) ( )
( ) ( ) ( )321

42
−−−

−−−−−−
= nnnn

xunvnxun  

if vunxnxvuy −−≠−++= ;...,,1  

( ) ( ) ( )
( ) ( ) ( )321

33322
−−−

+−−−−−−−
= nnnn

yxvunvnxun  

if unxvnxvuy −−≠−+−++= 1;1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

22
−−−

−−−−−−= nnnn
xunvnxun  

if vy =  

( ) ( ) ( )
( ) ( ) ( )321

33322
−−−

−−+−−−−−
= nnnn

yxvunynxun  

if unxxvunvy −−≠−+−−+= 1;1...,,1  



Extended Proof of Some Results Concerning the Finite Null … 139 

( ) ( ) ( )
( ) ( ) ( )321

42
−−−

−−−−−−
= nnnn

xunynxun  

if 1...,, −+−−+−= xvuxvuny  

( ) ( ) ( )
( ) ( ) ( )321

32
−−−

−−−−+−−−= nnnn
xunxvunxun  

if xvuy +−=  

( ) ( ) ( )
( ) ( ) ( )321

222
−−−

−−−−−−−−
= nnnn

yxvunynxun  

if unxvnxvuy −−≠−−++−= 1;1...,,1  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−−−−+−−
= nnnn

xunyvnxun  

if 1...,, −++−= xvuvny  

( ) ( )
( ) ( ) ( )321

2

−−−
−−−−−= nnnn

xunxun  

if xvuy ++=  

( ) ( ) ( )
( ) ( ) ( )321

2
−−−

−+−−+−−
= nnnn

yvnyvnxun  

if .1;1...,,1 unxvnxvuy −−≠−++++=  

The remaining part of the distribution can be determined by the above 
probabilities, by noting that, for every y in the support of ( ),3,4 vA  

{ ( ) ( ) }yvAxuA == 3,41,2 ,Pr  

{ ( ) ( ) }yvAxuuA =−== 3,41,2 ,2Pr  when uux 2...,,1+=  

{ ( ) ( ) }yvAuxuA =−== 3,41,2 ,2Pr  when .1...,,12 −++= unux  
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By the described distribution, after some calculations, we get 

( )
( ) ( ) ( ) 220

32145
1,

nnnn
vuC

−−−
−=  

[ ( ) ( ) 422567 210106 nvvuvuuvunnn +−−−+−−+−×  

( 223244 15901530901515 vuvuvvuvu −+−−−++  

) ( 4523453 156301531130 uvvuvuunv ++−+−−+  

23223223 15401201559030 uvuvvuuvuvu +−+−+−−  

) ( vuuvunvvuv 453322 1532064383030 −−−−+−++  

vuuvuvvuvvuvu 2343353223 151515502063060 −−+−−−++  

) ( ) ( )].1130618155060 2222 −−+++−+− uvuvnvuvuvuv  

It can be shown that the above formula remains valid, for every n, 
whenever vu ≤  and .2+≤+ nvu  By similar computations, when vu ≤  
and ,2−≥+ nvu  we get: 

( ) ( ) ( ) ( )
( ) ( ) ( )

[ ( ) 34
220 39152

32145
11, nvun

nnnn
nvnvnvvuC −+−

−−−

−−−+−−=  

( ) 222 23241531530 nvuvuvu −++−++  

( ) ( )].1301815503156020 2223 −+−+−−++− uunvuvuvuu  

Note that when ( )vuC ,0  needs to be computed for ,vu >  it is sufficient 

to interchange the roles of u and v in the above formulas. In addition, note 
that the two formulas give the same results when .2...,,2 +−=+ nnvu  

Turning to ( ),,1 vuC  it can be derived from the joint probability 

{ ( ) ( ) },,Pr 1,31,2 yvAxuA ==  whose expressions are reported in the following 

when n is odd, 2
1...,,1, −= nvu  and :vu <  
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• when 1...,,0 −= ux  

( ) ( )21 −−
−= nnn

vn    if 0=y  

( )
( ) ( )21

2
−−

−= nnn
vn   if 1...,,1 −+−= xuvy  

( ) ( )21
2
−−
−−+= nnn

xvun    if xuvy +−=  

( ) ( )21
2

−−
−+−−= nnn

yxvun   if 1;1...,,1 −≠−++−= uxvxuvy  

( ) ( )21
2
−−

−= nnn
vn    if vy =  

( ) ( )21
22

−−
−+−= nnn

yxun    if 1...,,1 −−+= vnvy  

( ) ( )21 −−
−++−= nnn

yxvun   if 1...,, −++−−= xvunvny  

• when 1;1...,,1 ≠−−−= uvuvx  

( ) ( )21 −−
−= nnn

vn    if 0=y  

( )
( ) ( )21

2
−−

−= nnn
vn    if 1;1...,,1 −−≠−−−= uvxxuvy  

( ) ( )21
2
−−
−−+= nnn

xvun    if xuvy −−=  

( ) ( )21
2

−−
−−−−= nnn

yxvun   if ;1...,,1 −+−−= vxuvy  

( ) ( )21
2
−−

−= nnn
vn    if vy =  

( ) ( )21
22

−−
−−−= nnn

yxun    if 1...,,1 −−+= vnvy  
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( ) ( )21 −−
−−+−= nnn

yxvun   if 1...,, −−+−−= xvunvny  

• when uvx −=  

( ) ( )21
22

−−
−−= nnn

yvn    if 1...,,1 −= vy  

( ) ( )21
2
−−

−= nnn
vn    if vy =  

( ) ( )21
22
−−

−−= nnn
yvn    if 1...,,1 −−+= vnvy  

( ) ( )21 −−
−= nnn

yn    if 1...,, −−= nvny  

• when 12...,,1 −−+−= uvuvx  

( ) ( )21 −−
−−= nnn

xun    if 0=y  

( )
( ) ( )21
2

−−
−−= nnn

xun    if 1;1...,,1 +−≠−+−= uvxxvuy  

( ) ( )21 −−
−−= nnn

xun    if xvuy +−=  

( ) ( )21
2

−−
−−−−= nnn

yxvun   if 12;1...,,1 −−≠−++−= uvxvxvuy  

( ) ( )21
2
−−

−= nnn
vn    if vy =  

( ) ( )21
22

−−
−−−= nnn

yxun    if ;1...,,1 −−+= vnvy  

( ) ( )21 −−
−−+−= nnn

yxvun   if 1...,, −−+−−= xvunvny  

• when uvx −= 2  

( ) ( )21
2
−−

−= nnn
vn    if 0=y  
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( )
( ) ( )21

22
−−

−= nnn
vn    if 1...,,1 −= vy  

( )
( ) ( )21
2

−−
−−= nnn

yvn    if 1...,,1 −−+= vnvy  

• when ( ) 21...,,12 −+−+−= nuvuvx  

( ) ( )21 −−
−−= nnn

xun    if 0=y  

( )
( ) ( )21
2

−−
−−= nnn

xun    if 1...,,1 −= vy  

( ) ( )21 −−
−−= nnn

xun    if vy =  

( ) ( )21
222
−−

−−+−= nnn
yxvun  if 12;1...,,1 +−≠−+−+= uvxxvuvy  

( ) ( )21 −−
−−+−= nnn

yxvun   if xvuy +−=  

( ) ( )21
22

−−
−−−= nnn

yxun    if ;1...,,1 −−+−++−= xvunxvuy  

( ) ( )21 −−
−−= nnn

yvn    if 1...,, −−−+−= vnxvuny  

• when ( ) 1...,,121 −−+−+−= unnuvx  

( ) ( )21 −−
−−= nnn

xun    if 0=y  

( )
( ) ( )21
2

−−
−−= nnn

xun    if 1...,,1 −= vy  

( ) ( )21 −−
−−= nnn

xun    if vy =  

( ) ( )21
222
−−

−−+−= nnn
yxvun  if 1;1...,,1 −−≠−−+−+= unxxvunvy  
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( ) ( )21 −−
−−= nnn

xun    if 1...,, −+−−+−= xvuxvuny  

( ) ( )21 −−
−−= nnn

yvn    if 1;1...,,1 −−≠−−++−= unxvnxvuy  

• when ( ) vunux −+−+= 21...,,1  

( ) ( )21 −−
−−+= nnn

xvun    if 0=y  

( )
( ) ( )21

2
−−
−−+= nnn

xvun    if 1...,,1 −= vy  

( ) ( )21
2
−−
−−+= nnn

xvun    if vy =  

( ) ( )21
222
−−

−−−+= nnn
yxvun  if 1;1...,,1 +≠−+−+= uxxuvvy  

( ) ( )21
222

−−
−−+= nnn

xvun   if xuvy +−=  

( ) ( )21
22

−−
−−+= nnn

yxun    if ;1...,,1 −−−+++−= xvunxuvy  

( ) vunx −+−≠ 21  

( ) ( )21 −−
−+= nnn

yvn    if 1...,, −+−−+= vnxvuny  

• when ( ) 12...,,121 −−++−+−= vunvunx  

( ) ( )21 −−
−−+= nnn

xvun    if 0=y  

( )
( ) ( )21

2
−−
−−+= nnn

xvun    if 1...,,1 −= vy  

( ) ( )21
2
−−
−−+= nnn

xvun    if vy =  
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( ) ( )21
222
−−

−−−+= nnn
yxvun  if ;1...,,1 −−−++= xvunvy  

 12 −−+≠ vunx  

( ) ( )21 −−
−+= nnn

xun    if 1...,, −+−−−+= xuvxvuny  

( ) ( )21 −−
−+= nnn

yvn    if 1...,,1 −+++−= vnxuvy  

• when 1...,,2 −−+−+= vunvunx  

( ) ( )21 −−
−−+= nnn

xvun    if 0=y  

( )
( ) ( )21

2
−−
−−+= nnn

xvun    if 1;1...,,1 −−+≠−−−+= vunxxvuny  

( ) ( )21 −−
+−−+= nnn

yxvun   if vunxvxvuny 2;1...,, −+≠−−−+=  

( ) ( )21 −−
−+= nnn

xun    if 1...,,1 −+−+= xuvvy  

( ) ( )21 −−
−+= nnn

yvn    if 1...,,1 −+++−= vnxuvy  

• when 1...,, −+−+= unvunx  

( ) ( )21 −−
+−−+= nnn

yxvun   if 1;1...,,1 −+≠−++−−= unxvxnuvy  

( ) ( )21 −−
−+= nnn

xun    if 1...,,1 −+−+= xuvvy  

( ) ( )21 −−
−+

=
nnn

yvn    if .1;1...,,1 −+≠−+++−= unxvnxuvy  

The expression of ( )vuC ,1  derived from the above distribution can be 

proved to be valid for all ;vu ≤  this unique expression is: 
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 ( )
( ) ( )

[ ( ) 567
221 256011

21180
1, nuvnn

nnn
vuC ++−×

−−
=  

( ) 42233 5505060240601010 nvuvuvuvu −−+−+−+−  

( 2234334 1801805015606015 uvvuuvuvvuu +−++−−+  

) ( 233223 60267050154201570 vunvuvuvuv +−+−−+−−  

34223454 801518012045630 uvvuvuuvuv −+++−−+  

) 22232 16414075601570450 nvuvuvuvuv +−+−−−+−  

( vuuvuvvuvuvu 3454322333 20306306012020 −−−+++−  

2322343 3010150604030140 uvuvvuuvuv +−−−−+−  

) ( ) ( )].1140164030140 222 −−+++−+ vuuvnvuvuv  

Finally, ( )vuC ,2  is to be determined from the joint probability 

{ ( ) ( ) },,Pr 2,31,2 yvAxuA ==  whose expressions when n is odd, =vu,  

2
1...,,1 −n  and ,vu <  are: 

• when 1...,,0 −= ux  

( ) ( )21 −−
+−−= nnn

xvun     if 0=y  

( )
( ) ( )21

2
−−
+−−= nnn

xvun     if 1...,,1 −= vy  

( ) ( )21
2
−−
+−−= nnn

xvun     if vy =  

( ) ( )21
222
−−

−+−−= nnn
yxvun   if 1...,,1 −−++= xvuvy  
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( ) ( )21
222

−−
+−−= nnn

xvun    if xvuy −+=  

( ) ( )21
22

−−
−+−= nnn

yxun     if 1...,,1 −+−−+−+= xvunxvuy  

( ) ( )21 −−
−+= nnn

yvn     if 1...,, −++−−= vnxvuny  

• when ( ) vunx −−−= 21...,,1  

( ) ( )21 −−
−−−= nnn

xvun     if 0=y  

( )
( ) ( )21

2
−−
−−−= nnn

xvun     if 1...,,1 −= vy  

( ) ( )21
2
−−
−−−= nnn

xvun     if vy =  

( ) ( )21
222
−−

−−−−= nnn
yxvun   if 1...,,1 −+++= xvuvy  

( ) ( )21
222

−−
−−−= nnn

xuvn    if xvuy ++=  

( ) ( )21
22

−−
−−−= nnn

yxun     if 1...,,1 −−−−+++= xvunxvuy  

( ) ( )21 −−
−+= nnn

yvn     if 1...,, −+−−−= vnxvuny  

• when ( ) 12...,,121 −−−+−−−= vunvunx  

( ) ( )21 −−
−−−= nnn

xvun     if 0=y  

( )
( ) ( )21

2
−−
−−−= nnn

xvun     if 1...,,1 −= vy  

( ) ( )21
2
−−
−−−= nnn

xvun     if vy =  
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( ) ( )21
222
−−

−−−−= nnn
yxvun   if 1...,,1 −−−−+= xvunvy  

( ) ( )21 −−
−−= nnn

xun     if 1...,, −++−−−= xvuxvuny  

( ) ( )21 −−
−+= nnn

yvn     if 1...,,1 −++++= vnxvuy  

• when 1...,,2 −−−−−= vunvunx  

( ) ( )21 −−
−−−= nnn

xvun     if 0=y  

( )
( ) ( )21

2
−−
−−−= nnn

xvun     if 1...,,1 −−−−= xvuny  

( ) ( )21 −−
+−−−= nnn

yxvun    if 1...,, −−−−= vxvuny  

( ) ( )21 −−
−−= nnn

xun     if 1...,,1 −+++= xvuvy  

( ) ( )21 −−
−+= nnn

yvn     if 1...,,1 −++++= vnxvuy  

• when 1...,, −−−−= unuvnx  

( ) ( )21 −−
+−−−= nnn

yxvun    if 1...,,1 −++−+= vxnvuy  

( ) ( )21 −−
−−= nnn

xun     if 1...,,1 −+++= xvuvy  

( ) ( )21 −−
−+= nnn

yvn     if 1...,,1 −++++= vnxvuy  

• when 1...,,1 −++= vuux  

( ) ( )21 −−
−= nnn

vn     if 0=y  
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( )
( ) ( )21

2
−−

−= nnn
vn     if 1...,,1 −−+= xvuy  

( ) ( )21
2
−−
+−−= nnn

xvun     if xvuy −+=  

( ) ( )21
2

−−
−−−+= nnn

yxvun    if 1...,,1 −+−+= vxvuy  

( ) ( )21
2
−−

−= nnn
vn     if vy =  

( ) ( )21
22

−−
−−+= nnn

yxun     if 1...,,1 −−+= vnvy  

( ) ( )21 −−
−−++= nnn

yxvun    if 1...,, −−++−= xvunvny  

• when vux +=  

( ) ( )21
22

−−
−−= nnn

yvn     if 1...,,1 −= vy  

( ) ( )21
2
−−

−= nnn
vn     if vy =  

( ) ( )21
22
−−

−−= nnn
yvn     if 1...,,1 −−+= vnvy  

( ) ( )21 −−
−= nnn

yn     if 1...,, −−= nvny  

• when 12...,,1 −+++= vuvux  

( ) ( )21 −−
−+= nnn

xun     if 0=y  

( )
( ) ( )21
2

−−
−+= nnn

xun     if 1...,,1 −−−= vuxy  

( ) ( )21 −−
−+= nnn

xun     if vuxy −−=  
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( ) ( )21
2

−−
−−−+= nnn

yxvun    if 1...,,1 −+−−= vvuxy  

( ) ( )21
2
−−

−= nnn
vn     if vy =  

( ) ( )21
22

−−
−−+= nnn

yxun     if 1...,,1 −−+= vnvy  

( ) ( )21 −−
−−++= nnn

yxvun    if 1...,, −−++−= xvunvny  

• when vux 2+=  

( ) ( )21
2
−−

−= nnn
vn     if 0=y  

( )
( ) ( )21

22
−−

−= nnn
vn     if 1...,,1 −= vy  

( )
( ) ( )21
2

−−
−−= nnn

yvn     if 1...,,1 −−+= vnvy  

• when 1...,,12 −+++= unvux  

( ) ( )21 −−
−+= nnn

xun     if 0=y  

( )
( ) ( )21
2

−−
−+= nnn

xun     if 1...,,1 −= vy  

( ) ( )21 −−
−+= nnn

xun     if vy =  

( ) ( )21
222
−−

−−++= nnn
yxvun   if 1...,,1 −−−+= vuxvy  

( ) ( )21
222

−−
−++= nnn

xvun    if vuxy −−=  

( ) ( )21
22

−−
−−+= nnn

yxun     if 1...,,1 −−+++−−= xvunvuxy  

( ) ( )21 −−
−−= nnn

yvn     if .1...,, −−−++= vnxvuny  
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The following expression for ( )vuC ,2  is derived from the above 

distribution. The expression is valid for vu ≤  and .2+≤+ nvu  Another 
expression for 2−≥+ nvu  can be determined but, as below explained, it is 
not needed to complete the proof: 

( )
( ) ( )

[ ( ) 567
222 256011

21180
1, nuvnn

nnn
vuC −−−

−−
=  

( ) 42233 5505060240601010 nvuvuvuvu +++−−−+−  

( 2234334 1801807015606015 uvvuuvuvvuu −−−++++  

) ( vuunvuvuvuv 453223 30626707015601570 +−−++−−−−  

223422454 3030701518015630 uvvuuvvuuvuv −−−−−−++  

) ( 5332223 620164475607570 uvunvuvuvuv −−−+++++−  

vuuvuvvuvuvu 345432234 2030630606030 −+−−++−  

uvuvuvvuuvuv 2030103030103020 2322343 +−−−−−+−  

) ( ) ( )].1140161630 222 −−+++− uvuvnvuv  

Now note that, as covariance is a symmetric operator, (6) can be 
computed by reducing the number of terms in the summation. 

As a consequence, 

( ) ( ( )) ( )∑ ∑ ∑∑ ∑
=

−

= =

−

=

−

+=
⎢
⎢
⎢
⎢

⎣

⎡

−−+=|
n

i

i

u

n

i

i

l

i

lm
miliCuAVarHSVar

2

1

1 2

1

1

1

1
11,20 ,84  

( ) ( )∑ ∑ ∑
+=

−

= +=

−−+−−+
n

ih

l

m

n

ih
lhliCmhliC

1

1

1 1
10 ,,  

( ) ( )

( )

.,,
1

1

1 1
20

⎥
⎥
⎥
⎥

⎦

⎤

−−+−−+ ∑ ∑ ∑
+=

−

≠
+= +=

n

ih

h

im
lm

n

ih
ihliCmhliC  
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The terms in the summations of the above formula can be rearranged so that 
the reported formulas of covariance can be applied; for instance, the 
arguments of ( )mhliC −− ,0  should be switched when .mhli −>−  In 

addition, note that, in the last summation, a further expression for ( )vuC ,2  

for 2+≥+ nvu  is not needed, as the arguments li −  and ih −  are such 
that ( ) ( ) .1−≤−+− nihli  The result of this last summation is different 

when n is even or odd; this explains why the final expression for ( )0HDVar |  

differs when n is odd or even. 

After some calculations, we finally get 

( )SVar  

( ) ( )
( )228350

4725142823321739822309017511 34256

−
+++−−−+= nn

nnnnnnn  

when n is odd 

( )328350
10008204485344192502030901751 23456

−
−−−+−−= n

nnnnnn  

when n is even 

from which, (4) is easily obtained. 
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