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Abstract

In this paper, the Adomian decomposition method and the perturbation
method are used to construct the solution of the initial value problem
of a system of differential equations.

1. Introduction

These last years, the Adomian decomposition method (ADM) is used a
lot to get an approximation of a solution of several kinds of problems, and
the perturbation method is too very useful to succeed to this same kind of
objective. These two methods often drive us to a same result, better again
they sometimes lead us toward the exact solution. Here, we use both methods
to investigate a system of perturbed equations.
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2. About Solution of a System of Perturbed Equations

Let us consider the following initial value problem of a system of
differential equations:

o
ot 8X2
o _ o

u(x, 0) = Bsin wx

v(X, 0) = ucos mx

with 0 < &€ <1, where B, u and o are arbitrary constants independent of «;

and u(x, t) the unknown function.

2.1. The Adomian decomposition method

General properties of the ADM and its applications can be found in
[1-5]. Suppose that we need to solve the following equation:

Au = f (2.2)

in a real Hilbert space H, where A;H — H is a linear or a nonlinear
operator, f € H and u is the unknown. The principle of the ADM is based
on the decomposition of the nonlinear operator A in the following form:

A=L+R+N, (2.3)

where L + R is linear, N nonlinear, L invertible with L! as inverse. Using
that decomposition, equation (2.2) is equivalent to

u=0+L"%f — L'Ru - LMNu, (2.4)

where 0 verifies LO = 0. (2.4) is called the Adomian’s fundamental equation
or Adomian’s canonical form. We look for the solution of (2.4) in a series

+00 o
expansion form u = > u, and we consider Nu = ) A;, where A, are
n=0 n=0
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special polynomials of variables ug, uq, ..., u, called Adomian polynomials
and defined by [1-4]:

ol dxr[ [‘ZMUIJLO’ n=012 .

where A is a parameter used by “convenience”. Thus (2.4) can be rewritten as
follows:

iun =0+ L7 - L‘lR[f unJ - L‘l[i AnJ. (2.5)
n=0 n=0 n=0

+00 +00
We suppose that the series D u, and >_ A, are convergent, and obtain
n=0 n=0

by identification the Adomian algorithm:
Up = 0 + L1
up = —LH(Rug) - L2 26)

Uns1 = L7 (Rup) = LAy,

In practice, it is often difficult to calculate all the terms of an Adomian

n
series, so we approach the series solution by the truncated series: u = Zui,
i=0
where the choice of n depends on error requirements.

According to the Adomian decomposition method, we suppose that the
n n
solution (u, v) of (2.1) has the following form: u = > u; and v =Y v;.
i=0 i=0
From (2.1), we have

2
u(x, t) = u(x, 0) + sjé% ds
2.7)

v(x, t) = v(x, 0) + s‘[;azsz’s) ds

OX
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and we obtain the following Adomian algorithm:

Finally, we get

ug(x, t) = u(x, 0)

t 9% X, S
Uppa(x, t) = sj‘o%ds

Vo(X, t) = v(x, 0)

t 52u X, S
Vhar(x, t) = sjo%ds, n >

Up(x, t) = Bsin ox

up(x, t) = —u( 12 )COS(DX
(8032 )’

us(x, t) =B sin ox
(sm2 N

uz(x, t) = —H = C0S X

Uon(x, t) = B%sin ®X

2 2n+1
0]
Uznsa(X, t) = Hﬁcos X,

Vo(x, t) = pcos coX

vi(x, t) = B (8 )sin ®X
(0 : 1’
Vo(X, 1) =p 51— COS X
Va(x, t) = B—%"— (Sw 07 sin ox
2 2n
Von(x, 1) = u%coswx
(8(,0 t)2n+1 )

V2n+1(x, t) = —Bmﬂn mX.

(2.8)

(2.9)

(2.10)
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Let us put
1 n
Gh(x 1) = Y ug(x, 1)
k=0
) n
on(x, t) = ZU2k+1(X’ t)
":O (2.11)
Gh 1) = Y Vo (x, 1)
k=0
9 n
on(x, t) = ZV2k+1(X' t).
k=0
Thus
u(x, t) = lim oh(x, t)+ lim @2(x t)
Nn—+o0 n—-+o0 2.12)
vix, )= lim ¢i(x, t)+ lim ¢2(x, t)
N—>+o0 N—+o0
what is equivalent to
u(x, t) = Bsin(wx) - ch(tew?) — p cos(ex) - sh(tew?)
(2.13)

V(X, t) = pcos(wX) - ch(tew?) — Bsin(wx) - sh(tew?).
2.2. The perturbation method
General theory of the perturbation method can be found in [6-8].

According to the perturbation theory, we suppose that the solution (u, v)
of (2.1) has the following form:

u= Zn:siui; V= Zn:sivi. (2.14)

Taking (2.14) into (2.1), and collecting equal powers of ¢, we obtain a
system of recurrent initial value problems for u,(x, t), vy(x,t), n=
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0,12 ..,

We obtain:

dup(x, t) _ 0
Ug(x, 0) = Bsin wx

NVo(x, t) _
ot 0
Vo(X, 0) = pcos @x

(2.15)

aup(x, t)  8%vg(x, 1)
ot ox2

ui(x, 0)=0

av(x, t)  8%ug(x, t)
ot ox?

vi(x,0)=0

(2.16)

oup(x, t) 82vn_1(x, t)
ot B ox?

up(x, 0)=0

Np(X, 1) _ azun—l(X’ t) (2.17)
ot - ox?

Vp(x,0)=0

n>1.

Ug(x, t) = Bsin ox
2
up(x, t) = —u$cos OX

2:\2
Us (X, t)=B((D2:) sin wx

2,13
ug(x, t) = —u%cos X (2.18)

2:7\2n
Uon(x, 1) =P (622:]))! sin ox

2.42n+1
ot
U2n+1(x, t) = —},l((2n+1)!003 X,
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Vo(X, t) = pcos wx

Thus we have

S 20 (0%1)°
u=Zs'ui= Bsin ox + B sin oX + -

i=0 2

- [su (o) COS X + £
il 3

TE 2n + 1!

= Bsin(wX) - ch(tew? ) — pcos(wX) - sh(tew?),

n | ( 2)2
V=Z£IV 1LCOS OX + 62 ~l— COS @X + -

i=0

2
- (SB ((Dl't) sin oX + 83B (

sin X

2 )2n+1

vi(x, t) =P (mlzt) sin x
o (@ ?t)?
Vo(X, t) = 57— COS X
v3(x, t) = —B( : )3
2 2n
V2n(X’ t) =u ( (2 ))|
Vonia(X, t) = ((0;—

2 2n+1
2n+1 (077 oS ooxJ

97

(2.19)

2n
sin mX

(2.20)

Ccos OJX}
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+ &

2.\2n+1
2n+1 ((’3 t) -
P o N “’XJ

= pcos(wx) - ch(tew?) — Bsin(wx) - sh(tew?). (2.21)

3. Conclusion

In this paper, we showed that using the both methods, we get the same

solution. We have obtained the same results in [9-11].
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