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Abstract 

In the present work, we introduce a new concept of harmonic 
convexity (concavity) under the fuzzy environment. The relations 
between the harmonic convex fuzzy mappings are explicitly discussed 
and many important results are obtained that relate the concept to 
fuzzy convexity and logarithmic convexity. Some properties are also 
obtained that relate the concept to fuzzy quasiconvexity. 

1. Introduction 

The concept of convex fuzzy sets was introduced by Zadeh [14], in 

which a fuzzy set with membership function [ ]1,0: →μ nR  is called convex 
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if for ,10 ≤λ≤  

( )( ) ( ) ( ){ }yxyx µµ≥λ−+λµ ,min1  (1) 

for all ( ),supp, µ∈yx  where ( ) { ( ) }.0supp >µ|∈=µ tRt n  

A fuzzy set [ ]1,0: →µ nR  is said to be normal, if there exists a point 
nRx ∈  such that ( ) .1=µ x  A fuzzy number, we study in this paper is a 

fuzzy set [ ],1,0: →µ R  which is normal, fuzzy convex, upper semi 

continuous with bounded support. 

We denote F, as the set of all fuzzy numbers. A mapping from any 
nonempty set into F will be called a fuzzy mapping. It is obvious that Rr ∈  
can be considered as a fuzzy number. So each real-valued function can be 
considered as a fuzzy mapping. 

In [3] Goetschel and Voxman proposed a linear ordering ’‘  on F. For 

each fuzzy mapping ,: FRf →  based on the linear ordering ,’‘  they 

introduced a real-valued function fT  on the domain of the fuzzy mapping f. 

In [13], two concepts of convexity and quasiconvexity for a fuzzy mapping f 
are defined through the real-valued function introduced in [3]. 

In this paper, we have introduced a new kind of convex fuzzy mapping 
called harmonic convex fuzzy mapping directly through the linear ordering 
proposed in [3]. Following [3], a ranking value function τ on F and the 
concept of monotonicity for the fuzzy mapping FFg →:  is defined. 

Based on the ranking value function τ on F, the concept of harmonic convex 
and quasiconvex mapping is introduced. The continuity of fuzzy mapping 
through a metric on F is studied and Weierstrass theorem is extended from 
real-valued functions to fuzzy mappings. The local-global minimum property 
of real-valued convex functions is extended to convex fuzzy mappings.     
The characterization for convex fuzzy mappings, harmonic convex fuzzy 
mappings and quasiconvex fuzzy mappings is also given. It is proved that 
every strict local minimizer of a harmonic convex fuzzy mapping is a global 
minimizer. 
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2. Preliminaries 

We present several definitions and results without proof. 

The α-level set of a fuzzy number F∈µ  is a closed and bounded 

interval as follows: 

[ ] ( ) ( )[ ]
( ){ }

( )( )





=αµ

≤α<α≥µ|∈
=αα=µ α

,0if,supp

,10if,
,

cl

xRx
ba  

where ( )( )µsuppcl  denotes the closure of ( ).supp µ  

The fuzzy set [ ]1,0: →µ R  is a fuzzy number if and only if 

 (i) [ ]αµ  is a closed and bounded interval for each [ ]1,0∈α  and 

(ii) [ ] .1 Φ≠µ  

Thus, we can identify a fuzzy number µ with the parameterized triples, 
( ) ( )( ){ },10,, ≤α≤|ααα ba  where ( )αa  and ( )αb  denote the left and right 

endpoints of [ ] ,αµ  respectively. 

For the fuzzy numbers F∈νµ,  represented parametrically by 

( ) ( )( ){ }10,, ≤α≤|ααα ba  and ( ) ( )( ){ }10,, ≤α≤|ααα dc  respectively, 

and each non-negative real number r, the addition and non-negative scalar 
multiplication can be defined as follows: 

( ) ( ) ( ) ( )( ){ },10,, ≤α≤|αα+αα+α=ν+µ dbca  (2.1) 

( ) ( )( ){ }.10,, ≤α≤|ααα=µ rbrar  (2.2) 

Addition and scalar multiplication on F defined by (2.1) and (2.2) are 
equivalent to those derived from the usual extension principle. It is evident 
that F is closed under addition and non-negative scalar multiplication. 

According to Goetschel and Voxman [3], F can be metricized by the 
metric, 
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( ) ( )( ){ } ( ) ( )( ){ }( )10,,,10,, ≤α≤|ααα≤α≤|ααα dcbaD  

( ) ( ) ( ) ( ){ }{ }10,maxsup ≤α≤|α−αα−α= dbca  

and the following ordering ’‘  on F is defined. 

Definition 2.1 [15]. Let F∈νµ,  in the parameterized form. Then 

νµ  if 

( ) ( )[ ] ( ) ( )[ ]∫ ∫ αα+αα≤αα+αα
1

0

1

0
.ddcdba  

The ordering ’‘  is a partial ordering on F. Moreover, any two elements 

on F are comparable under the ordering ,’‘  i.e., ’‘  is a linear ordering 

for F. 

3. Definitions and Basic Results 

Based on the linear ordering, we define a ranking value function and a 
strict ordering ’‘≺  of ’‘  on F. The concept of monotonicity for a fuzzy 

mapping FFg →:  is proposed. We also propose convexity and continuity 

for fuzzy mappings based on the positive ordering ’‘  and the metric D, 

respectively. 

From the notion of linear ordering ’‘  on F, we define ranking value 

function RF →τ :  as follows: 

Definition 3.1. Let RF →τ :  be defined by 

( ) ( ) ( )[ ]∫ αα+αα=µτ
1

0
dba  (3.1) 

for each F∈µ  in parametric form. 

Lemma 3.1 [9]. For F∈νµ,  and ,0>k  

(1) ( ) ( ) ( ),ντ+µτ=ν+µτ  additivity, 

(2) ( ) ( ),µτ=µτ kk  homogeneity. 
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Corollary 3.1 [9]. For F∈νµ,  and ,0, 21 >kk  

 ( ) ( ) ( )ντ+µτ=ν+µτ 2121 kkkk  (Linearity property). (3.2) 

Definition 3.2 [9]. For ,, F∈νµ  we say νµ ≺  if νµ  and 

( ) ( ).ντ≠µτ  

From Definition 3.2, the following results can easily be established. 

Lemma 3.2 [9]. For ,, F∈νµ  if ,νµ ≺  then 

 ( ) ,1 νλ−+λµµ ≺  for ( ).1,0∈λ  (3.3) 

Lemma 3.3 [9]. For ,, F∈νµ  

( ) ( ),ντ≤µτ⇔νµ  (3.4) 

( ) ( ).ντ<µτ⇔νµ ≺  (3.5) 

Definition 3.3 [9]. A fuzzy mapping FFg →:  is said to be 

1. nondecreasing if for ,, F∈νµ  

 (i) ( ) ( )νµ⇒νµ gg≺  and 

(ii) ( ) ( ) ( ) ( ).ν=µ⇒ντ=µτ gg  

2. nonincreasing if for ,, F∈νµ  

 (i) ( ) ( )νµ⇒νµ gg≺  and 

(ii) ( ) ( ) ( ) ( ).ν=µ⇒ντ=µτ gg  

Let S be a nonempty subset of .nR  For any nRx ∈  and ,0>δ  let 

( ) { },δ<−|∈=δ xyRyxB n  

where ⋅  is the Euclidian norm of .nR  

Definition 3.4 [9]. For a fuzzy mapping ,: FSf →  
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(1) an element Sx ∈~  is called a local minimizer of ,: FSf →  if there 

exists a ,0>δ  such that ( ) ( ),~ xfxf  for all ( );~xBSx δ∈ ∩  

(2) an element Sx ∈ˆ  is called a strict local minimizer of ,: FSf →  if 

there exists a 0>δ  such that ( ) ( ) xxxfxf ˆˆ ≠∀≺  and ( );x̂BSx δ∈ ∩  

(3) an element Sx ∈∗  is called a global minimizer of ,: FSf →  if 

( ) ( ) .Sxxfxf ∈∀∗  

Definition 3.5 [9]. Let .0 Sx ∈  A fuzzy mapping FSf →:  is said to 

be continuous at 0x  if for each 0a,0 >δ∃>ε  such that ( ) ( )( )0, xfxfD  

,ε<  whenever ( ).0xBSx δ∈ ∩  

FSf →:  is said to be continuous if it is continuous at each .Sx ∈  

Definition 3.6. For each fuzzy mapping ,: FRf n →  define n
f RT :  

R→  by 

( ) ( ) ( )[ ] ,,,
1

0∫ αα+αα= dxbxaxTf  (3.6) 

where for each ( )xfRx n ,∈  is parametrically represented by 

( ) ( )( ){ }.10,,,, ≤α≤|ααα xbxa  

From (2.3) and (3.6), for ,, nRyx ∈  we have 

( ) ( ) ( ) ( ).yTxTyfxf ff ≤⇔  (3.7) 

Motivated by Goetschel and Voxman [3, Lemma 2.9], we have 
established the following. 

Lemma 3.4 [9]. If FRf n →:  is continuous, then RRT n
f →:  is 

also continuous. 
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Finally, we introduce the concept of convexity, concavity for fuzzy 
mappings. Let C be a nonempty convex subset of F and let K be a nonempty 

convex subset of .nR  

Definition 3.7. Let FC ⊆  be a nonempty convex subset of F. 

A fuzzy mapping FFg →:  is said to be 

1. convex if for C∈νµ,  and ( ),1,0∈λ  

( )( ) ( ) ( ) ( );11 νλ−+µλνλ−+λµ ggg  

2. concave if for C∈νµ,  and ( ),1,0∈λ  

( )( ) ( ) ( ) ( );11 νλ−+µλνλ−+λµ ggg  

3. logarithmic convex if for C∈νµ,  and ( ),1,0∈λ  

( )( ) ( )( ) ( )( ) ;1 1 λ−λ νµνλ−+λµ ggg  

4. logarithmic concave if for C∈νµ,  and ( ),1,0∈λ  

( )( ) ( )( ) ( )( ) ;1 1 λ−λ νµνλ−+λµ ggg  

5. harmonic convex if for C∈νµ,  and ( ),1,0∈λ  

( )( )
( ) ( )

;11
1−









ν
λ−

+
µ
λ

νλ−+λµ
gg

g  

6. harmonic concave if for C∈νµ,  and ( ),1,0∈λ  

( )( )
( ) ( )

.11
1−









ν
λ−

+
µ
λ

νλ−+λµ
gg

g  

Definition 3.8. A fuzzy mapping FRKf n →⊂:  is said to be 

1. convex if for Kyx ∈,  and ( ),1,0∈λ  

( )( ) ( ) ( ) ( );11 yfxfyxf λ−+λλ−+λ  
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2. concave if for Kyx ∈,  and ( ),1,0∈λ  

( )( ) ( ) ( ) ( );11 yfxfyxf λ−+λλ−+λ  

3. logarithmic convex if for Kyx ∈,  and ( ),1,0∈λ  

( )( ) ( )( ) ( )( ) ;1 1 λ−λλ−+λ yfxfyxf  

4. logarithmic concave if for Kyx ∈,  and ( ),1,0∈λ  

( )( ) ( )( ) ( )( ) ;1 1 λ−λλ−+λ yfxfyxf  

5. harmonic convex if for Kyx ∈,  and ( ),1,0∈λ  

( )( )
( ) ( )

;11
1−







 λ−

+
λ

λ−+λ
yfxf

yxf  

6. harmonic concave if for Kyx ∈,  and ( ),1,0∈λ  

( )( )
( ) ( )

.11
1−







 λ−

+
λ

λ−+λ
yfxf

yxf  

Definition 3.9. Let FFg →:  be a convex fuzzy mapping and 

,, F∈νµ  ( ).1,0∈λ  Then 

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( ) .11
1

1
−

λ−λ 






ν
λ−+

µ
λνµνλ−+µλ gggggg  

Theorem 3.1 [9]. Let FFg →:  and FKf →:  be convex fuzzy 

mappings. If g is nondecreasing, then the fuzzy mapping FKgof →:  

defined by ( ) ( ) ( )( )xfgxgof =  for each nRKx ⊆∈  is convex on K. 

4. Main Results 

In this section, we extend Weierstrass theorem from real-valued 
functions to convex fuzzy mappings and give characterizations for convex 
fuzzy mappings. From the characterization of convex fuzzy mappings in 
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terms of ranking value function, we propose the concept of quasiconvexity 
for fuzzy mappings by using the ranking value function .: RF →τ  

Theorem 4.1. Let FKg →:  be a fuzzy mapping, where .nRK ⊂  

Then 

 (i) If g is H-convex on F, then it is L-convex and convex on F. 

(ii) If g is concave on F, then it is L-concave and H-concave on F. 

Proof.  

 (i) Let FKg →:  be H-convex on F. Then for ( ),1,0,, ∈λ∈νµ K  

( )( ) ( ) ( )
111
−







ν
λ−+

µ
λνλ−+λµ ggg  

( )[ ] ( )[ ] λ−λ νµ 1gg  

( ) ( ) ( ).1 νλ−+µλ gg  

(ii) Let FKg →:  be concave on F. Then for ( ),1,0,, ∈λ∈νµ K  

( )( ) ( ) ( ) ( )νλ−+µλνλ−+λµ ggg 11  

( )[ ] ( )[ ] λ−λ νµ 1gg  

( ) ( ) .1 1−







ν
λ−+

µ
λ

gg  

Theorem 4.2. Let FFg →:  be a fuzzy mapping. Then 

 (i) If g is H-convex on F, then it is L-convex and convex on F. 

(ii) If g is concave on F, then it is L-concave and H-concave on F. 

Proof. Similar to the proof of Theorem 4.1. 

Theorem 4.3 [1]. Let FFg →:  and FKf →:  be harmonic convex 

fuzzy mappings. If g is nondecreasing, then the fuzzy mapping ( ) FKgof →:  

defined by ( ) ( ) ( )( )xfgxgof =  for each Kx ∈  is harmonic convex. 
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Proof. Let Kyx ∈,  and ( ).1,0∈λ  

Since FKf →:  is harmonic convex, we have 

( )( )
( ) ( )

,11
1−





 λ−

+
λ

λ−+λ
yfxf

yxf  

( )( ) ( ) ( ) ( ).11 yfxfyxf λ−+λλ−+λ ≺  

Since g is nondecreasing and harmonic convex, it follows that 

( )( )( ) ( ) ( ) 











 λ−+λλ−+λ

−111 yfxfgyxfg  

( )
( )

( )
,111






λ−+






λ

yf
g

xf
g  

( )( )( ) ( ) ( ) ( )( )yfxfgyxfg λ−+λλ−+λ 11  

( )( ) ( )( )
11 −





 λ−+λ

yfgxfg  (as g is H-convex) 

( ) ( ) .1 1−





 λ−+λ= ygofxgof  

So FKgof →:  is H-convex. 

Theorem 4.4. Let ,: FKgi →  ,...,,2,1 mi =  where nRK ⊂  be     

H-convex (H-concave) mappings and let ,0>ik  mi ...,,1=  be positive 

constants. Then 

[ ]∏
=

=
m

i

k
i igg

1
 

is H-convex (H-concave) on F. 

Proof. Let ( )1,0,, ∈λ∈νµ K  and let migi ...,,1, =  be H-convex on 

F. Then 
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( )[ ] ( )[ ] ,11
1
∏
=

νλ−+λµ=νλ−+λµ
m

i

k
i igg  

( )( )
( ) ( )

.11
1−









ν
λ−

+
µ
λ

νλ−+λµ
ii

i gg
g  

Now 

( )( )[ ] { ( )[ ] }











νλ−+λµτ=νλ−+λµτ ∏

=

m

i

k
i igg

1
11  

[ ( )[ ]{ }]∏
=

νλ−+λµτ=
m

i

k
i ig

1
1  

( ) ( )∏
=

−















ν
λ−+

µ
λτ≤

m

i

k

ii

i

gg
1

1  

( ) ( )

1

1

1
−

= 



















ν
λ−+

µ
λτ≤ ∏

m

i

k

ii

i

gg  

( ) ( )

1

11

1

−

== 

































ν

λ−+













µ

λτ≤

∏∏
ii km

i
i

km

i
i gg

 

( ) ( )
11 −







ν
λ−+

µ
λτ= gg  

( )( ) ( ) ( )
111
−







ν
λ−+

µ
λνλ−+λµ⇒ ggg  

g⇒  is H-convex. 
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We can prove similarly for H-concave mappings. 

Theorem 4.5. Let miFFgi ...,,2,1,: =→  be H-convex (H-concave) 

mappings and let miki ...,,1,0 =>  be positive constants. Then 

[ ]∏
=

=
m

i

k
i igg

1
 

is H-convex (H-concave) on Γ. 

Proof. Similar to the proof of Theorem 4.4. 

Theorem 4.6. The reciprocal FFh →:  of an H-concave function 
FFg →:  is convex and conversely. 

Proof. Let FFg →:  be an H-concave function. So 

( )( )
( ) ( )

,11
1−







ν
λ−

+
µ
λ

νλ−+λµ
gg

g  

( )( )( ) ( ) ( ) 













ν
λ−+

µ
λτ≥νλ−+λµτ

−111 ggg  

( ) ( )

.1
1







ν
λ−+

µ
λτ

=

gg

 

[As the inverse of a fuzzy number µ is a fuzzy set 1−µ  and ( ) 





µ=µ−

x
x 11 ]. 

( )( )( ) ( ) ( ) 





ν
λ−+

µ
λτ≤

νλ−+λµτ
⇒ ggg

1
1

1  

( )( ) ( ) ( )ν
λ−+

µ
λ

νλ−+λµ
⇒ ggg

1
1

1  

( )( ) ( ) ( ) ( )νλ−+µλνλ−+λµ⇒ ghh 11  

h⇒  is convex. 
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Theorem 4.7. If FKg →:  is H-convex for ,...,,1 mi =  ,nRK ⊂  

0, ≥∈ν ii kK  and ∑
=

=
m

i
ik

1
,1  then ( )[ ]∏∑

==
ν








ν

m

i

k
i

m

i
ii igkg

11
.  

Proof. The proof follows from the definition of H-convex functions. 

Theorem 4.8. If FFg →:  is H-convex for ,...,,1 mi =  ,Fi ∈ν  

0≥ik  and ∑
=

=
m

i
ik

1
,1  then ( )[ ]∏∑

==
ν








ν

m

i

k
i

m

i
ii igkg

11
.  

Theorem 4.9. Let K be a nonempty convex subset of ,nR  and let f be a 
fuzzy mapping on K. Then the following conditions are equivalent: 

1. FKf →:  is H-convex; 

2. For Kyx ∈,  and ( ),1,0∈λ  

( )( )( )
( )( ) ( )( )

;11
1−







τ
λ−

+
τ

λ
≤λ−+λτ

yfxf
yxf  

3. The epigraph 

( ) ( ) ( ){ }µ∈µ∈|µ= xfFKxxfepi ,,,  

of FKf →:  is a convex subset of .ν×nR  

Proof. Given FKf →:  is H-convex 

FKf →⇒ :  is convex 

( )( ) ( ) ( ) ( )yfxfyxf λ−+λλ−+λ⇒ 11  

( )( )( ) ( )( ) ( ) ( )( )yfxfyxf τλ−+λτ≤λ−+λτ⇒ 11  

( ) ( ) ( ) ( ) ( ) ( )( )fepiyx ∈νµντλ−+µλτ≤ ,,,as1  

( )( ) ( ),1,0for1 ∈λνλ−+λµτ=  

( )( ) ( ) ,11 νλ−+λµλ−+λ yxf  
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( ) ( )( )νλ−+λµλ−+λ 1,1 yx  

( ) ( ) ( ) ( )fepiyx ∈νλ−+µλ= ,1,  

( )fepi⇒  is a convex subset of .ν×nR  

Theorem 4.10. Let C be a nonempty convex subset of F, and let g be a 
fuzzy mapping on C. Then if FCg →:  is H-convex, then for C∈νµ,  and 

( ),1,0∈λ  

( )( )( ) ( )( ) ( ) ( )( )ντλ−+µλτ≤νλ−+λµτ ggg 11  

and the epigraph 

( ) ( ) ( ){ }ωµ∈ω∈µ|ωµ= gFCgepi ,,,   

of FCg →:  is a convex subset of .ν×ν  

Proof. Similar to the proof of Theorem 4.9. 

Theorem 4.11. Let K be a nonempty convex subset of nR  and let 
FKg →:  be a fuzzy mapping on K. Then if the hypograph 

( ) ( ) ( ){ }ν∈ν∈ν= xgFKxxghyp ,,:,  

is a convex subset of ,ν×nR  then FKg →:  is H-concave. 

Proof. Given ( )ghyp  is a convex subset of ν×nR  

( )( ) ( ) ( ) ( )ygxgyxg λ−+λλ−+λ⇒ 11  for ( )1,0,, ∈λ∈ Kyx  

FKg →⇒ :  is concave 

FKg →⇒ :  is H-concave. 

Theorem 4.12. Let C be a nonempty convex subset of F and let 
FCg →:  be a fuzzy mapping on C. Then if the hypograph 

( ) ( ) ( ){ }ν∈ν∈ν= xgFCxxghyp ,,:,  

is a convex subset of ,ν×ν  then g is H-concave. 
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Proof. Similar to the proof of Theorem 4.11. 

Definition 4.1. Let K be a nonempty convex subset of .nR  A fuzzy 
mapping FKg →:  is said to be quasiconvex if for K∈νµ,  and 

( ),1,0∈λ  

( )( )( ) ( )( ) ( )( ){ },,max1 ντµτ≤νλ−+λµτ ggg  

i.e.,  

( )( ) ( )( ) ( )( )( ) ( )( )ντ≤νλ−+λµτ⇒ντ≤µτ gggg 1  

and quasiconcave if for K∈νµ,  and ( ),1,0∈λ  

( )( )( ) ( )( ) ( )( ){ },,min1 ντµτ≥νλ−+λµτ ggg  

i.e.,  

( )( ) ( )( ) ( )( )[ ] ( )( ).1 ντ≥νλ−+λµτ⇒ντ≥µτ gggg  

Theorem 4.13. Let FKg →:  be an H-concave function. Then g is 

strictly quasiconcave provided ( ) ( ) ( )µν
λ−+

µ
λ

ggg
11 ≺  and ( ) ( ),νµ gg ;  

where 10 <λ<  and ., F∈νµ  

Proof. As g is H-concave 

( )( )
( ) ( )

.11
1−







ν
λ−

+
µ
λ

νλ−+λµ
gg

g  

Furthermore, 

( ) ( ) ( )[ ] ( )[ ],ντ>µτ⇒νµ gggg ;  

( ) ( ) ( )





µ
τ<





ν
λ−+

µ
λτ ggg

11  

( ) ( ) ( )
11 11 −−














µ
τ>













ν
λ−+

µ
λτ⇒ ggg  
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( ) ( ) ( )[ ]µτ>





ν
λ−+

µ
λτ⇒

−
ggg

11  

( ) ( ) ( ) ( )νµ





ν
λ−+

µ
λ⇒

−
gggg ;;

11  

( )( ) ( )ννλ−+λµ⇒ gg ;1  

g⇒  is strictly quasiconcave. 

Theorem 4.14. Let FCg →:  be an H-Concave function, where 

.FC ⊆  Then g is strictly quasiconcave provided 

( ) ( ) ( )µν
λ−+

µ
λ

ggg
11 ≺  and ( ) ( ),νµ gg ;   

where 10 <λ<  and ., F∈νµ  

Proof. Similar to the proof of Theorem 4.13. 

The properties derived in this section are summarized by the following 
figure. 

 

5. Conclusion 

In this paper, we have introduced a new fuzzy convexity known as 
harmonic fuzzy convexity. We have derived many important results in 
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context to fuzzy harmonic convexity. Fuzzy harmonic convexity is the most 
generalized version of fuzzy convex mapping. We have only discussed the 
continuous version of the fuzzy convex mapping. In a subsequent paper we 
will discuss differentiability and other characteristics of fuzzy harmonic 
convexity. We assure many results will come out from it. Moreover we      
will discuss the duality theorem of nonlinear mathematical programming       
and multiobjective programming problems in context to fuzzy harmonic 
convexity. 
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