/U Advances in Fuzzy Sets and Systems
q p . VVolume 13, Number 1, 2012, Pages 13-30

) Published Online: December 2012
Available online at http://pphmj.com/journals/afss.htm

Published by Pushpa Publishing House, Allahabad, INDIA

HARMONIC CONVEX AND GENERALIZED CONVEX
FUZZY MAPPINGS

Minakshi Parida, Sunita Chand and Chakradhar Das”

Department of Mathematics, I.T.E.R.
Siksha ‘O’ Anusandhan University
Bhubaneswar, Odisha, India

e-mail: mami_chand@yahoo.co.in

*Department of Computer Science and Engineering
S.LE.T.
Dhenkanal, Odisha, India

Abstract

In the present work, we introduce a new concept of harmonic
convexity (concavity) under the fuzzy environment. The relations
between the harmonic convex fuzzy mappings are explicitly discussed
and many important results are obtained that relate the concept to
fuzzy convexity and logarithmic convexity. Some properties are also
obtained that relate the concept to fuzzy quasiconvexity.

1. Introduction

The concept of convex fuzzy sets was introduced by Zadeh [14], in

which a fuzzy set with membership function p: R" — [0, 1] is called convex
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iffor 0 <A <1,
px + (1= 2)y) > min{u(x), p(y)} (1

for all x, y € supp(u), where supp(u)={¢ € R"|u(¢) > 0}.

A fuzzy set pu: R" — [0, 1] is said to be normal, if there exists a point

x € R" such that p(x) =1. A fuzzy number, we study in this paper is a
fuzzy set pu:R — [0, 1], which is normal, fuzzy convex, upper semi

continuous with bounded support.

We denote F, as the set of all fuzzy numbers. A mapping from any
nonempty set into F will be called a fuzzy mapping. It is obvious that » € R
can be considered as a fuzzy number. So each real-valued function can be
considered as a fuzzy mapping.

In [3] Goetschel and Voxman proposed a linear ordering ‘<X’ on F. For
each fuzzy mapping f : R — F, based on the linear ordering ‘<x’, they

introduced a real-valued function 7' on the domain of the fuzzy mapping f.

In [13], two concepts of convexity and quasiconvexity for a fuzzy mapping f

are defined through the real-valued function introduced in [3].

In this paper, we have introduced a new kind of convex fuzzy mapping
called harmonic convex fuzzy mapping directly through the linear ordering
proposed in [3]. Following [3], a ranking value function t on F and the

concept of monotonicity for the fuzzy mapping g : F — F is defined.

Based on the ranking value function T on F, the concept of harmonic convex
and quasiconvex mapping is introduced. The continuity of fuzzy mapping
through a metric on F is studied and Weierstrass theorem is extended from
real-valued functions to fuzzy mappings. The local-global minimum property
of real-valued convex functions is extended to convex fuzzy mappings.
The characterization for convex fuzzy mappings, harmonic convex fuzzy
mappings and quasiconvex fuzzy mappings is also given. It is proved that
every strict local minimizer of a harmonic convex fuzzy mapping is a global

minimizer.
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2. Preliminaries

We present several definitions and results without proof.

The a-level set of a fuzzy number p € F is a closed and bounded

interval as follows:

{xeR|u(x)>a}, if0<ac<l,

o = la(a), b(a)] =
[1]y, =la(a), b(a)] {cz (supp() oo

where c/(supp(p)) denotes the closure of supp(u).
The fuzzy set pu: R — [0, 1] is a fuzzy number if and only if

(i) [m],, is a closed and bounded interval for each o € [0, 1] and

(ii) [u], # @.
Thus, we can identify a fuzzy number p with the parameterized triples,
{(a(a), b(ar), )]0 < a < 1}, where a(a) and b(a) denote the left and right

endpoints of [u] , respectively.

(X.,
For the fuzzy numbers p, ve F represented parametrically by
{(a(a), b(a), @)|0 < a <1} and {(c(a), d(a), @)|0 < a < 1} respectively,

and each non-negative real number r, the addition and non-negative scalar
multiplication can be defined as follows:

p+v={(ala)+c(a), bla) + d(a), a)|]0 < a <1}, 2.1
ru = {(ra(a), rb(a), a)|0 < a0 < 1}. (2.2)

Addition and scalar multiplication on F defined by (2.1) and (2.2) are
equivalent to those derived from the usual extension principle. It is evident

that F is closed under addition and non-negative scalar multiplication.

According to Goetschel and Voxman [3], F' can be metricized by the

metric,
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D({(a(a), b(a), 2)|0 < a < 1}, {(c(ar), d(ar), )]0 < o < 1})
= supfmax{| (@) - c(o) | | b(@) ~ d(@)[}[0 < & < 1}
and the following ordering ‘<X’ on F is defined.

Definition 2.1 [15]. Let u, ve F in the parameterized form. Then
p=vif

1 < 1
j ola(o) + b(@)]do < jo afe(a) + d(a)]da.

>

The ordering ‘<’ is a partial ordering on F. Moreover, any two elements
on F are comparable under the ordering ‘<x’, i.e., ‘<X’ is a linear ordering

for F.
3. Definitions and Basic Results

Based on the linear ordering, we define a ranking value function and a

)

strict ordering ‘<’ of ‘<X’ on F. The concept of monotonicity for a fuzzy

mapping g : F — F is proposed. We also propose convexity and continuity

b

for fuzzy mappings based on the positive ordering ‘<<’ and the metric D,

respectively.

From the notion of linear ordering ‘<X’ on F, we define ranking value

function t : F — R as follows:

Definition 3.1. Let t: F/ — R be defined by
() = J ; afa(a) + b(o)]dor 3.1)
for each 1 € F in parametric form.
Lemma 3.1 [9]. For u, ve F and k > 0,
(1) t(u+ v) = t(u) + t(v), additivity,

(2) t(kp) = kt(u), homogeneity.
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Corollary 3.1 [9]. For n, ve F and ky, ky > 0,
t(kip + kyv) = kyt(n) + kyt(v) (Linearity property). (3.2)
Definition 3.2 [9]. For p,ve F, we say p<v if p<v and
(1) = t(v).
From Definition 3.2, the following results can easily be established.

Lemma 3.2 [9]. For w, ve F, if u<v, then
w=<iu+(1=21)v, for A e (0,1). (3.3)
Lemma 3.3 [9]. For p, v € F,
u=<ve t(u)<(v), (3.4)
u=<vet(u)<(v). (3.5)
Definition 3.3 [9]. A fuzzy mapping g : F — F is said to be
1. nondecreasing if for u, v € F,
() p=<v= g =< g(v)and
(i) (w) = o(v) = g(u) = g(v).
2. nonincreasing if for p, v € F,
(i) p<v =gy = g(v)and
(i) 7(n) = ©(v) = gu) = g(v).
Let S be a nonempty subset of R”. Forany x € R” and & > 0, let
By(x) = v € R" ||y — x| < 3}
where | - | is the Euclidian norm of R".

Definition 3.4 [9]. For a fuzzy mapping f : S — F,
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(1) an element X € S is called a local minimizer of f : S — F, if there

exists a & > 0, such that f(X) < f(x), forall x € S Bs(X);

(2) an element x € S is called a strict local minimizer of f : S — F, if

there exists a 8 > 0 such that f(x) < f(x) Vx # x and x € S Bs(%);

(3) an element x* € S is called a global minimizer of f :S — F, if
F(x) < f(x) Vx € S.

Definition 3.5 [9]. Let x; € S. A fuzzy mapping f : S — F is said to
be continuous at x if for each &€ > 0,3 a & > 0 such that D(f(x), f(xg))

< g, whenever x € S (1 Bs(xp).

f 8§ > F is said to be continuous if it is continuous at each x € S.

Definition 3.6. For each fuzzy mapping f : R" — F, define 7, : R"
— R by

Ty(x) = L: ala(a, x) + b(a, x)]da, (3.6)

where for each x € R", f(x) is parametrically represented by
{(a(a, x), b(a, x), a)]0 < a <1},
From (2.3) and (3.6), for x, y € R", we have
F&) < f) & Tp(x) < Tr(p). 3.7

Motivated by Goetschel and Voxman [3, Lemma 2.9], we have
established the following.

Lemma 3.4 [9]. If f:R" — F is continuous, then Ty : R" — R is

also continuous.
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Finally, we introduce the concept of convexity, concavity for fuzzy

mappings. Let C be a nonempty convex subset of F' and let K be a nonempty

convex subset of R”.
Definition 3.7. Let C < F' be a nonempty convex subset of F.

A fuzzy mapping g : F — F is said to be
1. convex if for p, ve C and % € (0, 1),
g+ (1 =21)v) < Aglu) + (1 - 1)g(v);

2. concave if for p, v e C and A € (0, 1),

g+ (1 =2)v) = Ag(u) + (1 - 1) g(v);

3. logarithmic convex if for u, v e C and A € (0, 1),

gl + (1=2)v) < (gw)* (V)"

4. logarithmic concave if for n, v e C and A € (0, 1),

gl + (1=2)v) = (g(w)* (g(v)'

5. harmonic convex if for p, v e C and A € (0, 1),

-1
gp+(1-2)v) < [ﬁ + {gzvk)j ;

6. harmonic concave if for p, v e C and A € (0, 1),

-1
g0+ (1= W)v) = (ﬁ ; l(gzv};J .

Definition 3.8. A fuzzy mapping f : K < R" — F is said to be

1. convexiffor x, y € K and A € (0, 1),

SOx+(1=-2)y) M (x)+ A =21) f();
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2. concave if for x, y € K and A € (0, 1),
SOx+ (1 =1)p) = M (x) + (1= 1) f(»);
3. logarithmic convex if for x, y € K and A € (0, 1),
SO+ (1=2)y) < S (F0)
4. logarithmic concave if for x, y € K and A e (0, 1),

FOx+(1=2)p) = (L O™

5. harmonic convex if for x, y € K and A € (0, 1),
%o 1-a)!
f s (=an) <[ s LR
f(x) f(»)
6. harmonic concave if for x, y € K and A € (0, 1),
oo 1- xj‘l
—+—] .
f(x) 1)

Definition 3.9. Let g: F — F be a convex fuzzy mapping and
W veF, Ae(0,1). Then

f(xx+<1—>»>y»[

-1
2g(@) + (1 - 2)g(v) = (g@) (g(v)' ™ = (g(%) + %j .

Theorem 3.1 [9]. Let g: F > F and f :K — F be convex fuzzy
mappings. If g is nondecreasing, then the fuzzy mapping gof : K — F

defined by (gof ) (x) = g(f(x)) for each x € K = R" is convex on K.

4. Main Results

In this section, we extend Weierstrass theorem from real-valued
functions to convex fuzzy mappings and give characterizations for convex

fuzzy mappings. From the characterization of convex fuzzy mappings in
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terms of ranking value function, we propose the concept of quasiconvexity

for fuzzy mappings by using the ranking value function t: ¥ — R.
Theorem 4.1. Let g: K — F be a fuzzy mapping, where K < R".
Then
(1) If g is H-convex on F, then it is L-convex and convex on F.
(i) If g is concave on F, then it is L-concave and H-concave on F.
Proof.

(i) Let g : K — F be H-convex on F. Then for u, v e K, A € (0, 1),

-1
gOw+ (1 -2)v) < [ﬁ . ﬁ}

< gl e
< Ag(p) + (1=2)g(v).
(ii) Let g : K — F be concave on F. Then for p, v € K, A € (0, 1),
gl + (1 =2)v) = rg(u) + (1 -21)g(v)

= [g(W] g

-1
groarci

Theorem 4.2. Let g : F — F be a fuzzy mapping. Then

(1) If g is H-convex on F, then it is L-convex and convex on F.

(1) If g is concave on F, then it is L-concave and H-concave on F.

Proof. Similar to the proof of Theorem 4.1.

Theorem 4.3 [1]. Let g : F > F and [ : K > F be harmonic convex
fuzzy mappings. If g is nondecreasing, then the fuzzy mapping (gof ): K — F
defined by (gof')(x) = g(f(x)) for each x € K is harmonic convex.
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Proof. Let x, y € K and A € (0, 1).

Since f : K — F is harmonic convex, we have

_1;+L;q*
fx)  f(»y)

JOx+ (A =2)p) < (x)+ 1 =2) S ().

SO+ (1-2)p) < [

Since g is nondecreasing and harmonic convex, it follows that

-1
g(fOx+(1-2)y) = g([ﬁ * lfz—y}ﬂ J

(f( )j +1- ”g(f(y)j
g(fOx+(1-2)y) < gWf(x)+ 1 =2)f(»)

[ A 1-A

-1
) " g(f(y))} (as g is H-convex)

:[ A, 1-h } !
gof (x) ~ gof (y)] -
So gof : K —> F is H-convex.

Theorem 4.4. Let g;: K > F, i=1,2,..,m, where K< R" be
H-convex (H-concave) mappings and let k; >0, i=1,.., m be positive

constants. Then

o= [le
i=1

is H-convex (H-concave) on F.

Proof. Let p, ve K, L €(0,1) and let g;,i =1, ..., m be H-convex on
F. Then
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gl + (1= 2)v] = [ [ &ilm + (1= 2)v],
i=1

A 1—xr
+

gl + (1~ }L)VH[g(u) gi(v)

Now

g +(1-2)v)] = {H{ D+ (L= }]

i=1

= [ [ eteibu + = 2)v] T
i=1

< ﬁ . [L . u}"

Bl P gilw)  gv)

m k; -1
- Hr{g,(u) ol }

1=

1

- -1

< A N 1-A
B m i m ki
{H &i (H)} {H 8i (V)}
L Li=1 i=1 i
S ﬂr
L) g(v)

= gp+(1-2)v) < [g? j + {g(\/?)ﬂ

= g is H-convex.

23
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We can prove similarly for H-concave mappings.

Theorem 4.5. Let g; : F — F,i =1, 2, ..., m be H-convex (H-concave)

mappings and let k; > 0,i =1, ..., m be positive constants. Then

g =[]l
i=1

is H-convex (H-concave) on .
Proof. Similar to the proof of Theorem 4.4.

Theorem 4.6. The reciprocal h: F — F of an H-concave function

g : F > F is convex and conversely.

Proof. Let g : F — F be an H-concave function. So

o 12T
g+ (1=3v) = | i+ LR
-1
(gl + (1 - W)v)) 2 r([ﬁ + %} J
_ 1
T
gw) ~ g(v)
[As the inverse of a fuzzy number pis a fuzzy set p ' and p~'(x) = p(%) 1.

1 A 1-A
= WG+ (=1)v) T[g(u) * g(vﬂ

N 1 DR !
ghp+(1-2)v) " g  gv)

= h(p+ (1= 2)v) S M) + (1 -21)g(v)

= h 1s convex.
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Theorem 4.7. If g : K — F is H-convex for i=1,..,m, K < R",

m m m
V; € K, ki >0 and Zkl = 1, then g(ZkiVij < H[g(Vl)]kl
i=1 i=1 i=1
Proof. The proof follows from the definition of H-convex functions.
Theorem 4.8. If g: F — F is H-convex for i=1,..,m, v, €F,
m m m k
ki >0 and Y k; =1, then g Zkl-vi] < [Tlg(vl".
i=1

i=1 i=1

Theorem 4.9. Let K be a nonempty convex subset of R", and let f be a

fuzzy mapping on K. Then the following conditions are equivalent:

1. f: K — F is H-convex;

2.For x,ye K and ) € (0, 1),

2 1-2 T'

(f(x+(1=2n)y)) < L(f(x)) * W(f(»))

3. The epigraph
epi(f)={(x,Wlxe K, peF, f(x) < pj
of f: K — F isa convex subset of R" x v.
Proof. Given f : K — F is H-convex
= f:K — F is convex
= fOx+(1-1)») M)+ 0-21) /()
= t(f(x + (1=2) ) < 2a(f(x) + (1 = M) (£ (»))
< h(u) + (1= 2)1(v) (as (x, p), (v, v) € epi(f))
=t + (1 =A)v) for A e(0,1),

SOx+(1=2)y) <A+ (1-2)v,
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Ax+(0=2)y, Ap+(1=2)v)
= Mx, p) + (1= 2)(y, v) € epi(f)
= ¢pi(f) is a convex subset of R" x v.

Theorem 4.10. Let C be a nonempty convex subset of F, and let g be a
fuzzy mapping on C. Then if ¢ : C — F is H-convex, then for n, v € C and
L e(0,1),

gl + (1= 2)v)) < Ar(gn)) + (1 = 1)t(g(v))
and the epigraph

epi(g) = {(m 0)lue C, 0 e F, g(n) < of
of g : C > F is a convex subset of v x v.

Proof. Similar to the proof of Theorem 4.9.

Theorem 4.11. Let K be a nonempty convex subset of R" and let
g : K > F be a fuzzy mapping on K. Then if the hypograph

hyp(g)={(x,v): xe K, veF,gx)=v}
is a convex subset of R" x v, then g : K — F is H-concave.
Proof. Given hyp(g) is a convex subset of R” x v
= glx+(1-2)y)=rg(x)+(1-21)g(y) for x, y e K, L €(0, 1)
= g: K — F isconcave

= g: K —> F is H-concave.

Theorem 4.12. Let C be a nonempty convex subset of F and let
g : C > F be a fuzzy mapping on C. Then if the hypograph

hyp(g)={(x,v):xeC,veF,g(x)=v}

is a convex subset of v x v, then g is H-concave.
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Proof. Similar to the proof of Theorem 4.11.

Definition 4.1. Let K be a nonempty convex subset of R". A fuzzy

mapping g : K — F is said to be quasiconvex if for p,ve K and
L e (0,1),
Wg(hp + (1 -2)v)) < max{r(g(p)), w(g(v))},
tg(w) < t(g(v)) = wgp + (1-2)v)) < t(g(v))
and quasiconcave if for u, v e K and A € (0, 1),
(g(p + (1 -2)v)) 2 min{r(g(w)), (g(v))},
Wg(w) 2 Wg(v)) = dep + (1 -21)v)] > (g(v)).

Theorem 4.13. Let g : K — F be an H-concave function. Then g is

A I1-X 1
strictly quasiconcave provided + =< and = g(v),
v ¢ ? o) ") g EW) - Et)

where 0 <A <1l and pu, v e F.

Proof. As g is H-concave

A 1—xr

ghp+(1-2)v) = [@ + 2(v)

Furthermore,

g(p) = g(v) = tg(w] > tg(v)],
Y Y 1
‘[m " W} - T[m}

> ({atrww)) > (i)
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Ao 1-a7!
= T[m + W} > 1lg(w)]

Ao 17!
= [@JFW} =g = g(v)

= g+ (1-2)v) - g(v)
= g is strictly quasiconcave.
Theorem 4.14. Let g:C — F be an H-Concave function, where

C c F. Then g is strictly quasiconcave provided

g?u) ' {gzj)b B g(lu) and ) £,

where 0 <A <1l and pn, v e F.

Proof. Similar to the proof of Theorem 4.13.

The properties derived in this section are summarized by the following

figure.

H-CONCAVE CONVEX

| L-CONCAVE

5. Conclusion

In this paper, we have introduced a new fuzzy convexity known as

harmonic fuzzy convexity. We have derived many important results in
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context to fuzzy harmonic convexity. Fuzzy harmonic convexity is the most

generalized version of fuzzy convex mapping. We have only discussed the

continuous version of the fuzzy convex mapping. In a subsequent paper we

will discuss differentiability and other characteristics of fuzzy harmonic

convexity. We assure many results will come out from it. Moreover we

will discuss the duality theorem of nonlinear mathematical programming

and multiobjective programming problems in context to fuzzy harmonic

convexity.
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