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Abstract

In this paper, a meshless local Petrov-Galerkin (MLPG) method is
presented to treat the diffusion equation with non-local boundary
condition on a square domain. General papers use a penalty parameter
imposed on Dirichlet’s boundary conditions for mixed problems. For
this method, we use a penalty parameter imposed at Dirichlet’s and
Neumann’s boundary conditions for mixed problems with non-local
boundary conditions in each sub-domain. This implementation is
verified to be efficient, more accurate and truly meshless.
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1. Introduction

MLPG method was first discovered by Atluri and Zhu [5] in 1998. This
method has been described in textbooks [3, 12] and allows for the freedom to
choose a test function. This method has been applied widely and very
successfully in recent years. The method is based on local weak forms and
moving least squares (MLS) approximation, and approaches the true solution
of the problem. The main advantage of the MLPG method over the widely
used finite element method and meshless methods is that it does not require a
“finite element mesh” for the purposes of either interpolation or integration,
thereby reducing costs. Effective implementations of meshless methods are
key to success [2, 4-6, 8-11].

Finding the numerical solution with non-local boundary conditions is
of importance in many fields of science and engineering research such as
chemical diffusion, diffusion equation, thermoelasticity, heat conduction
processes, heat transfer, control theory, medical schemes, and so on [16]. It is
most widely used and very important in thermoelasticity. In 1963, Cannon
[7] first introduced non-local boundary condition problems, and most
investigations developed various problems as one-dimensional or two-
dimensional, with the Dirichlet’s or the Neumann’s boundary condition, and
in 2010, Abbasbandy and Shirzadi [1, 2] researched the MPLG method for a
two-dimensional diffusion equation with the Neumann’s boundary condition
and non-classical boundary conditions, and a meshless method for a two-
dimensional diffusion equation with an integral condition. The proposed
method worked very well for the two-dimensional diffusion equations with
a non-classical boundary condition, because of its simplicity and high

accuracy.

The purpose of this article is to develop an efficient, more accurate and
truly meshless method for solving the following two-dimensional time-
dependent diffusion problem with non-local boundary conditions which had
been studied by Abbasbandy and Shirzadi [2]. The diffusion equation can be

written as
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u  *u 0%

Ezax—2+ay—2, V(x, y,1) e Qx[0, T], (1)
with initial condition
u(x, y, 0) = f(x, ), Q={(x,y)[0<x,y<]} @
and boundary conditions
Wzgo(y,t), 0<t<T, 0<y<l], 3)
%zgl(y,t), 0<¢t<T, 0<y<], 4
u(x,1,¢)=m(x,t), 0<t<T, 0<x<l, ©)
u(x, 0, 1) = hg(x)u(r), 0<t<T, 0<x<l1, (6)

and the non-local boundary condition

JQu(x, y,0)dQ = m(t), 0<x<1, 0<y<l, %

where f, g¢, g1, hy, iy and m are given functions, while the functions u

and p are unknowns. The non-local boundary condition is variable-separable,

with spatial dependence given by /y(x) and time dependence given by pu(z).

Abbasbandy and Shirzadi [2] used a meshless local Petrov-Galerkin
(MLPG) method to treat parabolic partial differential equations with the
Dirichlet’s and Neumann’s conditions with a non-classical boundary. A
difficulty in implementing the MLPG method to impose essential boundary
conditions is that the moving least squares (MLS) trial functions do not
pass through the nodal values. To overcome this difficulty, they used the
MLPG method only inside the domain, while at boundaries, they used finite
difference schemes in all boundary conditions. We present techniques for use
on square domains using classical MLPG and penalty parameters imposed at
the Dirichlet’s and Neumann’s boundary conditions for mixed problem with
non-local boundary conditions, such that this implementation can be verified

to be efficient, more accurate, and truly meshless.
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It should be noted that the MLPG method has been successfully applied
to diffusion problems with Dirichlet or Neumann boundary conditions in
many papers such as [1, 2, 9, 14]. In this paper, we consider problems under
a non-local boundary condition as in equation (7). Also, we impose the
Dirichlet’s and Neumann’s boundary conditions, and we impose a non-local
boundary condition in LWF with the classical MLPG method, making our
method truly meshless.

2. The MLS Approximation Scheme

Using the moving least squares (MLS) approximation scheme, we can
approximate the trial function for the displacement at each point. Consider a

subdomain €, the neighborhood of a point x and denote as the domain

of definition of the MLS approximation for the trial function at x, which

is located in the problem domain Q. To approximate the distribution of

function u# in Qg over a number of randomly located nodes x;, i=
1, 2, ..., n, the moving least squares approximation uh(x) of u, Vx € Q,
can be defined by

u"(x) = PT(x)a(x);  vx, (®)

where PT(x) = [py(x), po(X), ..., py(x)] is a complete monomial basis of
order m; and a(x) is a vector containing coefficients a j (x), j=12,..,m,
which are functions of the space coordinates x. For example, for a two-
dimensional problem, P7(x) =[L, x, »] and PT(x) =L, x, y, x2, xy, ¥?],

for linear basis (m = 3) and quadratic basis (m = 6), respectively.

The coefficient vector a(x) is determined by minimizing a weighted

discrete L, norm, defined as

J(x) =Y wi®)[p" (x)a(x) - ;] = [P-a(x) - & WP -a(x) -], (9)

i=1
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where w;(x) is the weight function associated with the node 7, with w;(x) >0
for all x in the support of w;(x), x; denotes the value of x at node i, n is
the number of nodes in Q, for which the weight functions w;(x) > 0, the

matrices P and W are defined as

Pl (x) w(x) 0
P P (x,) W= o
0 - w.(x
P n (%)

and 4! = [4y, iy, ..., ti,,]. Here it should be noted that u;, i =1, 2, ..., n, in
(9) are the fictitious nodal values, and not the nodal values of the unknown
trial function uh(x) in general. The stationary of J in (9) with respect to

a(x) leads to the following linear relation between a(x) and :
A(x)a(x) = B(x)a, (10)

where the matrices A(x) and B(x) are defined by

A(x) = PTWP = > w;(x)p(x;)p” (x;), (1)

i=1

B(x) = PTW = [wy(x)p(x;), wo(x)p(x3), ... w,(x)p(x,)].  (12)

The MLS approximation is well defined only when the matrix A in (10)
is non-singular. It can be seen that this is the case if and only if the rank of P
equals m. A necessary condition for a well-defined MLS approximation is

that at least m weight functions are non-zero (i.e., n > m) for each sample
point x € Q and that the nodes in Q are not arranged in a special pattern

such as on a straight line. Here, a sample point may be a nodal point under

consideration or a quadrature point.
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Solving for a(x) from (10) and substituting it into (8) gives a relation

which may be written as the form of an interpolation function similar to that
used in FEM as

uh(x) = d)T(x) ‘a = Z(Dl-(x)ﬁi, uh(x) =u;, xeQ, (13)
i=1

and essentially u; # u;, where

o’ (x) = p” (x) A7 (x)B(x) (14)

or

m

6:(x) =Y p;()[AT (x)B(x)] (15)

Jj=1

Usually ¢;(x) is called the shape function of the MLS approximation
corresponding to nodal point y;. From (12) and (14), it may be seen that
¢;(x) =0 when w;(x)=0. In practical applications, w;(x) is generally
chosen such that it is non-zero over the support of nodal points y;. The
support of the nodal point y; is usually taken to be a circle of radius
1, centered at y;. The fact that ¢;(x) =0, for x not in the support of
nodal point y; preserves the local character of the moving least squares

approximation.

Let C9(Q) be the space of gth continuously differentiable functions
on Q. If wi(x)eCIQ) and p;(x)eC(Q), i=12,...,n and j=
1, 2, ..., m, then ¢;(x) € C"(Q) with r = min(q, s).

The partial derivatives of ¢;(x) are obtained as

m
2 -1 -1 -1
=
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in which A_kl =A™  represents the derivative of the inverse of A with

respect to xj, which is given by A_k1 = —A_IA, +A7L, where (+) ; denotes

o)
ox;

1

In this paper, the Gaussian weight function is used as
exp| — 9 ’ —exp| - L ’
p ¢ p ¢
<
Wl(x) — v 2 ) 1 — 7"“ (17)
1—exp —(—’j
Ci

0, d. >r

1 12

where d; = | x—x; |, ¢ is a constant controlling the shape of the weight

function w; and 7; is the size of the support domain.

The size of support, r;, of the weight function w; associated with node i
should be chosen such that 7 should be large enough to have sufficient

number of nodes covered in the domain of definition of every sample point

(n > m) to ensure the regularity of A. A very small 5, may result in a

relatively large numerical error in using Gauss numerical quadrature to

calculate the entries in the system matrix. On the other hand, 7; should also

be small enough to maintain the local character of the MLS approximation.
3. Local Weak Form

The MLPG method constructs the weak form over local sub-domains

such as Qg, which is a small region taken for each node in the global

domain Q and may be of any geometric shape and size. In this paper, they
are taken to be of circular shape. Because the weak form is constructed over
local sub-domains, the formulation is called the “local weak formulation”.

The local weak form of (1) for x; = (x', ') e Qg can be written as

follows:
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j (g”t‘ 2ujvl-dQ:O, (18)

where v; is a test function. Using the divergence theorem and the property

W = 22 )+ 2 (20|22, du 2
B ox oy\oy ! ox Ox | Oy Oy

yields the following expression:

Ou Ou Ou Ov;  Ou Ov;
J‘QQEW J‘aggav’. J.Q§§§+ay Oy Q2 =0, (19)

where Qf; is a circle of radius 7, centered at x;, 6(2; is the boundary of

QL. n=(n,ny) is the outward unit normal to the boundary Q. =
i i i

Fou U Lo U Lq

ou au L+ a_un
R oy %

and yields the following expression:

ou ou ou
.[ : ot vid€Q = .[r’ on dr_J.rqu%vidr_J.riqlﬁ_nvidr

Ou Ov; | Ou Ov;
Igg R R (20)

n
Substituting trial function u”(x, ¢) = >4 j(x)i;(¢) and g = g—z into (20)
j=1

yields

noooh o0 ;
. 4o - . J - ‘
J‘QQ VIJZ_;(I)J Ot do jr; K Z on i dt Iri govidl

—j vdﬁj Z ) v +i%%ﬁ-d§z—o Q1)
rjq &1 ol ox ox Flay op ST 7
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c ob; ov, 00 oy
ARk B Vi B (o Y71
+ZIQ@ ox ox T oy oy i

_ j gl + .[r" gdr, 22)
540 591

where i =1, 2, 3, ..., n. By substituting (13) into (20), governing equations
are transformed into the discretized system, written in the matrix form as

K%—Itj £ FU = C(0), (23)

where K, F and C are matrices, which are described in the following:

K=[K;] Kj-= IQZ. b vid2, (24)
S
a¢] 8\11- a¢] a\/'i
Plh) B =[St a0
09 09
+ _[r‘i vy W dr — Il"i Vi W dF, (25)
su() suq
) =160 G =[, evdr+ | g 26)
540 Sq1

There is a problem for MLS at boundary conditions because the trial
function does not pass through the nodal values, so we impose a penalty
parameter at the Dirichlet’s and the Neumann’s boundary conditions with
o >>1:

Ou
aIri (u = ho)v;dl + Otjl_;-ul (u = Iyp)v;dl + OLJ.F;.qO (a - go)vidf

su()

Ou _
+a J " (E - gl)vidf 0. @7)
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n
Substituting trial function u” (x)=>¢ ;(x)di; in (27), yields
j=1

su() sq0 su|

n {“J.rf o ;(x)v;dl + ajri %vl-dl“ i ajrl. ¢ ;(x)v;dl
J

9 .
i E"idr u; - Jri hov;dl |n
591 su(

_— J' vl o j gl +a j g, (28)
su| su( sq]

By substituting (13) into (27), governing equations are transformed into

the discretized system, written in the matrix form as
DU - Efi = H(?), (29)

where D, E and H are matrices, which are described in the following:

o ;
D= [Dl]]’ Di' = O(.J.F[. (I)j(X)VidF + aJ‘[‘qu —xv,-aT

su()

oy
vaf o war+af o FLvar, G0)
sq1

su|

E=[E;). Ej=of , v 31)

su()

H() = [H0]. Hi(0)=af , hvdr

su|

+aj l. govidr+aj gmdl. (32)
Fsa0 Loar
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To discrete time variable, the Crank-Nicolson technique is applied to
(23) which yields

Skl ik P
ﬁKEL—Z?LLv+g(Uk”——Uk)=(3+2. (33)

3.1. Time discretization I

Equation (29) is discretized at time level k£ + l, obtaining:

~k+= k+= k+=
DU 2 -Ei 2=H 2, (34)
D ~itl , vky E nk+l | Ak ktn
j(U +U )_3(“ +0Y)=H 2. (35)

Subtracting (35) from (33), we obtain:

ﬁk+l_ﬁk F
—+_

ck+l | rky D oek+l vk, Eooskl |~k
K I 2(U +U") 2(U +U)+2(u +0%)
1 1
k+= k+=
-C 2-H 2, (36)
At At ~ kel A k]
(K+ > F 3 D)U + 5 Ep
ks ks At At At
=AM C 2-H 2 +(K-§Jr+??D)Uk—7?Ea@ (37)

From (37), assuming that ﬁl/-‘, for i=1,2,..,N and ﬁk are known,

our aim is to compute ﬁtl{”l, fori=12,.., N and ﬁtkﬂ. Now we have

N + 1 unknowns so that we need one equation to compute these unknowns,

which can be obtained from the non-local boundary condition from (7), and

n
substituting trial function u”(x) = > ()i, yields:
Jj=1
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[, waa=| Q;q) O are

- ZUQ d)j(x)dQ}ﬁfH = mFH (38)
j=1

which written in the matrix form as
SﬁkH _ mk+1, (39)

where S is a matrix, which is described in the following:
s=[s;]. s, :JQ¢j(x)dQ. (40)

Equations (37) and (39) can be written in the matrix form as follows:

AUA! = BUF + C, (41)
where
At At At
~ K+—F-—D —E
A= 2 2 2 , (42)
S 0
At At At
~ K-—F+—D —E
B = 2 2 2 , (43)
o’ 0
k+l k+l
~ |A{C 2-H
C= (44)
mk+1

3.2. Time discretization II

The second scheme, we discretize (29) at time level & + 1, we obtain:
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Subtracting (45) from (33), we obtain:

Crk+1 Crk
K U -U n E(Uk+1 n Uk) _ DUk+1 n Eﬁtk“
At 2
k+l

=C 2-mtl, (46)

(K + %F - AtDijkH + AMEAF

e At L\ ek

=A|C 2-H +(K—7FJU. (47)

So we need one equation same the first scheme, that can be obtained from the
non-local boundary condition from (7):

jg " (x)dO = jgjz:;q)j(x)af“dg

_ ZUQ q)j(x)dﬂ}ﬁf” = mkl, (48)
=

which written in the matrix form as
Sﬁk+1 — mk+1, (49)

where S is a matrix, which is described in the following:
S=[s;], s, :JQ¢j(x)dQ. (50)

Equations (47) and (49) can be written in the matrix form as follows:

AUA! = BOF 4+ C, (51)
where
At
~ K+—F-AD A/E
A= 2 , (52)

S 0
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At
g_|K—7F O (53)
o’ 0
k+l
~ |adcC 2 —pA
C-= . (54)
mk+1

4. Numerical Experiments

Two schemes are presented in this section. The numerical solutions in
. I . .
the first scheme uses a time step of k& + > with regular and irregular nodes

and the second scheme uses a time step of k + 1 with regular nodes. The
results are presented in Tables 1, 2 and 3, respectively. For both schemes,
we use the quadratic basis in the MLS approximations. The relative error is

reported in the tables, defined as follows:

Il = max| g = wi |

For both schemes with non-local boundary conditions, we consider
(1)-(7) with the following conditions:

f(x, y) = exp(x + y),
go(y, 1) = exp(y + 2t),

g1(y, 1) = exp(l + y + 2t),
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hy(x, t) = exp(l + x + 2t),
ho(x) = exp(x),
m(t) = exp(2t)(exp(2) — 2 exp(1) + 1),
for which the exact solution is
u(x, y, t) =exp(x + y +2t), n(t)=exp(2¢).

Table 1 compares the results obtained for u and u, between imposing at
Dirichlet’s boundary condition and imposing at Dirichlet’s and Neumann’s

boundary conditions, at several time levels with Az = 0.1 on regular nodes in

Figure 1 (N = 441 nodes) from time step k + %

Table 2 compares the results obtained for u and u, between imposing at
Dirichlet’s boundary condition and imposing at Dirichlet’s and Neumann’s

boundary conditions at several time levels, with Az = 0.1 on irregular nodes

in Figure 2 (N =121 nodes) from time step & + %

Table 3 compares the results obtained for u and u, between imposing at
Dirichlet’s boundary condition and imposing at Dirichlet’s and Neumann’s
boundary condition at several time levels with Af = 0.1 on regular nodes

from time step k£ + 1.

In each case above T =1, the relative errors have increased slightly
because of the accumulated error in each time step. For 7 > 1, the results

will have the same manneras 7 = 1.
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Table 1. Relative error for diffusion problem with non-local BC imposed

at Dirichlet’s boundary conditions, compared with imposing at Dirichlet’s

and Neumann’s boundary conditions time step & + 1 with regular nodes

2
[21 x 2 1]
Imposing on Dirichlet’s BC Imposing on both types of BC

: w107 | Jul <107 | rx107 | Jul, x 1072
0.1 1.3320 52 11.2128 6.9
0.2 1.0053 34 4.0078 1.4
0.3 1.1706 6.3 9.1762 1.0
0.4 1.0509 6.0 5.1589 8.7
0.5 1.1300 8.8 8.2067 3.6
0.6 1.0695 9.4 5.7409 11.5
0.7 1.1121 12.7 7.6579 7.0
0.8 1.0797 144 6.0962 15.6
0.9 1.1031 18.6 7.3275 12.0

1 1.0854 21.9 6.3234 21.8

Table 2. Relative error for diffusion problem with non-local BC imposed

at Dirichlet’s boundary conditions, compared with imposing at Dirichlet’s

and Neumann’s boundary conditions time step & +% with irregular nodes

[11x11]
Imposing on Dirichlet’s BC Imposing on both types of BC
t
%1071 lul, x107! rp x1072 lul, 107!
0.1 1.3259 7.9 5.3081 0.8
0.2 0.7438 5.1 1.7463 0.2
0.3 1.0063 8.5 4.3908 1.1
0.4 0.8422 8.8 2.3207 0.4
0.5 0.9411 12.1 3.9321 1.4
0.6 0.8665 13.5 2.6106 0.8
0.7 0.9200 17.7 3.6561 1.9
0.8 0.8776 20.4 2.7891 1.4
0.9 0.9099 26.1 3.4811 2.7
1 0.8841 30.7 2.9063 2.3
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Table 3. Relative error for diffusion problem with non-local BC imposed at
Dirichlet’s boundary conditions, compared with imposing at Dirichlet’s and

Neumann’s boundary conditions time step k + 1 with regular nodes [21x 21]

Imposing on Dirichlet’s BC Imposing on both types of BC
t %1071 lul, 107! rpx1074 lul, x1073
0.1 1.3014 5.5 2.9624 2.2
0.2 1.0434 3.5 1.9259 1.4
0.3 1.1575 6.6 2.3226 2.5
0.4 1.0826 6.2 2.1223 2.5
0.5 1.1320 9.2 2.2270 35
0.6 1.0943 9.8 2.1583 3.9
0.7 1.1212 13.3 2.2009 5.1
0.8 1.1000 15.0 2.1712 6.0
0.9 1.1157 19.5 2.1906 7.6
1 1.1032 22.8 2.1769 9.1

5. Conclusions

In this paper, an MLPG method was proposed for the study of two-
dimensional diffusion equations for mixed problems with non-local boundary

conditions. Two schemes were proposed: the first scheme uses a time step

of k+% and the second scheme uses a time step of k& +1. Both

implementations were proposed to impose the Dirichlet’s and Neumann’s
boundary conditions on square domains. The numerical results show that the
second scheme produces a higher accuracy than imposing at only Dirichlet’s
boundary condition for mixed problem with regular nodes. The non-local
integral boundary condition was discretized using Simpson’s composite
numerical integration rule and the resulting discretized equation was
approximated using MLS approximations. Our proposed implementation has
higher accuracy and is truly meshless. Implementing our proposed methods

is a further research opportunity for interested researchers.
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