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Abstract 

We prove that an integral domain D admits only spectral semistar 
operations if and only if D is a discrete valuation domain. 

1. Introduction 

This is a continuation of [6]. Let D be an integral domain with quotient 
field K. Let ( )DF  be the set of non-zero D-submodules of K, let ( )DF  be the 

set of non-zero fractional ideals of D, i.e., ( )DE F∈  if ( )DE F∈  and there 

is an element { }0\Dd ∈  such that .DdE ⊆  A semistar operation on D is a 

mapping ( ) ( ),FF: DD →  ,EE 6  such that for every { }0\Kx ∈  and 

for every ( ),F, DFE ∈  the following conditions hold: ( ) ;xExE =  

FE ⊆  implies ;FE ⊆  ,EE ⊆  and ( ) .EE =  For every ⊆Δ  

( ),Spec D  the mapping PP EDE Δ∈∩6  is a semistar operation on D, and is 

denoted by .Δ  A semistar operation  on D is called spectral if there is a 

subset ( )DSpec⊆Δ  such that .Δ=  Picozza [7] posed the following 
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question: When are all semistar operations on an integral domain spectral? 
We study the question, and prove the following: 

Theorem. D admits only spectral semistar operations if and only if D is 
a discrete valuation domain. 

A valuation domain with value group Γ is called discrete if, for every 
pair 21, HH  of adjacent convex subgroups of Γ ( ),,say 21 HH  the ordered 

factor group 
1
2

H
H  is order isomorphic with Z. 

Picozza [7, Corollary 4.13] showed the following: Let D be a local 
domain, i.e., D has only one maximal ideal. Then every semistar operation on 
D is spectral if and only if D is a discrete valuation domain. In [5, Theorem 
1.1], we proved the following: Let D be a finite dimensional domain. Then 
every semistar operation on D is spectral if and only if D is a discrete 
valuation domain. 

The paper consists of three sections. Section 2 contains lemmas. Section 
3 contains the proof for Theorem. 

2. Lemmas 

Let D be a domain with quotient field K. A star operation on D is a 

mapping ( ) ( ) ,,FF: EEDD 6→  such that for every { }0\Kx ∈  and 

for every ( ),F, DFE ∈  the following conditions hold: ;DD =  ( ) =xE  

FExE ⊆;  implies ,; EEFE ⊆⊆  and ( ) .EE =  

For a Prüfer domain D, call two maximal ideals M and N of D dependent 
if NM ∩  contains a non-zero prime ideal of D. This defines an equivalence 

relation on the set of maximal ideals of D, and we denote by { }Λ∈λ|λA  the 

corresponding partition. For every ,Λ∈λ  denote by λP  the largest prime 

ideal of D contained in ,MAM λ∈∩  and let .MAM DS
λ∈λ = ∩  Recently, 

Houston proved the following: 
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Theorem 1 [2]. An integrally closed domain D admits only finitely many 
star operations if and only if D is a Prüfer domain which satisfies the 
following conditions: (1) Every non-zero element of D is contained in only 
finitely many maximal ideals, (2) 1=λA  for almost all ,Λ∈λ  (3) 

∞<⎟
⎠
⎞

⎜
⎝
⎛

λP
DSpec  for every ,Λ∈λ  and (4) D has only finitely many non-

invertible maximal ideals. 

Moreover, under these conditions, if we denote by ( )DStar  the set of star 

operations on D, then ( ) ( )∏ Λ∈λ λ= .StarStar SD  

For semistar operations, we have the following: 

Theorem 2 [4, Section 5, (5.2), Theorem]. An integrally closed domain 
D admits only finitely many semistar operations if and only if D is a finite 
dimensional Prüfer domain which has only finitely many maximal ideals. 

Throughout the rest of the section, let D be a Prüfer domain with exactly 
two maximal ideals M and N. Set MDV =  and set .NDW =  

Lemma 1. Assume that M and N are independent. Then we have 
( )DV F∉  and ( ).F DW ∉  

Proof. Suppose that ( ).F DV ∈  Then DaV ⊆  for some { },0\Da ∈  

hence .WaVW ⊆  It follows that ;WK =  a contradiction. 

Lemma 2. (1) Set { },, NM=Δ  and set .Δ=  Then II =  for 

every ( ).F DI ∈  

(2) Let P and Q be incomparable prime ideals of D. Set { },, QP=Δ  and 

set .Δ=  If we set ,QP DDT ∩=  then ITI =  for every ( ).F DI ∈  

Proof. (1) Let .Ix ∈  Since ,NM IDIDx ∩∈  we have ,21
t

e
s
ex ==  

where MDsIee \,, 21 ∈∈  and .\NDt ∈  Then ( ) ,, Dts =  hence 11 sd=  
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2td+  with ., 21 Ddd ∈  Then ,221121 Idedetxdsxdx ∈+=+=  hence 

.II =  

(2) We may assume that MP ⊆  and .NQ ⊆  Set ,QP DDT ∩=  set 

,1 TPDM P ∩=  and set .1 TQDN Q ∩=  T is a Prüfer domain with exactly 

two maximal ideals 1M  and .1N  Moreover, PM DT =1  and .1 QN DT =  Let 

J be a non-zero ideal of T. By (1), we have ,11 NM JTJTJ ∩=  hence 

.QP JDJDJ ∩=  Therefore, if I is a non-zero ideal of D, then ( ) PDITIT =  

( ) ,QDIT∩  hence ,QP IDIDIT ∩=  i.e., .IIT =  

Lemma 3. Let { }Λ∈λ|=Δ λP  be a subset of ( )DSpec  with every 

,MP ⊆λ  let ,Δ=  and set .λλ= PP ∪  

(1) We have .PP DDD ==
λλ∩  

(2) Assume that .PM =  Then, for every prime ideal Q of D with 
,MQ  we have λ⊆ PQ  for some λ. 

Proof. (1) Let ,PDx ∉  and set .1
xm =  Since PD  is a valuation domain, 

we have ,PPDm ∈  and Psm ∈  for some .\PDs ∈  Then λ∈ Psm  for 

some λ. Since ,1 s
xPs

xsmmx λ∈==  we have ,
λ

∉ PDs
x  hence .

λ
∉ PDx  

Therefore .PP DD =
λλ∩  

(2) Take an element .\QMd ∈  Then we have MDPd
λ∈1  for some λ 

and .1 MQDd
∉  Hence ,MM QDDP ⊇λ  hence .QP ⊇λ  

Lemma 4. Let { }Λ∈λ|=Δ λP1  be a subset of ( )DSpec  with every 

,MP ⊆λ  let { }Σ∈σ|=Δ σQ2  be a subset of ( )DSpec  with every 

,NQ ⊆σ  set ,21 ΔΔ=Δ ∪  and let .Δ=  Set ,λλ= PP ∪  and set 
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.σσ= QQ ∪  Assume that P and Q are incomparable. 

(1) We have .QPQP DDDDD ∩∩∩ ==
σλ σλ  

(2) DD =  if and only if MP =  and .NQ =  

Proof. (1) follows from Lemma 3(1). 

(2) QP DDT ∩=:  is a Prüfer domain with maximal ideals TPDP ∩  

and .TQDQ ∩  Assume that .DD =  Then DT =  by (1). Hence DPDP ∩  

M=  and .NDQDQ =∩  Therefore MP =  and .NQ =  

Lemma 5. Let { }AaPa ∈|=Δ′  be the set of prime ideals P of D with 

,MP  and let { }BbQb ∈|=Δ ′′  be the set of prime ideals Q of D with 

.NQ  Let  be a spectral semistar operation on D with .DD =  Then 

one of the following four conditions holds: 

(1)  is defined by { }., NM  

(2)  is defined by { }N∪Δ′  with .aa PM ∪=  

(3)  is defined by { } Δ ′′∪M  with .bbQN ∪=  

(4)  is defined by Δ ′′Δ′ ∪  with aa PM ∪=  and .bbQN ∪=  

Proof. We confer Lemmas 2, 3 and 4. Let .Δ=  By Lemma 3(1), we 

have ,21 ΔΔ=Δ ∪  { }Λ∈λ|=Δ λP1  with every MP ⊆λ  and =Δ2  

{ }Σ∈σ|σQ  with every .NQ ⊆σ  Set λλ= PP ∪  and .σσ= QQ ∪  Then P 

and Q are not comparable. By Lemma 4, we have MP =  and .NQ =  The 

following four cases may occur: (1) M1Δ  and ,2 NΔ  (2) M/Δ1  and 

,2 NΔ  (3) M1Δ  and ,2 N/Δ  (4) M/Δ1  and .2 N/Δ  

The case (1): II =  for every ( ).F DI ∈  
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The case (2): We may assume that .1 Δ′=Δ  We have DM =  and 

.NN =  

The case (3): We may assume that .2 Δ′′=Δ  We have MM =  and 

.DN =  

The case (4): We may assume that Δ′=Δ1  and .2 Δ′′=Δ  We have 

DM =  and .DN =  

The semistar operation in (1) (resp., (2), (3), (4)) of Lemma 5 is denoted 

by 1  ( ).,,.,resp 432  Easily, we have ( ) MM DD i =  for every ≤1  

.4≤i  

3. Proof of Theorem 

By [7] and [5], it is sufficient to prove the necessity. Thus, throughout 
the section, we assume that D is an infinite dimensional, non-local Prüfer 
domain with quotient field K. Let M be a maximal ideal of D with ( )Mht  

,∞=  and let N be another maximal ideal of D. Then NM DDT ∩=:  is an 

infinite dimensional Prüfer domain with exactly two maximal ideals. 

Therefore, we may assume that D is an infinite dimensional Prüfer 
domain with exactly two maximal ideals M and N. We may assume that 
( ) .ht ∞=M  Set ,MDV =  and set .NDW =  

Proposition 1. Assume that M and N are independent. Then there is a 

non-spectral semistar operation  on D with .DD =  

Proof. Set II =  for every ( ),F DI ∈  and set KJ =  for every ∈J  

( ) ( ).F\F DD  Then  is a semistar operation on D with .DD =  By Lemma 

1, we have .KV =  Suppose that  is spectral. By Lemma 5, we have 

i=  for some .41 ≤≤ i  By the definition of ,i  we have ;VV i =  a 

contradiction. 



Note on Spectral Semistar Operations, III 101 

Proposition 2. Assume that M and N are dependent, and assume that 

,Spec
0

∞<⎟
⎠
⎞

⎜
⎝
⎛

P
D  where 0P  is the largest prime ideal of D contained in 

.NM ∩  Then there is a non-spectral semistar operation  on D with 

.DD =  

Proof. Let v:=  be the v-semistar operation on D, i.e., =vJ  
( )JDD KK ::  for every ( ).F DJ ∈  By Heinzer [1, Theorem 5.1], the 

restriction of  to ( )DF  differs from the identity mapping. Suppose that  

is spectral, and let .Δ=  We confer Lemma 5. Since ,Spec
0

∞<⎟
⎠
⎞

⎜
⎝
⎛

P
D  

almost all ,0PPa ⊆  and almost all .0PQb ⊆  Hence, neither (2) nor (3) nor 

(4) of Lemma 5 occurs. It follows that  is defined by { };, NM  hence the 

restriction of  to ( )DF  is the identity mapping; a contradiction. 

Proposition 3. Assume that M and N are dependent, and assume that 

,Spec
0

∞=⎟
⎠
⎞

⎜
⎝
⎛

P
D  where 0P  is the largest prime ideal of D contained in 

.NM ∩  Then D has an infinite number of non-spectral semistar operations 

 with .DD =  

Proof. By Lemma 5, the number of spectral semistar operations on D 

with DD =  is less than or equal to 4. On the other hand, since 

,Spec
0

∞=⎟
⎠
⎞

⎜
⎝
⎛

P
D  D has an infinite number of star operations by Theorem 1. 

Every member ( )DStar∈  can be uniquely extended to a semistar operation 

′  on D ([3, Lemma 2]). Since ,DD =′  the proof is complete. 

Propositions 1, 2 and 3 complete the proof of our Theorem. 
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