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Abstract

In this paper, we principally introduce the concept of quasi-principally
k-flat semimodules, on the basis of the theories of k-flat semimodules
and quasi-principally modules, we get some good properties of quasi-
principally k-flat semimodules, therefore generalize some properties of
quasi-principally modules of rings and k-flat semimodules of semiring
to quasi-principally k-flat semimodules of semirings.

1. Introduction

Throughout R will denote a semiring with identity 1; unless otherwise
stated, all semimodules M will be left R-semimodules with 1- m = m for all
m € M, and all homomorphisms will be R-homomorphisms.

In this paper, we will use the following facts (cf. [1, 3, 9-12]:

(a) A semiring R is said to satisfy the left cancellation law, if and only
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if forall a,b,ce R, a+b=a+c=b=c. A semimodule M is said to
satisfy the left cancellation law, if and only if forall m, m’, m" e R, m+m’
=m+m" = m=m"

(b) We say that a nonempty subset N of a left semimodule M is
subtractive if and only if m+m"e N and m e N imply that m" € N for
all m,m" e M; a semiring R is called completely subtractive if R is a

completely subtractive semimodule; and a left R-semimodule M is called
completely subtractive if and only if for every subsemimodule N of M, N is
subtractive.

(c) A semimodule M is said to be free R-semimodule if M has a basis
over R.

(d) A semimodule M is said to be semicogenerated by C when there is a

homomorphism ¢ : M — HAC such that ker ¢ = 0. A semimodule C is

said to be semicogenerator when C semicogenerates every left R-semimodule
M.

(e) Let o : A — B be a homomorphism of semimodules. Then we shall
define the subsemimodule Im o of B as follows:

Ima ={beB:b+aa)=a(@)for some a, a’' e A},

a is said to be i-regular if o(A) = Ima; to be k-regular if for a, a’ € A,
a(a) = a(a’) implies a+k =a’'+ k' for some k, k" € Ker(a); and to be
semimonomorphism if Ker(a) =0, to be an isomorphism if it is injective
and surjective, and to be regular if it is both i-regular and k-regular.

() An R-semimodule M is said to be k-regular if there exist a free

R-semimodule F and a surjective R-homomorphism o : F — P such that o
is k-regular.

(g) The sequence A %8B —B> C is called an exact sequence if Ker(B)

= Im(a) and is proper exact if Ker(B) = a(B).
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(h) A proper exact sequence of the form 0 —> A 5B E) C —> 0 issaid

to be left k-regular right regular if o is k-regular, B is right regular.
(i) For any two R-semimodules N, M,

Homg(N, M) = {o: N - M|a isan R-homomorphism of semimodules}

is a semigroup under addition. If N, M and U are R-semimodules and o : M
— N is homomorphism, then Hom(c, 1y ) : Homg(N, U) — Homg(M, U)

is given by Hom(a, Iy )y = ya, where I is the identity on U.

(j) Let A be semimodule, given a symmetric subsemimodule R of Ax A,
we often denote (a, b) in R by (a, b), we define a relation p(R) on A as

follows:

xp(R)y if and only if there exists (a, b) € R suchthat x + a =y +b.

(k) If A is a right R-semimodule, B is a left R-semimodule, let N be the
semiring of non-negative integers, N be a commutative semiring with 1 = 0,

and T be an N-semimodule, then a function 6 : Ax B — T is R-balanced if
andonly if forall a, a’ € A, forall b, b’ € B, and forall r € R, we have

(1) 6(a+a’, b) = 6(a, b) + 6(a’, b),
(2) 6(a, b +b')=06(a, b)+ 6(a, b"),
(3) O(ar, b) = 6(a, rb).

Foraand a' in A, band b" in B, and r in R, and where ofa, b] is the
function from A x B to B which sends (a, b) to 1 and sends every other
element of Ax B to 0. Let N[Ax B] be the free semimodule generated by
the set Ax B, whose element is written as o = Zn;(a;, b;). We denote by
N[A x B]x N[A x B] the product of semimodules, whose element is written
as (a, B), for some a, p € N[Ax B] and whose addition is given by (o, B)

+ (o', B)=(a+ ', Bp+p). Define M as the subset of the semimodule
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N[A x B]x N[A x B] which consists of all elements of the following forms:
(1) {(a-+4, b), (a b)+ (&, b)), (2) (& b) + (@, b), (a+a’ b)),
(3) {(a b)+ (@ b)), (& b+ b)), (4) {(@ b+D), (a b)+(a b)),
(5) ((ak, b), (@, 2b), (6) {(a, Ab), (ak, b),

where a, a’ € A, b,b"e B and A € R.

Let N[M] be the subsemimodule of N[Ax B]x N[Ax B] generated
by M, and p(N(M)) be a congruence on N(Ax B) by [10]. The set
N(Ax B)/p(N(M)) is a semimodule in 2.3 of [10] and define A®g B
= N(Ax B)/p(N(M)). The semimodule A®g B is called the tensor
product of A and B over R.

() A left R-semimodule P is said to be projective semimodule if and
only if for each surjective R-homomorphism ¢: M — N, the induced
homomorphism @ : Homg(P, M) — Homg(P, N) is surjective. Similarly,
M is a pseudo projective semimodule if and only if for each surjective R-
homomorphism o : M — N, the induced homomorphism o : Hom(M, M)

— Hom(M, N) is surjective. Especially, if f is k-regular, then M is called
pseudo k-projective semimodules.

(m) A semimodule Vp is flat relative to a semimodule kM (or that V is
M-flat) if and only if for every subsemimodule K < M, the sequence 0 —
V ® gK — NORKk Ly @ rM is proper exact (i.e., Ker(ly ® gi,)=0),
where ly ® Rig(v® k) =v ®ig(k). Asemimodule Vg, that is, flat relative

to every left R-semimodule is called a flat right R-semimodule.

(n) A semimodule Vg is k-flat relative to a semimodule gM (or that
V is Mk-flat) if and only if for every subsemimodule K < M, the sequence
0>V ®grK ~ NWORrk Ly rM is proper exact and ly ® Rix is

k-regular (i.e., Iy ® giy is injective). A semimodule Vg, that is, k-flat relative
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to every left R-semimodule is called a k-flat right R-semimodule. Thus, if Vg

is k-flat relative to g M, then Vj is flat relative to g M.

2. Pseudo k-flat Semimodules

In this section, we discuss the structure of pseudo k-flat semimodules.
Definition 2.1. A semimodule Vg is pseudo k-flat relative to a

semimodule R M (or that V is pseudo Mk-flat) if and only if for every

semimodule M = M, the sequence 0 -V ® gM — W®riM_,y rM
is proper exact (i.e., ly ® gri, is injective). A semimodule Vg, that is,

pseudo k-flat relative to every left R-semimodule is called a pseudo k-flat
right R-semimodule.

Our next result shows that the class of pseudo k-flat semimodules is
closed under direct sums.

Proposition 2.2. Let (V). e an indexed set of right R-semimodule.

Then @ AV, is pseudo k-flat if and only if each V,, is pseudo k-flat.

Proof. Let M be a left R-semimodule. Consider the following
commutative diagram:

VM LB Ly @M

B, & M)—==20 5@, ® M)

» I o I

(@F,)® M L™ (@)@ M (2.1)

where n, :®V, ®M) >V, ®M and i, :V, ®M - @V, ® M) are
defined, respectively, by n, : (v, ® my) > vV, ® m, and i, :v, ® m, —
(Vv ®my), where vi ® m; =0 if i za and v ® mj = v, ® m, if i = q;

¢ and ¢’ are the isomorphisms of [9, Proposition 5.4] given by ¢[(v,) ® m]
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=(Ve, ®m) and ¢'(vy, ® m) = (v, ®i(m)). Now suppose that @V, is
pseudo k-flat. If

vy, ®im(ve ®m) = O[IVOL ® ip((V, ®m)) = by, ®ip((ve ® m"))],
then by the above diagram, we have
(Vo) ® i (M) = 0[(vg,) ® i(m) = (vg, ) ® i(m")].

Since ®V,, is pseudo k-flat, (v, ) ® m = 0[(v, ) ® k = (v{,) ® k']. Again, by
(2.1), (vy) ®ip(m) =0 whence

Vo, ® m = 0[(v, ® k)= (v, ®k’), whence v, ® k = v ®k'].
Therefore, V,, is pseudo k-flat.

Conversely, suppose that V,, is pseudo k-flat for each o € A If
lov, ® im((Vy) ® m)
= 0[lgy, ®iyn (Vo) ® M) =lgy, ®iy((vy)®m)],

then by the above diagram, we have v, ® i(m) = 0[v, ® i(m) = v, ® i(m’)]
for each o € A. Since V,, is pseudo k-flat, v, ® m=0[v, ® m=v, ®m’] for
each a. Therefore, (v, ® m) = 0[(v, ® m) = (v;, ® m’)]. Again, by (2.1),
(V) ® m =0[(v,) ® m = (vi ) ® m']. Thus, @V, is pseudo k-flat.
Proposition 2.3. Let M be a left R-semimodule. Then a right
R-semimodule V is pseudo k-flat if and only if the functor (V ®g -)

preserves the exactness of all left k-regular right regular short exact
sequences with middle term M:

0> M 5 oM D> oN 0. (2.2)

Proof. “If” part. Let 0 > rM 5 rM E> rN — 0 be a left k-regular

right regular exact sequence. Since Vg is rM -pseudo k-flat, using [9,
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Theorem 5.5(2)], the sequence

05>VeOgM — & v .M Y& ,yve.N>0 (23

is exact.

“Only if” part. Let kM = gM. Consider the following exact sequence:

0> M S5 M —TKM) () 0. (2.4)

By hypothesis, 0 -V ® gM I8 Ly g rM s an exact sequence.

Thus, Vi is gM -pseudo k-flat.
Our next result gives a necessary and sufficient condition for a projective
semimodule to be pseudo k-flat relative to a cancellable semimodule M.
Proposition 2.4. Let Vg be pseudo projective and gM cancellable.

Then V is pseudo k-flat if and only if the functor (V ® r—) preserves the
exactness of all left k-regular right regular short exact sequences

05 M 5 M B N 0. (2.5)

Proof. “If” part. Let 0 > gM 5% rM E) RN — 0 be a left k-regular
right regular exact sequence. Since Vg is rM -pseudo k-flat, Vi is gM -

flat. By using Proposition 2.3, the sequence

05>VeOgM — & v @M Y& ,yve.N>0 (26

is exact.

“Only if” part. Let kM = rM. Consider the following exact sequence:

Ik i (M) .
0>M->M —K=2 5 M/ig(M) - 0. 2.7)
Since V is pseudo projective and gM cancellable, by using [10,

Proposition 1.16], Iy ® iy is k-regular. By hypothesis, 0 >V ® gpM

—Iv®e Ly e rM s an exact sequence. Thus, Vis gM pseudo k-flat.
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3. Flat via Injectivity

We will discuss the relation between the injectivity and flatness. By
(-)", we mean the functor Homg(—, C), where C is a fixed injective
semicogenerator cancellative N-semimodule.

Remark 3.1 [3]. If U is a right R-semimodule, then U™ is a left
R-semimodule.

We state and prove the following lemma, analogous to the one on
modules which is needed in the proof of Proposition 3.3.

Lemma 3.2 [3]. Let R be a semiring, M and M’ be left R-semimodules,
and U be a right R-semimodule. Let T be a cancellative N-semimodule. If
o:M"—> M is an R-homomorphism, then there exist N-isomorphisms ¢
and ¢’ such that the following diagram commutes:

Homglerd

Hom, (M, Hom, l:!;'.]f'}}'—‘_'—";"’ﬁumﬂ (M’ Hom, (U.T,))
r,nl .‘p'i
Hom,, (U ®, M).T)—22 sl popm (U @, M").T) (3.1)

Proposition 3.3. Let M be a left R-semimodule.

(1) If the right R-semimodule V is pseudo k-flat, then V* is M-injective.
(2) If V* is M-injective, then V is pseudo k-flat.

Proof. (1) Let K be a subsemimodule of M. Since V is pseudo k-flat, the

sequence 0 -V ® K V ® M is proper exact, and Iy, ® ik is

k-regular. By Lemma 3.2, we have the following commutative diagram:

Jr.fru'rf,-([.'j\-.)"_I - i

HOJHR(M,I-"*) !."OJHH(K.I"*) -0

2 a!

(V@ M) —Hemlhe®ile) oy @ K) — 0 (3.2)

where @ and ¢’ are N-isomorphisms. It follows that the top row is proper
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exact if and only if the bottom row is proper exact, whence by [8, Proposition
3.1], V* isinjective.
(2) If V* is injective, then

HomR(iK, IV*)

Homg(M, V™) > Homg(K,V*) > 0 (3.3)

is proper exact. Again by the above diagram,

v @ M) —Homely ®ik.lc) v @ KY* 0 (3.4)

is proper exact. Hence, the sequence is exact. Since C is a semicogenerator,
by [11, Proposition 4.1], the sequence 0 >V ® K -V ® M is exact.
Hence, V is pseudo k-flat.

4, Cancellable Semimodules
In this section, we deal with cancellable semimodules, we characterize

pseudo k-flat semimodules by means of left ideals.

Proposition 4.1. The following statements about a cancellable right
R-semimodule V are equivalent:

(1) Vis pseudo k-flat;
(2) For each (finitely generated) left ideal | <gR, the surjective

N-homomorphism ¢:V ® gl > VI with ¢(v®a)=va is a k-regular
semimonomorphism.

Proof. (1) = (2) Since V is cancellable, by using [1, Proposition 14.16],
V ® gR = V. Consider the following commutative diagram:

Ve, % 5V ®, R

oy e
VI Iy N V (4.1)

where 6 is the isomorphism of [1, Proposition 14.16]. Since v : VI — VI



70 Xiuli Wang

given by (v, i) = vi is an R-balanced function, by using [1, Proposition
14.14], there is an exact unique N-homomorphism ¢:V ® | — VI satisfying
the condition o(v ® i) = y(v, i). Since V is pseudo k-flat relative to gR,
ly ® gij isinjective. If (Zv; ® a;) = o(Zv] ® a]), then

0(ly ® grip)(Zv; ®@ 3;) = O(ly ® i) (2| ® a)).
Since 6 and Iy ® Ri; are injective, Z(v; ® a;) = Z(v; ® a)).

(2) = (1) Again consider the above diagram. Let | be any left ideal
of Rand let Iy ® Ri;(Zv; ® gj) = Iy ® Ri|(Zv{ ® &f), where Z(v; ® @) =
X(vi ®aj) eV ®Rgl. Let K; = ZRa;, Ky = ZRaj and K = K; + K,. Now

6(ly ® grip)(Zv; ® 8;) = O(ly ® i) (2] ® &),
whence Z(v; ® aj) = Z(vj ® &) e V @ gl.

Now consider the following commutative diagram, where ix : K — |
is the inclusion map:

VK18 sy @]

@4 0 ¢
VK —x 5 (4.2)
By hypothesis, ¢, is monic. Thus, Z;v; ® a; = X;vj ® aj as an element
of V ® K. Hence, Iy ®Rgij(Zvi ®3a)) =1y ®Rrij(Zvi®aj)eV ®1 and

Zivi ® aj = Xjvi ®aj as an element of V ® |. Therefore, Iy ® gi; is
monic. Hence, V is pseudo k-flat relative to g R.

Proposition 4.2. Let M be a cancellable left R-semimodule. Then Rg is
pseudo k-flat.

Proof. Let ix : K > M be the inclusion homomorphism. By [1,
Proposition 14.16], R® gRK =K and R® rM = M. Consider the following
commutative diagram:
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R®, K—LZ SR, M
K —5 M (4.3)
Since ik is injective, | ® rik is injective.

Corollary 4.3. Let M be a cancellable left R-semimodule. Then every
free R-semimodule is pseudo k-flat.

Proof. The proof is immediate from Propositions 2.3 and 4.2.

In module theory, every projective module is flat. Now we see that this is
true for certain special semimodules.

Proposition 4.4. Let M be a cancellable left R-semimodule, where R is a
cancellative completely subtractive semiring. Then every k-regular projective
R-semimodule P is pseudo k-flat.

Proof. By using [12, Proposition 19], P is isomorphic to a direct
summand of a free semimodule F. By Corollary 4.3, F is pseudo k-flat.
Hence, by using Proposition 2.3, P is pseudo k-flat.

Corollary 4.5. Let M be a k-regular left R-semimodule and R be a
cancellative completely subtractive semiring. Then every k-regular projective
R-semimodule P is pseudo k-flat.

Proof. We only need to show that M is cancellable. Since M is k-regular,
there exists a free R-semimodule F such that ¢ : F — M is surjective. Let

m +m=my +m, where m;, my, me M. Since ¢ is surjective, ¢(a)+

o(a) = p(ay) + o(a), where ¢(31) = my, ¢(a)=m and ¢(a,) = m,. Since
@ is k-regular, &g +a+k; =ay +a+ k2' where kq, ko € Kerg. Since F is

cancellable, a; + k; = a, + ky. Hence ¢(a1) = ¢(ay).

Proposition 4.6. Let M be a cancellable left R-semimodule. If V is a free
R-semimodule, then the following assertions hold:

(a) V is pseudo k-flat;
(b) V* is M-injective.
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Proof. By using Corollary 4.3, V is pseudo k-flat.

(@) = (b) The proof is immediate from Proposition 3.3.

References

J. S. Golan, The theory of semirings with applications in mathematics and
theoretical computer, Pitman Monographs and Surveys in Pure and Applied
Mathematics, Vol. 54, Longman Science and Technical, Harlow, 1992.

Joseph J. Rotman, An Introduction to Homological Algebra, Academic Press,
New York, San Francisco, London, 1979.

Huda Mohammed J. Al-Thani, Flat semimodules, Int. J. Math. Math. Sci. 17
(2004), 873-880.

Yefim Katsov, On flat semimodules over semirings, Algebra Universalis 51
(2004), 287-299.

T. S. Fofanova, Polygons over distributive lattices, Universal Algebra (Esztergom,
1977), Collog. Math. Soc. Janos Bolyai, 29, North Holland, Amsterdam, 1982.

Yefim Katsov, Tensor product and injective envelopes of semimodules over
additively regular semirings, Algebra Collog. 4(2) (1997), 121-131.

Chen Peici and Zhou Yuanlan, Tensor product of semimodules, Acta Math. Sinica
45(1) (2002), 139-150.

Huda Mohammed and J. Althani, Injective semimodules, J. Inst. Math. Comput.
Sci. 16(3) (2003), 150-162.

M. Takahashi, On the bordism categories, Ill, Functors Hom and ® for
semimodules, Math. Sem. Notes Kobe Univ. 10(1) (1982), 211-236.

M. Takahashi, Extensions of semimodules, I, Math. Sem. Notes Kobe Univ.
11(1) (1983), 83-118.

Huda Mohammed and J. Althani, The reject and the semicogenerators (to appear).

Huda Mohammed and J. Althani, k-projective semimodules, Kobe J. Math. 13(1)
(1996), 49-59.



