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Abstract

This paper concerns the modified Navier-Stokes equation with

nonlinear coefficient in R? introducing the proof of existence and
uniqueness of solution of the equations. We use Theorem 1.4 to get the
existence of the attractors. In this paper, we will discuss the Navier-

Stokes equations that add a nonlinear term m = |u *(a, @), &, a,

are fixed, where 0 < o < 1.
1. Introduction and Preliminaries

We consider the Navier-Stokes equations of viscous incompressible fluid
and add a nonlinear term. We describe fluid motion under the following
assumptions: constant density (p), constant viscosity (u), continuity
(incompressible flow), V -u =0, u = (uy, Uy, Uz, ..., Uy). The motion of an

incompressible viscous fluid in R", n>2, is described by the Navier-
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Stokes equations:

p%qu(u-V)UJer:uAquf, (1.1)
divu =0, (1.2)

where u is the velocity vector, and let p =1, p is the pressure that maintains
the incompressibility of a fluid at (t, x), f represents volume forces.
Equation (1.2), i.e.,, divu =0, is the incompressibility condition. As a

nonlinear system of partial differential equations, u and p are regarded as
unknown functions. The constant u > 0 is the kinematic viscosity constant,

u - V denotes the covariant derivative along the flow trajectories, that is, the
directional derivative in the direction u, Au is the usual Laplace on u, and
uAuU represents the stress applied to the fluid. As usual, we use V- = div

denote the divergence operator. We will discuss n = 2. There are many
results for the attractors of Navier-Stokes equation. For example, see [1, 3,
11], but no papers study the attractor of this equation that adds a nonlinear
term n. So we will study this problem. We will not change other conditions.
Equation (1.1) can be written as:

Z—L,:Jr (U-V)u+Vp=pAu+ f +plul®(a, ap)=pAu+f +n  (1.3)
We need the following preliminaries:

Definition 1.1. An attractor is a set &/ < H that enjoys the following
properties:

(1) &« isaninvariant set (S(t)« = &, Vt > 0).

(2) & possesses an open neighborhood % such that for every ug in

%, S(t)ug convergesto & as t — oo:
dist(S(t)«, ug) > 0 as t — .

The distance in (2) is understood to be the distance of a point to a set
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d(x, &) = yig;(xy y),

d(x, y) denoting the distance of x to y in H. If & is an attractor, then the
largest open set % that satisfies (2) is called the basin of attraction of <.
We now show how to prove the existence of an attractor when the

existence of an absorbing set is known. Further assumptions on the
semigroup S(t) are necessary at this point and we will make one of two

following assumptions (1.4), (1.5):

The operators S(t) are uniform for t large. By this, we mean that for
every bounded set 4, there exists ty which may depend on 4 such that

U S(t) B (1.4)

t=tg
is relatively compact H.

Alternatively, if H is a Banach space, then we may assume that S(t) is
the perturbation of an operator satisfying (1.4) by a (nonnecessarily linear)
operator which converges to 0 as t — 0. We formulate this assumption
more precisely:

H is a Banach space and for every t, S(t) = S;(t) + S,(t), where the
operators Sq(-) are uniformly compact for t large (i.e., satisfy (1.4)) and
S,(t) is a continuous mapping from H into itself such that the following
holds:

For every bounded set C < H,
e = sup | Sy(t)e|y > 0ast— oo (1.5)
oeC
Of course, if H is a Banach space, then any family of operators satisfying
(1.4) also satisfies (1.5) with S, = 0.

Theorem 1.2. We assume that H is a metric space and that the operators
S(t) are given and satisfy
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The evolution of the dynamical system is described by a family of
operators S(t), t >0, that map H into itself and enjoy the usual semigroup

properties:

{S(t +5)=S(1)S(s), Vs, t>0, (L.6)

S(0) = I (Indentity H)

(S(t) is continuous (nonlinear) operator from H into itself) and (1.4) or

(1.5). We also assume that there exist an open set % and a bounded set £
of % such that £ is absorbing in %.

Then the o-limit set of &, & = w(4), is a compact attractor which

attracts the bounded sets of %. It is the maximal bounded attractor in %
(for the inclusion relation).

Furthermore, if H is a Banach space, U is convex, and the mapping
t — S(t)ug is continuous from R, into H, for every in H; then & is

connected too.
In equations (1.2), (1.3), we will add boundary condition. That is:

The nonslip boundary condition. The boundary T is solid and at rest;
thus

u=0onr.l (1.7)

The space-periodic case. Here Q = (0, Ly) x (0, L,) and

u, p and the first derivatives of u are Q-periodic.2 (1.8)

Remark 1. If T is solid but not at rest, then the nonslip boundary
condition is u = & on T, where ¢ = ¢(x, t) is the given velocity of I.

Remark 2. That is, u and p take the same values at corresponding points
of T

Furthermore, we assume in this case that the average flow vanishes

J' , =0, (1.9)
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u satisfies the initial condition
u(x, 0) =up(x), xeQ, (1.10)

where ug is given. For the mathematical setting of this problem, we consider

a Hilbert space H which is a close subspace of L2(Q)"(n = 2 here). In the

nonslip case,
H={uel?Q)", divu=0u-v=0onT} (1.11)
v being the unit outward normal on I" and in the periodic case
H ={ue?(Q)" divu =0, Uijr; = Ui, 0 =1 . n.3  (1.12)

We refer the reader to [7] for more details on these spaces and, in
particular, a trace theorem showing that the trace of u-v on I" exists and

1
belongs to H 2(T') when u e L?(Q)" and divu e L?(Q). The space H is

endowed with the scalar product and the norm of L?(Q)" denoted by (-, -)

and |- 2.

Remark 3. T and I, are the faces x; =0 and x; = Lj of I'. The
condition ujr; = —Ujr;, , expresses the periodicity of u - v; LZ(Q)n is the

2 n . .

space of u e L“(Q)" satisfying (1.9).

Another useful space is V, a closed subspace of H(Q)":

V = {u e H}(Q)", divu = 0} (1.13)

in the nonslip case and, in the space-periodic case,

V = {u e Hper (Q)", divu = 0}, (1.14)
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where I—'I%)er is defined in [6]. In both cases, v is endowed with the scalar

n 8Ui aVi l
product ((u, v)) = > e e and the norm ||u || = ((u, u))2.
i, j=1 Xj Xj

We denoted by A the linear unbounded operator in H which is associated
with V, H and the scalar product ((u, v)) = (Au, v), Vu, v €V. The domain

of A'in H is denoted by D(A); A is self-adjoint positive operator in H. Also,
A is an isomorphism from D(A) onto H. The space D(A) can be fully
characterized by using the regularity theory of linear elliptic systems (see

[7, 9)):
D(A) = H2(Q)" NV
and
D(A) = Hier(@)" NV
in the nonslip and periodic cases; furthermore, | Au ||_2 ison D(A) a norm
equivalent to that induced by HZ(Q)".

Let V' be the dual of V. Then H can be identified to a subspace of V'
(see [8]) and we have
D(A)cV c H cV/, (1.15)

where the inclusions are continuous and each space is dense in the following
one.

In the space-periodic case, we have Au = —Au, Vu e D(A), while in
the nonslip case, we have

Au = —PAu, VYu e D(A),

where P is the orthogonal projector in L2 ()" on the space H. We can also

say that Au = f, u e D(A), f e H, isequivalent to saying that there exists
p € HY(Q) such that
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—Au+grad p="f inQ,
divu=0 in Q,
u=20 on 0Q.
The operator A~ is continuous from H into D(A) and since the
embedding of H(Q) in LZ(Q) is compact, the embedding of V in H is
compact. Thus, Alisa self-adjoint continuous compact operator in H, and

by the classical spectral theorems, there exist a sequence 2 j,

O0<Ap<hp o hj >

and a family of elements Wj of D(A) which is orthonormal in H, and such

that
AWj = 7\,jo, Vj. (116)

The weak form of the Navier-Stokes equations due to Leray [5] involves
only u, as a = 0. It is obtained by multiplying (1.1) by a test function v in V
and integrating over Q. Using the Green formula (1.2) and the boundary
conditions, we find that the term involving p disappears and there remains

%(u,v)+u(u,v)+b(u, u,v)=(f,v)+(n,v), (1.17)
where
n aV
b(u, v, w) = Z IQui W‘_Wj (1.18)
i, j=1 J

whenever the integrals make sense. Actually, the form b is trilinear

continuous on Hl(Q)” (n=2) and, in particular, on V. We have the

following inequalities giving various continuity properties of b:
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| b(u, v, w)|

O T
|U|EZ||U||E||V"§|AV|52|W|L2,VUEV,VED(A),WEH,
1 1
|U|EZ|AU|52||V|||W|L2,VUeD(A),VeV,WeH,

1 1
|u|L2|AW|52||V|||W|E,VUEH,VEV,WED(A),
g 1 1
[ulZ,JulzwiZ vl wlz, vu v, wev,

< Cp X (119)

where ¢; > 0 is an appropriate constant.

Proof. First, we will prove the first inequality:

n
I Z ui%wjdx
Q57 K

) n n
Jo Z Ui_ 1Viijj

i ]

|b(u, v, w)| =

dx

IA

i=1

dx

IA

. n
Z|DVi||W||Ui|
Qi

IA

n
w Dv; || u; |dx
KDL

1 1 1 1
< ofu 3 ulz|wlgz] vIz] Av[3,



The Attractors of Modified Navier-Stokes Equation in R? 137

where
1 1
= 2 5
| Dv|2 §||v||2|Dv|52. O
The proof of other inequality are same as this proof. So we will not give
proof.

An alternative form of (1.17) can be given using the operator A and
bilinear operator B from V xV into V' defined by

(B(u, v), w) = b(u, v, w), Vu,v,weV. (1.20)
We also set
B(u, u) = B(u), VueV/,
and we easily see that (1.17) is equivalent to the equation

du

it pAu + B(u) = f +n (1.21)

while (1.10) can be rewritten as
u(0) = ug. (1.22)

We assume that f is independent of t so that the dynamical system associated
with (1.21) is autonomous

f(t)=f e H, vt. (1.23)

Existence and uniqueness results for (1.21), (1.22) are well known (see
[2, 3]). The following theorem collects several classical results.

Lemma 1.3 (The uniform Gronwall lemma). Let g, h, y be three positive
locally integrable functions on (tg, +o0) such that y’ is locally integrable on

(tg, +o0) and which satisfy

(;—i/Sgy+hfort2t0,

t+r t+r t+r
I g(s)ds < dq, j h(s)ds < d,, I y(s)ds < dj for t > tg,
t t t
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where r, di, dp, d3 are positive constants. Then

y(t+r)< (d—f + dzjexp(dl), vt > .
Theorem 1.4. Under the above assumptions, for f and ug given in H,
there exists a unique solution u of (1.20), (1.21) satisfying
ue?([0, TE H)NL20O, t;V), VT >0.

Furthermore, u is analytic in t with values in D(A) for t >0, and the
mapping
Ug > u(t)

is continuous from H into D(A), vt > 0.

Finally, if ug €V, then

ue?([0, T V)N L3O, t; D(A), VT >0.

Some indications for the proof of Theorem 1.4 will be given in Section 3.
This theorem allows us to define the operators

S(t) : ug > u(t).
These operators enjoy the semigroup properties (1.4) and they are continuous

from H into itself and even from H into D(A).

2. Existence of Absorbing Sets

2.1. Existence of an absorbing set in H

A first energy-type equality is obtained by taking the scalar product of
(1.21) with u. Using the orthogonality property (see [6]),

b(u,v,v)=0, VueV, WveHYQ)"* (2.1)

Remark 4. More generally, b(u,v,v)=0, Vu,ve Hl(Q)”, and

divu=0inQ,u-vorv=0onQ.
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Proof.

b(u, v, v) = (u-V)v]-vdx

.Q[
T

= u (Vv)vdx
[, v

n

- .'Q D (Ujvy v

i=1

IQ iZ::ui(vxi v)dx

= IQ ;VXi (UiV)dX
= Jm iZ:;‘V(Ui -v)—jQ igllv-(ui -v)xi dx
=0- IQ iZ:;v (Ui, V + UjVy, ) dx

n n
= _IQ ileuixi (V-v)+ iZl:uiv - Vy, dx

=0-b(u, v, v)
so we get b(u, v, v) = 0. O

We see that B((u), u) = 0 and there remains

1d, 2 2
st Ul THlulT =)= (F, u) <[ fzjule. (22)

We know that

1
luf2 <A 2full, VueV,
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where A is the first eigenvalue of A. Hence, we can majorize the right-hand
side of (2.2) by
: 1
2 Ko i2 2
M2 Elzful< Zhul™+ 5ol TG

at the same time, in this paper, let max(a;, ay) = a,
(M, u) = @lul*(a, ap), u)

< a
< JQZaB|u| udx

<I 4aB |u|2°‘dx+“7‘1|u|2
Q HAM

202
4aB B2
<
< UQ 16|u| dx+c) 2 |u|L2

2n2
aBia 2 B2
< Lad
)
and we obtain
d 2 aZBZ(x 2 2 2
alu ||_2 +(H—T "U " < m| f ||_2 +2C, (23)
d, 2 a’Ba 2 2
Elu |L2 +}\41(M TJ|U| },l?\,]_' f | 2 + 2¢C. (24)

22
When p > a 2 @ using the classical Gronwall lemma, we obtain

2n2
a
lu(t) |i2 <|ug |i2 eXp(—M[u - 2 aJt]

2n2
+(u2%| f |i2 +u2_7(»:1J(1 exp( M(u— 2 g “JtD. (2.5)
1
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Thus,

2C

v (2.6)

. 2 2
limsup|u(t)|,2 <pg, po=.|—=|f[" +
| |L ugx%| |L2

t—>w

We infer from (2.5) that the balls By (0, p) of H with p > pq are
positively invariants for semigroup S(t), and these balls are absorbing for
any p > pg. We choose pp and denote by %, the ball B (0, pg). Any set
bounded in H is include in a ball B(0, R) of H. It is easy to deduce from
(2.5) that S(t)# € %, for t > ty(AB, py), where

1 R2
log

tg = .
202 2 2

a o -
7\‘]{“ _ ] Po Po

2.7)
2

We then infer from (2.3) after integration in t that

2n2 t+r
a‘Ba 2 2r 2 2
[“‘TJL [ulPds < = 117 +|u)f, + 20r, wr > 0. 28)

With the use of (2.6), we conclude that

t+r
limsup [ | u|Pds < R+ 2 £ ]2
to>w vt a [3 o L
il ]

2C 2cr

+ + (2.9)
a2p2a a2p2a
HH-—5— M [H-—
and if ug € & < By (0, R) and t > ty(4, pp), then
t+r
2 2r 2
[EE 1P
HHr-—5— M
2 2 2cr
+ po + . (2.10)
azﬁza 0 a’g%a
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2.2. Existence of an absorbing set in V

In order to make our equation satisfy Theorem 1.4, we continue and
show the existence of an absorbing set in V. For that purpose, we obtain
another energy-type equation by taking the scalar product of (1.21) with Au,
since

(Au, u) = ((uw) = 5 Slu .

we find

| o

% ul? +ul Au |i2 +(B(u), Au) — (o, Au) = (f, Au).  (2.12)

Q.

t

We write
U 2 2,2
(f,Au)s|f||_2|Au||_zs§|Au|L2+E|f|L2

and using the second inequality (1.19),
1 3
| B(U), Aw)[ < cif u 2] u| Aul?
< (with the Young inequality 5)

<Blau, + 20
-8 12 u3 12

Remark 5. By the Young inequality,

ab<ZaPf 1

P peP/P bP', va, b, ¢ >0, Vp, 1< p <o, p'= p/(p-1).

At the same time, we have
(n, Au) = (Blu|*(aq, @), Au)

< | 2ap|ul|*Audx
[ 2Byl
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432B2J 20 v 2
< — ul“*dx + = Au
] JulPeoc Al

4a2[32 Hoy2 A 2
<=F Ll A
< U oc16|u|dx+c +4| u|L2

n
202
fad 2 aa’p 2
S4|Au|L2+c+ 2 |u|L2.
Hence
d 2 2 _4 .2 . oa’?, o 4c 2 4
Sl +u Au Py < 21, + 980 uffy 202l @12
and since
1
lol <22 Ap|2, Vo e D(A), (2.13)
we also have

d 2 2 4, .2 aa®p? 2 4cp, 2 4
L R e R A Ll AL D

A priori estimate of u in L°°(0, T;V), VT >0, follows easily from (2.14)

by the classical Gronwall lemma (Lemma 1.3), using the previous estimates
on u. We are more interested in an estimate valid for large t. Assuming that
up belongs to a bounded set & of H and that t > t5(4, pp), to asin (2.7),

we apply the uniform Gronwall lemma to (2.14) with g, h, y replaced by

4¢1, 2 2 4 2 0a’p? 2 2
SHuRalul? S 2l 2o P

Thanks to (2.5) and (2.10), we estimate the quantities d;, d,, dz in
Lemma 1.3 by
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)
d = —pgds,
; 202
_4r o2 rea™ Bt o
d2 = m | |L2 + 5 po + 2Cf, (215)
2r 2 2 2cr
d3 = | £15, + 0+
_azﬁza N 12 ] ZBZOC 22820,
op > 1 H > 0 >
and we obtain
| u(t)||2 < (d—f + dz)exp(dl) fort >ty +r, (2.16)

tp asin (2.7).

Let us fix r > 0 and denote by p12 the right-hand side of (2.16). We
then conclude that the ball By (0, p;) of V, denoted by 4, is an absorbing

set in V for the semigroup S(t). Furthermore, if % is any bounded set of
H, then S(t)# < %, for t >ty(%, py)+ r. This shows the existence of

an absorbing set in V, namely £, and also that the operators S(t) are

uniformly compact, i.e., (1.5) is satisfied.
3. Proof of Theorem 1.4

We prove the existence and uniqueness of solution for (1.20), (1.21)
that belongs to L*(0, T; H)N L2(0, T;V), VT >0, is first obtained by

the Faedo-Gakerkin method (see [8]). We implement this approximation
procedure with the function wj representing the eigenvalues of A (see

(1.16)). For each m, we look for an approximate solution uj, of the form

Up(t) = Z Gim (D)W
i=1
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satisfying
du
(d—{“ Wj)+ pa(um, wj) + by, Uy, wj)

=(f,Wj)+((Dm,Wj), j=1, ., M, (31)
Um = Prnlo, (3.2)

where Py, is projector in H (or V) on the space spanned by wy, ..., wy,. Since

Aand P, commute, the relation (3.1) is also equivalent to

(t;‘—tm + pAU, + PyB(Uy) = Py f + Pyoop,. (3.3)

The existence and uniqueness of u,, on some interval [0, T,,) is elementary
and then T, = +oo, because of the a priori estimate that we obtain for up,.
An energy equality is obtained by multiplying (3.1) by g, and summing
these relations for j =1, ..., m. We obtain (2.2) exactly with u replaced by

Uy and we deduce from this relation that

Uy remains bounded in L(0, T; H)N L2(0, T;V), VI >0. (34)
Due to (2.1) and the last inequality (1.19),

IBl@)y <clelzle] YocV. (3.5)

Therefore, B(up,) and Py, (up,) remain bounded in L%(0, T; V') and by (3.3),
dum . . 2 Ny
—gp remains bounded in L“(0, T; V'). (3.6)
By weak compactness, it follows from (3.4) that there exists u c
L°(0, T; H)N L2(0, T; V), VT > 0, and subsequence still denoted m such
that
Up — U in L2(0, T; V) weakly and in L™(0, T; H) weak-star,

dup, du . 2 VT
5 g it (0, T; V') weakly. (3.7)
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Due to (3.6) and a classical compactness theorem (see, for instance, Temam
[7]), we also have

Uy —> U in L2(0, T; H) strongly. (3.8)

This is sufficient to pass to the limit in (3.1)-(3.3) and we find (1.20), (1.21)
at the limit. For (1.21), we simply observe that (3.7) implies that
Up (t) — u(t)

weakly in V' oreveninH, vVt e [0, T] (see [11]).

By (1.20) (or (3.7)), ((jj—l: belongs to LZ(O, T;V') and by Lemma 3.2 of

Chapter 2 (see [8]), u is in € ([0, T]; H). The uniqueness and continuous
dependence of u(t) on ug (in H) follows by standard method using Lemma
3.2 of Chapter 2 (see [8]).

The fact that u < L°(0, T; V)N L2(0, T; D(A)), VT > 0, is proved by
deriving further a priori estimate on up,. They are obtained by multiplying
(3.1) by 29 jm and summing these relations for j =1, ..., m. Using (1.16),

we find a relation that is exactly (2.11) with u replaced by u,. We deduce
from this relation that

Uy, remains bounded in L*(0, T; V)N L2(0, T; D(A)), VT >0. (3.9)
At the limit, we then find that u is in L®(0, T; V) L2(0, T; D(A)). The

fact that u is in ([0, T]; H), then follows from an appropriate application
of Lemma 3.2 (see [8]).

Finally, the fact that u is analytic in t with values in D(A) results from

totally different methods, for which the reader is referred to [9] or [4].
However, this property was given for the sake of completeness and is never
used here in an essential manner.

4. Maximal Attractor

Equation (1.3) is Navier-Stokes equation when 3 = 0, some people had
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proved the existence of absorbing sets and the existence of maximal attractor,
the asymptotic attractor, the universal attractor, attractor in unbounded
domain (see [4-6, 9]). In [10], some people prove the global attractor of N-S
equation with linear dampness on the whole two-dimensional, that is, o = 0.
In this paper, from Section 2 and Section 3, we prove the existence of
absorbing sets in bounded domain, at the same time, we give the proof of
existence and uniqueness of solution of the equations. All the assumptions of
Theorem 1.4 are satisfied and we deduce from this theorem the existence of a

maximal attractor for modified Navier-Stokes equations. O
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