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Abstract 

In this paper, we introduce a definition of convex fuzzy multivalued 
function and then, we explore some basic properties of them. 

1. Introduction 

In the first part of this note, we introduce a definition of convex fuzzy 
multivalued function and give some conditions under which Jensen convex 
multivalued functions are convex. In the second part, we present some 
necessary and sufficient conditions for the existence of a convex fuzzy 
multivalued function H, such that for any two given fuzzy multivalued 
functions F and G, the graphs of them satisfy .GrGGrHGrF ⊂⊂  

Let ( )XX τ,  be a topological vector space over ,R  where R  denotes 

the real numbers. For the space X, we define a fuzzy set in X to be a function 
[ ].1;0: →XA  Here ( )xA  means the degree of membership of element 



Dawid Kotrys 142 

Xx ∈  in the fuzzy set A. The set of all Xx ∈  for which ( ) 0>xA  we call 

the support of the fuzzy set A and denote by ( ).Asupp  

The intersection of two fuzzy sets A, B and the union of the fuzzy sets 
( )IiAi ∈  are defined on X by the rules: ( ) ( ) ( ) ( ){ }xBxAxBA ,min=∩  

and ( ) ( ) ( ).sup xAxA iIiiIi ∈∈ =∪  

Definition 1 [3]. A family δ of fuzzy sets in X is called a fuzzy topology 
for X (and the pair ( )δ,X  is called a fuzzy topological space) if 

(1) 0 and 1 belong to δ, 

(2) if A, B belong to δ, then so does ,BA ∩  

(3) if iA  belongs to δ for each ,Ii ∈  then so does .iIi A∈∪  

The elements A of δ are called open and their complements ( )A−1  

closed. 

Recall that a function [ ]1;0: →Xf  is lower semicontinuous (l.s.c.) if 

for all [ ],1;0∈α  the sets ( ){ }α>∈ xfXx :  are open. 

For a topological vector space ( ),, XX τ  the l.s.c. function family 

associated with τ is defined by 

( ) [ ]{ }.l.s.c.is,1;0: AXAX →=τδ  

It is easy to verify that ( )Xτδ  satisfies the conditions (1)-(3) of Definition 1 

(continuous real-valued functions on X are l.s.c., the supremum of any family 
[ ]1;0 -valued l.s.c. functions on X is also l.s.c., the infimum of any finite 

family of [ ]1;0 -valued l.s.c. functions on X is also l.s.c.). It means ( )Xτδ  is 

a fuzzy topology on X. It is called the l.s.c. fuzzy topology associated with 
.Xτ  Throughout this and the next section by fuzzy topology will be 

understood the l.s.c. fuzzy topology ( ).Xτδ  

Definition 2. An open fuzzy neighborhood of a fuzzy set A in X is any 
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fuzzy open set U ( )( )XU τδ∈  for which .UA ⊂  We write UA ⊂  if 

( ) ( )xUxA ≤  for each .Xx ∈  

Let ( )XX τ,  and ( )YY τ,  be topological vector spaces. Additionally on 

the space Y, we define fuzzy topology ( )Yτδ  associated with .Yτ  

Definition 3. A fuzzy multivalued function from a space X into a space Y 
assigns to each Xx ∈  a fuzzy set ( )xF  in Y. As in [2] we denote it by 

.: YXF  

Moreover, we may identify F with the fuzzy set [ ],1;0: →× YXGrF  

where ( ) ( ) ( ).:, yxFyxGrF =  The fuzzy set GrF is called the graph of           

the fuzzy function F and its support is defined by 

( ) ( ) ( ){ }.0:, >×∈= yxFYXyxGrFsupp  

Definition 4. A fuzzy multivalued function YXF :  is called fuzzy 

closed valued if ( )xF  is closed for all x, it means ( )xF−1  is a membership 

of ( ).Yτδ  

Definition 5. By the upper inverse image of a fuzzy set U in Y under          

a fuzzy multivalued function ,: YXF  we understand the set ( ) =+ UF  

( ){ }.: UxFXx ⊂∈  

Here the inclusion ( ) UxF ⊂  means the fuzzy set inclusion ( ) ( )yxF  

( )yU≤  for all .Yy ∈  

Definition 6. A fuzzy multivalued function YXF :  is upper 

semicontinuous at the point 0x  if for every fuzzy open neighborhood V of 

( )0xF  there exists an open neighborhood ,0xU  such that for every 

,0xUx ∈  the inclusion ( ) VxF ⊂  holds. 

The fuzzy multivalued function F is upper semicontinuous on X if it is 
upper semicontinuous at every point of X. 
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2. Convexity of Fuzzy Multivalued Functions 

In this section, we introduce a definition of convex fuzzy multivalued 
function and explore some basic properties. We say that a fuzzy set 

[ ]1;0: →XA  is convex if for all [ ]1;0∈λ  and Xxx ∈21,  the inequality 

( )( ) ( )( ){ }2121 ,min1 xAxAxxA ≥λ−+λ  is satisfied. For more details, we 

refer to [9]. As before, let YXF :  be fuzzy multivalued function between 

two topological vector spaces. Additionally, we define the fuzzy topology 
( )Yτδ  on the space Y. Similarly, as in the case of fuzzy sets, we introduce a 

definition of convex fuzzy multivalued functions as follows: 

Definition 7. A fuzzy multivalued function YXF :  is called convex 

if 

( )( ) ( )( ) ( ) ( ) ( ) ( ){ },,min11 22112121 yxFyxFyyxxF ≥λ−+λλ−+λ  (1) 

for each [ ]1;0∈λ  and for all 21, xx  from X, 21, yy  from Y. 

We say that a fuzzy multivalued function is 2
1 -convex (or Jensen 

convex) if inequality (1) holds for .2
1=λ  

The above definition is a natural translation of the definition of convex 
multivalued functions to the language of fuzzy multivalued functions. 
Convexity of multivalued function is defined as follows: 

[ ] ( )( ) ( ) ( ) ( ).11 21211;0, 21 xFxFxxFXxx λ−+λ⊃λ−+λ∀∀ ∈λ∈  (2) 

For fuzzy multivalued function, inclusion (2) means that for each ,, 21 Xxx ∈  

Yyy ∈21,  and [ ]1;0∈λ  holds 

( )( ) ( )( )2121 11 yyxxF λ−+λλ−+λ  

( ) ( ) ( )( ) ( )( ).11 2121 yyxFxF λ−+λλ−+λ≥  (3) 

The addition on the right hand side of the inequality (3) means addition of 
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two fuzzy sets. It is defined below 

( ) ( ) ( ) ( ){ },,minsup: yBxAzBA
yxz +=

=+  

( ) { }.,: BsuppyAsuppxyxBAsupp ∈∈+=+  (4) 

Multiplication of a fuzzy set A by a real number α is defined in the following 
way: 

( ) ( ),xAxA =αα  

( ) { }.: AsuppxxAsupp ∈α=α  (5) 

According to (4) and (5), the inequality (3) can be written in the form 

( )( ) ( )( )2121 11 yyxxF λ−+λλ−+λ  

( ) ( ) ( )( ) ( )( )2121 11 yyxFxF λ−+λλ−+λ≥  

( ) ( ) ( ) ( ) ( )( ){ }2211 11,min yxFyxF λ−λ−λλ≥  

( ) ( ) ( ) ( ){ },,min 2211 yxFyxF=  

which gives (1). 

As a consequence of the above definitions, we obtain the following 
characterization of convex fuzzy multifunctions. 

Proposition 8. Given a fuzzy multifunction ,: YXF  the following 

conditions are equivalent: 

(1) F is convex fuzzy multifunction; 

(2) GrF is a convex fuzzy set in ;YX ×  

(3) The sets ( ) ( ) ( ){ }α≥×∈=Γα yxFYXyxF :,:  are convex for each 

( ].1;0∈α  

Proof. (1) ⇒ (2) This implication is obvious, because of the definition of 
the graph GrF. 
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(2) ⇒ (3) We take an arbitrary ( ]1;0∈α  and ( ) ( ) .,,, 2211
Fyxyx αΓ∈  

Then, for all [ ]1;0∈λ  we have 

( ) ( )( )2121 1,1 yyxxGrF λ−+λλ−+λ  

( ) ( ){ } .,,,min 2211 α≥≥ yxGrFyxGrF  

It means that every point ( ) ( ) ( )2211 ,1, yxyx λ−+λ  for each [ ]1;0∈λ  also 

belongs to .F
αΓ  

(3) ⇒ (1) Let ( ) ( ) ( ) ( ).2211 yxFyxF ≤=α  Then ( ) Fyx αΓ∈22,  and of 

course ( ) ( ) ( ) .,1, 2211
Fyxyx αΓ∈λ−+λ  Finally, we obtain 

( )( ) ( )( )2121 11 yyxxF λ−+λλ−+λ  

 ( ) ( ) ( ) ( ) ( ) ( ){ }.,min 221111 yxFyxFyxF ==α≥   

As we mentioned above, a fuzzy multivalued function from a space X 
into a space Y assigns to each Xx ∈  a fuzzy set ( )xF  in Y. We say that 

( )αxF  is the α-cut of the fuzzy set ( )xF  on the level [ ]1;0∈α  if 

( ) ( )
( ) ( ) ( ) ( )



 α≥

=α otherwise.,0
,for , yxFyxF

yxF  

Lemma 9. Let ( ) ( )YX YX ττ ,,,  be topological vector spaces with fuzzy 

topology ( )Yτδ  defined on the space Y. Let additionally ( )YY τ,  be regular 

space. About fuzzy multivalued function ,: YXF  we assume that it is 

upper semicontinuous and fuzzy closed valued. Then the graph GrF is a fuzzy 
closed set. 

Proof. Fuzzy set GrF will be closed, if for each [ ]1;0∈α  the set 

( ) ( ) ( ){ }α≥×∈=Γα yxFYXyxF :,  

is closed. In the case 0=α  the proof is trivial. So we take an arbitrary 

( ]1;0∈α  and arbitrary ( ) ., 00
Fyx αΓ∉  Then ( ) .00 α∉ xFy  This notation 
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means that ( ( ) ).0 α∉ xFsuppy  Because the space ( )YY τ,  is regular, then 

by the definition, the fuzzy topology ( )Yτδ  is regular too. The fuzzy set 

( )α0xF  is closed and ( )α∉ 00 xFy  thus using regularity of the fuzzy 

topology ( )Yτδ  there exist fuzzy open sets V, W such that 

( ),0 ∅== WsuppVsuppWV ∩∩  

Vy ∈0    and   ( ) .0 WxF ⊂α  

Using the upper semicontinuous fuzzy multivalued function F we have 

( )WFUx +=∈0  and .XU τ∈  Finally, ( ) ., 00 ∅=Γ×∈ α∩VsuppUyx  

This completes the proof.  

It is well known that a 2
1 -convex, continuous function defined on an 

interval R⊂I  is convex ([4, p. 149] or [6, p. 218]). Nikodem moved this 
classical result to the theory of set-valued functions in [5, p. 30]. We will 
write analogous theorem for fuzzy multivalued functions. 

Theorem 10. Let the assumptions of Lemma 9 on X and Y be satisfied. If 

a fuzzy multivalued function YXF :  is 2
1 -convex, upper semicontinuous 

and fuzzy closed valued, then F is convex. 

Proof. From 2
1 -convexity for each Xxx ∈21,  and Yyy ∈21,  we have 

( ) ( ) ( ) ( ){ }.,min2
1

2
1

2
1

2
1

22112121 yxFyxFyyxxF ≥




 +





 +  

By induction, we can obtain 







 ++






 ++ pp yyxxF pppp 2121

2
1

2
1

2
1

2
1  

{ ( ) ( ) ( ) ( )}....,,min
2211 pp yxFyxF≥  
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Let now ,: 11 nxxx ===  pxxx n 212 : === +  and == 11 : yy  

,ny=  .:
212 pyyy n === +  Then for ,2 pn <  we have 

( ) ( ) ( ) ( ){ }.,min
2

1
22

1
2

22112121 yxFyxFynynxnxnF pppp ≥













 −+














 −+  

If we denote the dyadic number p
n

2
 by ,nq  we will have 

( )( ) ( )( ) ( ) ( ) ( ) ( ){ }.,min11 22112121 yxFyxFyqyqxqxqF nnnn ≥−+−+  (6) 

Let us take an arbitrary [ ]1;0∈q  and a sequence of dyadic numbers ( )nq  

convergent to q. Condition (6) means that for every N∈n  

( ) ( )( ) F
nnnn yqyqxqxq αΓ∈−+−+ 2121 1,1  

with ( ) ( ) ( ) ( ){ }.,min 2211 yxFyxF=α  By Lemma 9, the set F
αΓ  is closed, 

so passing with ( )nq  to the limit, we get 

( ) ( )( ) .1,1 2121
Fyqqyxqqx αΓ∈−+−+  

This means that 

( )( ) ( )( ) ( ) ( ) ( ) ( ){ }22112121 ,min11 yxFyxFyqqyxqqxF ≥−+−+  

and proves that F is convex.  

3. A Sandwich with Convexity for Fuzzy Multivalued Functions 

In [1], Baron et al. proved that two real functions f, g defined on an 
interval R⊂I  can be separated by convex functions if and only if they 
satisfy 

[ ] ( )( ) ( ) ( ) ( ).11 21211;0, 21 xgxgxxfIxx λ−+λ≤λ−+λ∀∀ ∈λ∈  

Next, Sadowska proved the analogous theorem for set-valued functions 
in [7]. 
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The aim of this section is to present conditions under which for the  
given fuzzy multivalued functions F and G, there exists a convex fuzzy 
multivalued function H such that .GHF ⊂⊂  

We mentioned above that a fuzzy multivalued function F may be 
identified with the graph GrF defined as ( ) ( ) ( ).:, yxFyxGrF =  So if we 

talk about the graph of F, we can think about the function F and conversely. 

We start with a simple lemma. 

Lemma 11. Let H, RR:G  be fuzzy multivalued functions. Then 

GrGGrH ⊂  (it means ( ) ( )yxGrGyxGrH ,, ≤  for each ( ) ), RR ×∈yx  

if and only if GH
αα Γ⊂Γ  for all [ ],1;0∈α  where 

{( ) ( ) ( ) },:, 2 α≥∈=Γα yxHyxH R  

{( ) ( ) ( ) }.:, 2 α≥∈=Γα yxGyxG R  

Theorem 12. Let F, RR:G  be given fuzzy multivalued functions 

such that for each [ ],1;0∈α  F
αΓ  is the union of two connected subsets of 

.2R  Then for each [ ],1,0,,,, 2121 ∈λ∈∈ YyyXxx  F and G satisfy 

( )( ) ( )( ) ( ) ( ) ( ) ( ){ }22112121 ,min11 yxFyxFyyxxG ≥λ−+λλ−+λ  (7) 

if and only if there exists a convex fuzzy multivalued function RR:H  

such that .GrGGrHGrF ⊂⊂  

Proof. We assume that F and G satisfy (7). We recall that the convex 
hull of a fuzzy set A is the smallest convex fuzzy set containing A and           
is denoted by ( )Aconv  [2]. Let F  be the family of all convex fuzzy sets 

containing GrF. Then 

( ) ∩
F

F
∈

∈
==

A
A

AAGrFconv .inf  

Consider the fuzzy set GrH defined as follows: 



Dawid Kotrys 150 

( ) ( )( ) ( ) ( )∩
F

F
∈

∈
===

A
A

yxAyxAyxGrFconvyxGrH .,inf,,:,  

It is easy to check 

( ( ) ( ) ( ) ).,allfor,, 2R∈≤⊂ yxyxGrHyxGrFGrHGrF  

Indeed, ( ).GrFconvGrF ⊂  Moreover, GrH is convex fuzzy set. It remains 

to show that .GrGGrH ⊂  Using Lemma 11, it is sufficient to verify that for 

each ( ]1;0∈α  holds .GH
αα Γ⊂Γ  We set ( ]1;00 ∈α  and we take an arbitrary 

( ) .,
0

Hyx αΓ∈  The question is 

( ) ( ) ?,,
00

GH yxyx αα Γ∈⇒Γ∈  

Since F
αΓ  is the union of two connected subsets of 2R  for each [ ],1;0∈α  

according to [8, p. 169], ( ) Hyx
0

, αΓ∈  can be expressed in the following 

form: 

( ) ( ) ( ),,1, 22110
yxyxH λ−+λ∋Γα  

where ( )11, yx  and ( )22, yx  belong to .
0

F
αΓ  Finally, using inequality (7), 

we have 

( ) ( ) ( ) ( ) ( ) ( ) ( ){ } .,min, 02211 α≥≥= yxFyxFyxGyxGrG  

It shows that ( ) .,
0

Gyx αΓ∈  

The converse implication is obvious.  
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