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Abstract

The fuzzy set approach to modeling thick indifference can
accommodate highly irregular shaped indifference curves, even those
that are concave or multi-modal. We show that its ability to do so
owes to a homomorphism that permits a region of interest (spatial
model) to be mapped to a simpler region with a suitable and natural
partial ordering where the results are determined and then faithfully
transferred back to the original region of interest. We then prove that
in all but a limited number of cases, spatial models of individual
preferences of thick indifference result in an empty majority rule
maximal set if and only if the Pareto set contains a union of cycles.
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1. Introduction

It has long been known that the probability of a majority rule maximal
set increases when actors possess thick indifference over individual
preferences [12, 13, 11, 5, 6, 1, 3, 4]. Many of the studies in this genre make
use of the concept of an epsilon-core (e-core) [13], a threshold distance in
Euclidean space that must be exceeded before players distinguish between
alternatives (see [3, 6]). Unless an alternative lies outside of the region
defined by the e-core, a player is indifferent between it and the core’s center.
Actors are essentially indifferent to alternatives in close proximity.
Unfortunately, applying the approach in empirical analyses is hampered by
the complexity of calculating the existence of a majority rule maximal set. It
is even more problematic when thick indifference introduces irregularly

shaped preference curves.

We showed in [7] that the fuzzy set approach to modeling thick
indifference can accommodate highly irregular shaped indifference curves,
even those that are concave or multi-modal. Its ability to do so owes to a
homomorphism that permits a region of interest (spatial model) to be mapped
to a simpler region with a suitable and natural partial ordering where the
results are determined and then faithfully transferred back to the original
region of interest. These results in [7] were stated without proof. In this
paper, we present a formal proof of these results. We then prove that in all
but a limited number of cases, spatial models of individual preferences of
thick indifference result in an empty majority rule maximal set if and only if

the Pareto set contains a union of cycles, Theorem 3.14.

Before proceeding, we provide some definitions and set forth notation
needed for the paper. Let N denote a finite set of players and X denote a set
of alternatives. If R is a binary relation on X, we let P denote the strict

preference relation associated with R, i.e., P = {(x, y) € R|(y, X) ¢ R}. Let

‘R denote the set of all binary relations on X that are reflexive, complete, and

transitive. Let R" = {p|p = (R, ..., Ry), Rj € R, i =1, ..., n}, where n=
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N|. Let p e R". Then the Pareto set of p is defined to be PSy(p) =
{xe X|¥y eY(3ieN), yRx = 3Jj e N, xPjy}. If R e R, the maximal
set of R with respect to a subset S of X is defined to be M(R, S) = {x € S|
Vy € S, XRy}. Define the binary relation R on X by VX, y € X, (X, y) € R
if and only if |{i € N|XRjy}| = n/2. Let R(X, y; p)={i € N|xRjy} and
P(x, y; p) ={i e N|xRy}. Then (X, y)e P if and only if | P(x, y; p)|
> n/2. For this R, M(R, X) is called the majority rule maximal set. An

aggregation rule is a function from R" into B, where B is the set of all

binary relations on X which are reflexive and complete.
2. Relation Spaces and Majority Rule

Let R be a binary relation on a set X, i.e., R is a subset of X x X. The
pair (X, R) is called a relation space. If (A, R) and (X, R) are relation
spaces, we give conditions when results from (X, R) can be faithfully carried
back from (X, R) to (A, R) by the preimage of a homomorphism of (A, R)
onto (X, R). In particular, we give conditions involving the maximal sets

and the Pareto sets of (A, R) and (X, R), Theorems 2.4, 2.6 and 2.7.

Definition 2.1. Let (A, R) and (X, R) be relation spaces. Let f* be a
function of A into X. Then f* is called a homomorphism of (4, R) into
(X, R) if Va, b e A, (a,b) e R if and only if (f*(a), f*(b)) e R. If f*
maps A onto X, we say f* maps (A, R) onto (X, R). Forall (a, b) € R,
we write f*((a, b)) = (f*(a), f*(b)) and f*(R)={f"((a,b))|(a, b)eR}.

Let f* be a homomorphism of (A, R) into (X, R). Then Va, b € A,
(a, b) € R if and only if (f*(a), f*(b)) € R. Thus if a, a’,b, b’ € A and
f*(a)= f*(@), f"(b)= f*(b'), it is not possible that (a, b)e R and
(a’,b) e R.
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Proposition 2.2. Let f* be a homomorphism of (A, R) onto (X, R).
Then f*(R) = R.

Proof. Clearly, f*(R) < R. Let (x, y) € R. Since f* maps A onto X,
there exists a, b € A such that f*(a) = x and f*(b) =y. Thus (x, y) =
(f*@@), f*(0) = f*((a, b)) € f*(R).

Proposition 2.3. Let f* be a homomorphism of (A4, R) onto (X, R).
Then Va, b € A, (a, b) e P ifand only if (f*(a), f*(b)) € P.

Proof. Let a,be A. Then (a,b)e P < (a,b)eR, (b,a)¢R <
(f*@), f*(b)) e R, (f*(a), f*(b) ¢ R = (f*(@), f*(b)) e P.

Theorem 2.4. Let f* be a homomorphism of (A4, R) onto (X, R).
Then f*(M(R, 4))=M(R, X). Furthermore, f /(M (R, X))=M(R, A).

Proof. ae€ M(R, A) < Vbe A, aRb < vi*(b)e X, f*(@)Rf*(b) &
f*(a) e M(R, X), where the latter equivalence holds since f* maps A
onto X. Thus if f*(a) e f*(M(R, A)), then a € M(R, A). Hence f*(a)
e M(R, X). Thus f*(M(R, A)) = M(R, X). Let x € M(R, X). Then
Vy € X, xRy. Let ae A be such that f*(a)=x. Let be . A. Then
f*(a)Rf *(b) since x = f*(a) and x € M(R, X). Hence aRb by Definition
2.1. Thus ae M(R, A) andso x = f*(a) e f*(M(R, A)). Thus M(R, X)
c f"(M(R, A)).

Clearly, f*{(M(R, X))2M(R, A). Let ae f*(M(R, X)). Suppose
dbe A such that (a,b)g R. Then (f*(a), f*(b)) &R since f* is

a homomorphism. Thus f*(a) ¢ M(R, X), a contradiction of ae
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f*1(M(R, X)). Hence (a,b)e R, Vb e A. Thus a € M(R, A). Hence
f*(M(R, X)) = M(R, A).

Let (A, ﬁi) be a relation space, i =1, ..., n. Let fi* be a homomorphism
of (4, Rj) onto (X, Rj), i=1,..,n Then Rj = f"(R;j), i=1,..,n by
Proposition 2.2.

Definition 2.5. Let f be an aggregation rule on (A, (R, ..., Ry)) and
let f be an aggregation rule on (X, (Ry, ..., Ry)). Let f;* be a homomorphism
of (A, ﬁ,) onto (X, Ri), i=1..,n Let f* be a homomorphism of
(A, T((Ry, ..., Ry))) onto (X, f((Ry, ..., Ry))). Then f* is said to preserve
the pair (f, f) with respect to (f, .., fo) if f*(F(R, ... Ry)) =
f((Ry, ..., Ry))-

Theorem 2.6. Let  be an aggregation rule on (A, (Ry, ..., R,)) and
let f be an aggregation rule on (X, (Ry, ..., R,)). Let ;" be a homomorphism
of (A, R;) onto (X,Rj), i=1..,n Let f* be a homomorphism of
(A, T((Ry, ... Ry))) onto (X, f((Ry,..., Ry))) such that f* preserves (f, f)
w.rt. (f5, ..., f7). Then £*(PSy (R)) = PSy (R), where R = f((R,.... R,))
and R= f((Ry, ..., Ry)). Furthermore, f*7'(PSy (R))=PSy(R).

Proof. a € PSy(R) < Vbe A (3i e N, bPa= 3je N, aPh). Thus
if f*(@)e f*(PSN(R)), then a e PSy(R). Hence f*(a)e PSy(R).
Thus f*(PSy(R)) < PSN(R). Let x € PSy(R). Let ye X. If JieN
such that yRX, then Vj e N such that xRjy. Let a € A be such that

f*(@) = x. Let be A Then f*(b)Rf*(a)< bRa and f*(a)P;f"(b)

= aﬁjb. Thus if 3i € N such that bPa, then 3j € N such that aﬁjb.
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Thus a € PS\(R) and so x = f*(a) e f*(PSy(R)). Hence PSy(R) <
f*(PSy (R)).

Clearly, f*7'(PSy(R)) 2 PSy(R). Let a e f*1(PSy(R)). Suppose
ag PSN(ﬁ). Then it is not the case that Vb € A, Ji e N, bﬁia = 3Jj e N,
al5jb. Thus 3b € A such that it is not the case that Ji € N, bﬁia = JjeN,
aISjb. Thus if 3i € N such that bRa, then it is not the case that 3j € N
such that al3jb and so blsja, Vj € N. Hence (b, a) € ﬁi: Vi e N and so
(f*(a), f*(b)) e Ry, Vie N. Thus (b, a) € Rj, Vi e N and so (f*(b), f*(a))
€ Ri, VieN. Hence (f*)(a)e PSy(R) which contradicts the fact that
ae f*1(PSy(R)). Thus a € PSy(R) andso f* (PSy(R)) = PSy (R).

Theorem 2.7. Let f be an aggregation rule on (A, (Ry, ..., R,)) and
let f be an aggregation rule on (X, (R, ..,R,)). Let fi* be a
homomorphism of (A, R;) onto (X, Rj), i=1..n Let f* be a
homomorphism of (A, f((R, ..., R,))) onto (X, f((R, ..., R,))) such that
f* preserves (f, f) w.rt. (f, .., f7). Then f isa simple majority rule
if and only if f is a simple majority rule.

Proof. Since by Proposition 2.3, Va,b e A, (a, b) e ISI if and only if
(f*(a), f*(b)) e B, i=1,..,n, it follows that | P(a, b; T((R;, ..., Ry)))|
=| P(f*(@), f*(b)); f((Ry, ... Ry)) |- The desired result now follows.

3. Majority Rule Maximal Sets

We now consider conditions under which a majority rule maximal set

exists.

Let N denote the set of players and X denote the set of alternatives. We
assume that X is a subset of a universe U of interest. Let R denote the set of
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all binary relations on X which are reflexive, complete and transitive. Let
R" ={plp=(R, ..., Ry, Ri e R,i=1,..,n}, where [N|=n. Let<bea

partial order on U. Suppose that < satisfies the following properties:

(1) ¥x, y e U, x <y implies Vi € N, yRjX;

(2) Vx,y,zeU,Vie N, x <y and xRjz implies yR;z;

B) VX,y,zeU,VieN, x<y and xRz implies yRz;

(4) Vx, y e U, x < y implies 3i € N such that yRXx;

(4) Vx,y,zeU,Vie N, x <y and zRjy implies zRjX;

(5) VX, y € U, x and y incomparable under < implies 3i € N such that
xRy implies 3] € N such that yP;jx.

Let p e R". Let f be an aggregation rule.

Definition 3.1. Define the binary relation R on X by VX, y € X, (X, y)
e R ifand only if | {i € N |XRjy}|>n/2. Define P = X x X by VX, y € X,
(x, y)e P if and only if (x, y)e R and (y, x) ¢ R. Let R(x, y; p)=
fi  NxRyy} and P(x, y; p) = fi € N|xPy}.

Proposition 3.2. Let X, y € X. Then (x, y) € P if and only if | P(x, y; p)|
> n/2.

Proof. XxPy & xRy and not YRx < |{ie N|xRjy}|>n/2 and
| {j € N|yRjx}|<n/2. Since each R; is complete, R is complete. Hence
XPy < |{i e N|xRy}|> n/2 by a simple counting procedure. Thus xPy
<[ P(x, y; p)| > n/2.

Definition 3.3.

PSN(R) = {x e X|Vy € X(Ji € N, yRx = Jj € N, xPjy)}.

Definition 3.4. M(R, X) = {x € X |Vy € X, xRy}.
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Definition 3.5. Mg = {x € X |y € X, x < y}.
Proposition 3.6. Mg = PSy (R).

Proof. Suppose X € Mi. Let y € X. Suppose Ji € N such that yRx.
Now there does not exist y € X such that X < y. Thus Vy € X, either
y < X or X and Y are not comparable. Since YR X, y < X is impossible else
XRjy, Vie N by (1). Hence x and y are incomparable under <. Thus
3j € N such that xP;y by (5). Hence X € PSy(R). Thus Mg < PSy (R).

Suppose X € PSy(R). Suppose there exists y € X such that x <y.
Then Ji € N such that yRx. Since x € PSy(R), there exists j € N such
that xP;y. Thus x <y is impossible. Hence x € M. Therefore, PSy (R)

c Mg.
Corollary 3.7. Let x € X.
(1) Suppose Vy € X, x <y implies x = y. Then x € PSy\ (R).
(2) If x ¢ PSy(R), then there exists y € PSy (R) such that x < y.
Proof. (1) Clearly, x € Mg, but Mg = PSy (R).

(2) Since x ¢ PS\(R), x ¢ Mg. Thus there exists y € X such that
X < Y. Lety be the largest such element. Then y € Mg = RS\ (R).

Definition 3.8. Define () : P(U) - P(U) by VS € P(U), (S)={xe
UlFses, x < S

We note that the next result has been used in the study of automata
theory and graph theory, [10].
Proposition 3.9. Let ( ) : P(U) — P(U) be defined as above. Then the

following conditions hold:

(1) VS e PU), S = (S);
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(2) ¥S,, S, € P(U), S; = S, implies (S;) = (S,);
(3) vS € PU), () = (S));
(4) VS € PU), (S) = Uses ({s}):
(5) VS e PU), Vx, ye X, xe(SU{y}) and x & (S) implies x e
({y})-

Proof. (1) Let s € S. Then s <'s andso s € (S). Thus S < (S).

(2) Let x €(S;). Then there exists s S; such that x <s. Since
S e 52, X e <52>
(3) By (1), (S) = {(S)). Let x € ((S)). Then there exists y e (S) such

that X < y. There exists S € S such that y <s. Since < is transitive, X < S,

Thus x € (S). Hence ((S)) < (S).

(4) For all seS, ({s})=(S) by (2). Thus Uscs ({s}) = (S). Let
X € (S). Then there exists s € S such that x <'s. Thus x e ({s}) and so

X € US€S<{S}>‘ Hence <S> = US€S<{S}>‘
(5) Suppose x € (SU{y}) and X ¢ (S). Then there does not exist s € S
such that X <'s. Hence X < y. Thus x € ({y}).

Theorem 3.10. (X) = (PSy (R)).

Proof. Clearly, PSy(R) < X. Thus (PS\(R)) < (X). Let x € X. If
x ¢ (PSN(R)), then x ¢ PSy(R) and so by (2) of Corollary 3.7, there
exists y € PS\(R) such that x < y. Thus x € ({y}) < (PSN(R)). Hence
X < (PSN(R)) and so (X) < (PSn(R)).

Lemma 3.11. M(R, X)N PSy(R) = @ ifand only if M(R, X) = &.

Proof. Suppose M(R, X) # . Let x € M(R, X). By Theorem 3.10,
there exists y € PSy (R) such that y > x. Since x € M(R, X), xRz for all



88 John N. Mordeson and Terry D. Clark

ze X by (3).Since y > X, YRz forall z e X. Thus y € M(R, X). Hence
M(R, X) N PSy (R) # @.

Lemma 3.12. Let s € PSy(R). Then there does not exist ¢ € PSy (R)
such that cPs if and only if s € M(R, X).

Proof. Since R is complete and not cPs for all ¢ € PSy (R), it follows
that sRc for all ¢ € PSy(R). Let x € X. By Theorem 3.10, there exists
¢ € PSyN(R) such that ¢ > x. Thus sRx by (4'). Hence s € M(R, X). The
converse is immediate.

Lemma 3.13. (1) Let s € PSy (R). If there exists x € X such that xPs,
then there exists ¢ € PSy (R) such that cPs.

(2) M(R, X) = ifand only Vs € PSy(R), there exists ¢ € PSy (R)
such that cPs.

Proof. (1) By Theorem 3.10, there exists ¢ € PSy (R) such that ¢ > x.
Hence cPs by (3).

(2) Suppose M(R, X) = . Then the result holds by Lemma 3.12.
Conversely, suppose M (R, X) # &. By Lemma 3.11, M(R, X)) PSN(R)
# & and so there exists s € M(R, X) (1 PSy(R). Hence there does not
exist ¢ € PSy (R) such that cPs.

Let V ={veU|v is not in a cycle}. Let Ny =V\N,, where N, =
fWeV|VR e R, wePSy(R)= M(R, X) =@} Let M| = {weV VR
e R", we PSy(R)}. Assume M; = N;. Let Nj = N;\M,. Suppose N,

is such that none of its elements are strictly preferred to one of U\V.
Theorem 3.14. M(R, X) = @ if and only if PSy(R) = (UR_; C)U

(UT:I C'j)U N{, where Ni < Ni, Cy are cycles, k =1,..,n, Cj are

subsets of cycles which are not themselves cycles, j =1, ..., m, and
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(1) vs e U, Cj, there exists ¢ e (Ug—; Cx) U (U] Cj) such that

cPs,

(2) Vs e Nf, there exists ¢ e (Ug—; Cx) U (U], Cj) such that cPs.

Proof. It follows that PSy (R) < (UR_; C¢) U (UT=1 Cj)UV. Since no
element of M; can be in PSy(R), PSy(R) < (Uko Cx)U (UL CjHU
(N;\M;) U N,. Hence it follows that PSy (R) = (Ug-; C¢) U (UL Cj)HU
N{ U N5 for certain cycles Cy, k =1, ..., n, C’j subsets of cycles which are
not themselves cycles, j =1, ..., m, and for some N{ < Nj, and N5 < N,.

Suppose M(R, X) = . Since N, N PSy(R) # & implies M(R, X)
@, PSN(R) = (UR_; C)U (UT:I Cj)UNJ, ie, Ny =@. Since no
element of N{\M; is preferred to one of U\V, no element of N;\M; is
preferred to one of PSy(R). Hence Vs e UTZIC’J-, 3c e (UR; C)U
(UTZI Cj) such that cPs by Lemma 3.12, else M(R, X) # &. By Lemma
3.12, Vs e Ny, there exists ¢ € (Ug_; C¢) U (UTZI C) such that cPs.

For the converse, the conditions imply Vs e PSy(R), 3c e PSy(R)
such that cPs. Hence no element of PSy(R) is in M(R, X). Thus by
Lemma 3.11, M(R, X) = &.

Theorem 3.15. M(R, X) < (M(R, X) N PSy(R)).

Proof. If M(R, X) =, then the result is immediate since (&) = .
Suppose M(R, X) = . Let s e M(R, X). Suppose s ¢ PSy(R). Since
(X) =(PSN(R)), s € (PSN(R)). Hence there exists ¢ € PSy (R) such that
s < c. Since SRx, Vx € X, cRx, Vx € X. Thus ¢ € M(R, X). Hence C

M(R, X)N PSy(R). Thus s € (M(R, X)) PSy (R)). Therefore, M (R, X)
< (M(R, X)N PSN(R)).
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Examples can be found in [7], where M(R, X) & PSy(R) and where
M(R, X) < PSy (R).

4. Conclusions

The application of fuzzy set theory to represent thick indifference
preferences in spatial models carries with it two interesting substantive
differences from conventional approaches. First, it is well known that under
single-peaked, Euclidean preferences in one-dimensional space, the ideal
policy position of the median voter is the only undefeated alternative and is
the predicted outcome under majority rule [2]. This is not necessarily the
case with fuzzy preferences [7]. A second substantive difference concerns
the Pareto set. In conventional two-dimensional models, the Pareto set is
determined by drawing a convex hull around the player’s ideal points. The
interpretation does not hold for all fuzzy preference profiles [7].

We also highlight the ability of the approach considered in this paper
to deal with highly irregular preferences, which standard mathematical
approaches can only tackle with substantial difficulty. Our main theorem,
Theorem 3.14, makes it clear that it is not the shape of players’ preferences
that matters. It is the intersections of the players’ preferences that matters.
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