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Abstract 

The fuzzy set approach to modeling thick indifference can 
accommodate highly irregular shaped indifference curves, even those 
that are concave or multi-modal. We show that its ability to do so 
owes to a homomorphism that permits a region of interest (spatial 
model) to be mapped to a simpler region with a suitable and natural 
partial ordering where the results are determined and then faithfully 
transferred back to the original region of interest. We then prove that 
in all but a limited number of cases, spatial models of individual 
preferences of thick indifference result in an empty majority rule 
maximal set if and only if the Pareto set contains a union of cycles. 
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1. Introduction 

It has long been known that the probability of a majority rule maximal 
set increases when actors possess thick indifference over individual 
preferences [12, 13, 11, 5, 6, 1, 3, 4]. Many of the studies in this genre make 
use of the concept of an epsilon-core (ε-core) [13], a threshold distance in 
Euclidean space that must be exceeded before players distinguish between 
alternatives (see [3, 6]). Unless an alternative lies outside of the region 
defined by the ε-core, a player is indifferent between it and the core’s center. 
Actors are essentially indifferent to alternatives in close proximity. 
Unfortunately, applying the approach in empirical analyses is hampered by 
the complexity of calculating the existence of a majority rule maximal set. It 
is even more problematic when thick indifference introduces irregularly 
shaped preference curves. 

We showed in [7] that the fuzzy set approach to modeling thick 
indifference can accommodate highly irregular shaped indifference curves, 
even those that are concave or multi-modal. Its ability to do so owes to a 
homomorphism that permits a region of interest (spatial model) to be mapped 
to a simpler region with a suitable and natural partial ordering where the 
results are determined and then faithfully transferred back to the original 
region of interest. These results in [7] were stated without proof. In this 
paper, we present a formal proof of these results. We then prove that in all 
but a limited number of cases, spatial models of individual preferences of 
thick indifference result in an empty majority rule maximal set if and only if 
the Pareto set contains a union of cycles, Theorem 3.14. 

Before proceeding, we provide some definitions and set forth notation 
needed for the paper. Let N denote a finite set of players and X denote a set 
of alternatives. If R is a binary relation on X, we let P denote the strict 
preference relation associated with R, i.e., ( ) ( ){ }.,, RxyRyxP ∉|∈=  Let 

R  denote the set of all binary relations on X that are reflexive, complete, and 

transitive. Let ( ){ },...,,1,,...,,1 niRRRR in
n =∈=|= ρρR  where =n  
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.N  Let .nR∈ρ  Then the Pareto set of ρ  is defined to be ( ) =ρNPS  

{ ( ) }.,, yxPNjxyPNiYyXx ji ∈∃⇒∈∃∈∀|∈  If ,R∈R  the maximal 

set of R with respect to a subset S of X is defined to be ( ) { |∈= SxSRM ,  

}., xRySy ∈∀  Define the binary relation R on X by ( ) RyxXyx ∈∈∀ ,,,  

if and only if { } .2nyxRNi i ≥|∈  Let ( ) { }yxRNiyxR i|∈=ρ;,  and 

( ) { }.;, yxPNiyxP i|∈=ρ  Then ( ) Pyx ∈,  if and only if ( )ρ;, yxP  

.2n>  For this R, ( )XRM ,  is called the majority rule maximal set. An 

aggregation rule is a function from nR  into ,B  where B  is the set of all 
binary relations on X which are reflexive and complete. 

2. Relation Spaces and Majority Rule 

Let R be a binary relation on a set X, i.e., R is a subset of .XX ×  The 

pair ( )RX ,  is called a relation space. If ( )R~,A  and ( )RX ,  are relation 

spaces, we give conditions when results from ( )RX ,  can be faithfully carried 

back from ( )RX ,  to ( )R~,A  by the preimage of a homomorphism of ( )R,A  

onto ( )., RX  In particular, we give conditions involving the maximal sets 

and the Pareto sets of ( )RA ~,  and ( ),, RX  Theorems 2.4, 2.6 and 2.7. 

Definition 2.1. Let ( )R~,A  and ( )RX ,  be relation spaces. Let ∗f  be a 

function of A  into X. Then ∗f  is called a homomorphism of ( )R~,A  into 

( )RX ,  if ( ) Rbaba ~,,, ∈∈∀ A  if and only if ( ( ) ( )) ., Rbfaf ∈∗∗  If ∗f  

maps A  onto X, we say ∗f  maps ( )R~,A  onto ( )., RX  For all ( ) ,~, Rba ∈  

we write ( )( ) ( ( ) ( ))bfafbaf ∗∗∗ = ,,  and ( ) { ( )( ) ( ) }.~,,~ RbabafRf ∈|= ∗∗  

Let ∗f  be a homomorphism of ( )R~,A  into ( )., RX  Then ,, A∈∀ ba  

( ) Rba ~, ∈  if and only if ( ( ) ( )) ., Rbfaf ∈∗∗  Thus if A∈′′ bbaa ,,,  and 

( ) ( ),afaf ′= ∗∗  ( ) ( ),bfbf ′= ∗∗  it is not possible that ( ) Rba ~, ∈  and 

( ) .~, Rba ∉′′  



John N. Mordeson and Terry D. Clark 82 

Proposition 2.2. Let ∗f  be a homomorphism of ( )R~,A  onto ( )., RX  

Then ( ) .~ RRf =∗  

Proof. Clearly, ( ) .~ RRf ⊆∗  Let ( ) ., Ryx ∈  Since ∗f  maps A  onto X, 

there exists A∈ba,  such that ( ) xaf =∗  and ( ) .ybf =∗  Thus ( ) =yx,  

( ( ) ( )) ( )( ) ( ).~,, Rfbafbfaf ∗∗∗∗ ∈=  

Proposition 2.3. Let ∗f  be a homomorphism of ( )R~,A  onto ( )., RX  

Then ( ) Pbaba ~,,, ∈∈∀ A  if and only if ( ( ) ( )) ., Pbfaf ∈∗∗  

Proof. Let ., A∈ba  Then ( ) ( ) ,~,~, RbaPba ∈⇔∈  ( ) ⇔∉ Rab ~,  

( ( ) ( )) ( ( ) ( )) ( ( ) ( )) .,,,, PbfafRbfafRbfaf ∈⇔∉∈ ∗∗∗∗∗∗  

Theorem 2.4. Let ∗f  be a homomorphism of ( )R~,A  onto ( )., RX  

Then ( ( )) ( ).,,~ XRMRMf =∗ A  Furthermore, ( )( ) ( ).,~,1 ARMXRMf =−∗  

Proof. ( ) ( ) ( ) ( ) ⇔∈∀⇔∈∀⇔∈ ∗∗∗ bRfafXbfbRabRMa ,~,,~ AA  

( ) ( ),, XRMaf ∈∗  where the latter equivalence holds since ∗f  maps A  

onto X. Thus if ( ) ( ( )),,~ ARMfaf ∗∗ ∈  then ( ).,~ ARMa ∈  Hence ( )af ∗  

( )., XRM∈  Thus ( ( )) ( ).,,~ XRMRMf ⊆∗ A  Let ( )., XRMx ∈  Then 

., xRyXy ∈∀  Let A∈a  be such that ( ) .xaf =∗  Let .A∈b  Then 

( ) ( )bRfaf ∗∗  since ( )afx ∗=  and ( )., XRMx ∈  Hence bRa~  by Definition 

2.1. Thus ( )A,~RMa ∈  and so ( ) ( ( )).,~ ARMfafx ∗∗ ∈=  Thus ( )XRM ,  

( ( )).,~ ARMf ∗⊆  

Clearly, ( )( ) ( ).,~,1 ARMXRMf ⊇−∗  Let ( )( ).,1 XRMfa −∗∈  Suppose 

A∈∃b  such that ( ) .~, Rba ∉  Then ( ( ) ( )) Rbfaf ∉∗∗ ,  since ∗f  is                   

a homomorphism. Thus ( ) ( ),, XRMaf ∉∗  a contradiction of ∈a  
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( )( ).,1 XRMf −∗  Hence ( ) ,~, Rba ∈  .A∈∀b  Thus ( ).,~ ARMa ∈  Hence 

( )( ) ( ).,~,1 ARMXRMf ⊆−∗  

Let ( )iR~,A  be a relation space, ....,,1 ni =  Let ∗
if  be a homomorphism 

of ( )iR~,A  onto ( ),, iRX  ....,,1 ni =  Then ( ),~
iii RfR ∗=  ni ...,,1=  by 

Proposition 2.2. 

Definition 2.5. Let f~  be an aggregation rule on ( ( ))nRR ~...,,~, 1A  and 

let f be an aggregation rule on ( )( )....,,, 1 nRRX  Let ∗
if  be a homomorphism 

of ( )iR~,A  onto ( ),, iRX  ....,,1 ni =  Let ∗f  be a homomorphism of 

( (( )))nRRf ~...,,~~, 1A  onto ( )( )( )....,,, 1 nRRfX  Then ∗f  is said to preserve 

the pair ( )ff ,~  with respect to ( )∗∗
nff ...,,1  if ( ( )) =∗

nRRff ~...,,~~
1  

( )( )....,,1 nRRf  

Theorem 2.6. Let f~  be an aggregation rule on ( ( ))nRR ~...,,~, 1A  and 

let f be an aggregation rule on ( )( )....,,, 1 nRRX  Let ∗
if  be a homomorphism 

of ( )iR~,A  onto ( ),, iRX  ....,,1 ni =  Let ∗f  be a homomorphism of 

( (( )))nRRf ~...,,~~, 1A  onto ( )( )( )nRRfX ...,,, 1  such that ∗f  preserves ( )ff ,~  

w.r.t. ( )....,,1
∗∗
nff  Then ( ( )) ( ),~ RPSRPSf NN =∗  where (( ))nRRfR ~...,,~~~

1=  

and ( )( )....,,1 nRRfR =  Furthermore, ( ( )) ( ).~1 RPSRPSf NN =−∗  

Proof. ( ) A∈∀⇔∈ bRPSa N
~  ( ).~,~, bPaNjaPbNi ∈∃⇒∈∃  Thus 

if ( ) ( ( )),~RPSfaf N
∗∗ ∈  then ( ).~RPSa N∈  Hence ( ) ( ).RPSaf N∈∗  

Thus ( ( )) ( ).~ RPSRPSf NN ⊆∗  Let ( ).RPSx N∈  Let .Xy ∈  If Ni ∈∃  

such that ,xyPi  then Nj ∈∀  such that .yxR j  Let A∈a  be such that 

( ) .xaf =∗  Let .A∈b  Then ( ) ( ) aPbafPbf ii
~⇔∗∗  and ( ) ( )bfPaf j

∗∗  

.~ bPa j⇔  Thus if Ni ∈∃  such that ,~aPb i  then Nj ∈∃  such that .~ bPa j  
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Thus ( )RPSa N
~∈  and so ( ) ( ( )).~RPSfafx N

∗∗ ∈=  Hence ( ) ⊆RPSN  

( ( )).~RPSf N
∗  

Clearly, ( ( )) ( ).~1 RPSRPSf NN ⊇−∗  Let ( ( )).1 RPSfa N
−∗∈  Suppose 

( ).~RPSa N∉  Then it is not the case that ,Ab ∈∀  ,Ni ∈∃  ,~ NjaRb i ∈∃⇒  

.~ bPa j  Thus A∈∃b  such that it is not the case that ,~, NjaRbNi i ∈∃⇒∈∃  

.~ bPa j  Thus if Ni ∈∃  such that ,~aPb i  then it is not the case that Nj ∈∃  

such that bPa j
~  and so ,~ aRb j  .Nj ∈∀  Hence ( ) ,~, iRab ∈  Ni ∈∀  and so 

( ( ) ( )) ,, iRbfaf ∈∗∗  .Ni∈∀  Thus ( ) ,~, iRab ∈  Ni∈∀  and so ( ( ) ( ))afbf ∗∗ ,  

,iR∈  .Ni ∈∀  Hence ( ) ( ) ( )RPSaf N∉∗  which contradicts the fact that 

( )( ).1 RPSfa N
−∗∈  Thus ( )RPSa N

~∈  and so ( ( )) ( ).~1 RPSRPSf NN ⊆−∗  

Theorem 2.7. Let f~  be an aggregation rule on ( ( ))nRR ~...,,~, 1A  and 

let f be an aggregation rule on ( )( )....,,, 1 nRRX  Let ∗
if  be a 

homomorphism of ( )iR~,A  onto ( ),, iRX  ....,,1 ni =  Let ∗f  be a 

homomorphism of ( (( )))nRRf ~...,,~~, 1A  onto ( )( )( )nRRfX ...,,, 1  such that 
∗f  preserves ( )ff ,~  w.r.t. ( )....,,1

∗∗
nff  Then f~  is a simple majority rule 

if and only if f is a simple majority rule. 

Proof. Since by Proposition 2.3, ,, A∈∀ ba  ( ) iPba ~, ∈  if and only if 

( ( ) ( )) ,, iPbfaf ∈∗∗  ,...,,1 ni =  it follows that ( (( )))nRRfbaP ~...,,~~;,~
1  

( ( ) ( )) ( )( ) ....,,;, 1 nRRfbfafP ∗∗=  The desired result now follows. 

3. Majority Rule Maximal Sets 

We now consider conditions under which a majority rule maximal set 
exists. 

Let N denote the set of players and X denote the set of alternatives. We 
assume that X is a subset of a universe U of interest. Let R  denote the set of 
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all binary relations on X which are reflexive, complete and transitive. Let 

{ ( ) },...,,1,,...,,1 niRRR in
n =∈=|= RR ρρ  where .nN =  Let ≤ be a 

partial order on U. Suppose that ≤ satisfies the following properties: 

(1) yxUyx ≤∈∀ ,,  implies ;, xyRNi i∈∀  

(2) yxNiUzyx ≤∈∀∈∀ ,,,,  and zxRi  implies ;zyRi  

(3) yxNiUzyx ≤∈∀∈∀ ,,,,  and zxPi  implies ;zyPi  

(4) yxUyx <∈∀ ,,  implies Ni ∈∃  such that ;xyPi  

(4′) yxNiUzyx ≤∈∀∈∀ ,,,,  and yzRi  implies ;xzRi  

(5) xUyx ,, ∈∀  and y incomparable under ≤ implies Ni ∈∃  such that 

yxPi  implies Nj ∈∃  such that .xyPj  

Let .nR∈ρ  Let f be an aggregation rule. 

Definition 3.1. Define the binary relation R on X by ( )yxXyx ,,, ∈∀  

R∈  if and only if { } .2nyxRNi i ≥|∈  Define XXP ×⊆  by ,, Xyx ∈∀  

( ) Pyx ∈,  if and only if ( ) Ryx ∈,  and ( ) ., Rxy ∉  Let ( ) =ρ;, yxR  

{ }yxRNi i|∈  and ( ) { }.;, yxPNiyxP i|∈=ρ  

Proposition 3.2. Let ., Xyx ∈  Then ( ) Pyx ∈,  if and only if ( )ρ;, yxP  

.2n>  

Proof. xRyxPy ⇔  and not { } 2nyxRNiyRx i ≥|∈⇔  and 

{ } .2nxyRNj j <|∈  Since each iR  is complete, R is complete. Hence 

{ } 2nyxPNixPy i >|∈⇔  by a simple counting procedure. Thus xPy  

( ) .2;, nyxP >⇔ ρ  

Definition 3.3. 

( ) { ( )}.,, yxPNjxyPNiXyXxRPS jiN ∈∃⇒∈∃∈∀|∈=  

Definition 3.4. ( ) { }.,, xRyXyXxXRM ∈∀|∈=  
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Definition 3.5. { }., yxXyXxM R <∈|∈=  

Proposition 3.6. ( ).RPSM NR =  

Proof. Suppose .RMx ∈  Let .Xy ∈  Suppose Ni ∈∃  such that .xyPi  

Now there does not exist Xy ∈  such that .yx <  Thus ,Xy ∈∀  either 

xy ≤  or x and y are not comparable. Since xyxyPi ≤,  is impossible else 

,yxRi  Ni ∈∀  by (1). Hence x and y are incomparable under .≤  Thus 

Nj ∈∃  such that yxPj  by (5). Hence ( ).RPSx N∈  Thus ( ).RPSM NR ⊆  

Suppose ( ).RPSx N∈  Suppose there exists Xy ∈  such that .yx <  

Then Ni ∈∃  such that .xyPi  Since ( ),RPSx N∈  there exists Nj ∈  such 

that .yxPj  Thus yx <  is impossible. Hence .RMx ∈  Therefore, ( )RPSN  

.RM⊆  

Corollary 3.7. Let .Xx ∈  

(1) Suppose yxXy ≤∈∀ ,  implies .yx =  Then ( ).RPSx N∈  

(2) If ( ),RPSx N∉  then there exists ( )RPSy N∈  such that .yx <  

Proof. (1) Clearly, ,RMx ∈  but ( ).RPSM NR =  

(2) Since ( ),RPSx N∉  .RMx ∉  Thus there exists Xy ∈  such that 

.yx <  Let y be the largest such element. Then ( ).RRSMy NR =∈  

Definition 3.8. Define ( ) ( )UU PP →:  by ( ),US P∈∀  { ∈= xS  

}., SxSsU ≤∈∃|  

We note that the next result has been used in the study of automata 
theory and graph theory, [10]. 

Proposition 3.9. Let ( ) ( )UU PP →:  be defined as above. Then the 

following conditions hold: 

(1) ( ) ;, SSUS ⊆∈∀ P  
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(2) ( ) 2121 ,, SSUSS ⊆∈∀ P  implies ;21 SS ⊆  

(3) ( ) ;, SSUS =∈∀ P  

(4) ( ) { } ;, sSUS Ss∈=∈∀ ∪P  

(5) ( ),US P∈∀  ,, Xyx ∈∀  { }ySx ∪∈  and Sx ∉  implies ∈x  

{ } .y  

Proof. (1) Let .Ss ∈  Then ss ≤  and so .Ss ∈  Thus .SS ⊆  

(2) Let .1Sx ∈  Then there exists 1Ss ∈  such that .sx ≤  Since 

,2Ss ∈  .2Sx ∈  

(3) By (1), .SS ⊆  Let .Sx ∈  Then there exists Sy ∈  such 

that .yx ≤  There exists Ss ∈  such that .sy ≤  Since ≤  is transitive, .sx ≤  

Thus .Sx ∈  Hence .SS ⊆  

(4) For all ,Ss ∈  { } Ss ⊆  by (2). Thus { } .SsSs ⊆∈∪  Let 

.Sx ∈  Then there exists Ss ∈  such that .sx ≤  Thus { }sx ∈  and so 

{ } .sx Ss∈∈ ∪  Hence { } .sS Ss∈⊆ ∪  

(5) Suppose { }ySx ∪∈  and .Sx ∉  Then there does not exist Ss ∈  

such that .sx ≤  Hence .yx ≤  Thus { } .yx ∈  

Theorem 3.10. ( ) .RPSX N=  

Proof. Clearly, ( ) .XRPSN ⊆  Thus ( ) .XRPSN ⊆  Let .Xx ∈  If 

( ) ,RPSx N∉  then ( )RPSx N∉  and so by (2) of Corollary 3.7, there 

exists ( )RPSy N∈  such that .yx <  Thus { } ( ) .RPSyx N⊆∈  Hence 

( )RPSX N⊆  and so ( ) .RPSX N⊆  

Lemma 3.11. ( ) ( ) ∅=RPSXRM N∩,  if and only if ( ) ., ∅=XRM  

Proof. Suppose ( ) ., ∅≠XRM  Let ( )., XRMx ∈  By Theorem 3.10, 

there exists ( )RPSy N∈  such that .xy ≥  Since ( ) xRzXRMx ,,∈  for all 
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Xz ∈  by (3). Since yRzxy ,≥  for all .Xz ∈  Thus ( )., XRMy ∈  Hence 

( ) ( ) ., ∅≠RPSXRM N∩  

Lemma 3.12. Let ( ).RPSs N∈  Then there does not exist ( )RPSc N∈  

such that cPs if and only if ( )., XRMs ∈  

Proof. Since R is complete and not cPs for all ( ),RPSc N∈  it follows 

that sRc for all ( ).RPSc N∈  Let .Xx ∈  By Theorem 3.10, there exists 

( )RPSc N∈  such that .xc ≥  Thus sRx by ( ).4′  Hence ( )., XRMs ∈  The 

converse is immediate. 

Lemma 3.13. (1) Let ( ).RPSs N∈  If there exists Xx ∈  such that xPs, 

then there exists ( )RPSc N∈  such that cPs. 

(2) ( ) ∅=XRM ,  if and only ( ),RPSs N∈∀  there exists ( )RPSc N∈  

such that cPs. 

Proof. (1) By Theorem 3.10, there exists ( )RPSc N∈  such that .xc ≥  

Hence cPs by (3). 

(2) Suppose ( ) ., ∅=XRM  Then the result holds by Lemma 3.12. 

Conversely, suppose ( ) ., ∅≠XRM  By Lemma 3.11, ( ) ( )RPSXRM N∩,  

∅≠  and so there exists ( ) ( )., RPSXRMs N∩∈  Hence there does not 

exist ( )RPSc N∈  such that cPs. 

Let { vUvV |∈=  is not in a }.cycle  Let ,\ 21 NVN =  where =2N  

{ ( ) ( ) }.,, ∅≠⇒∈∈∀|∈ XRMRPSwRVw NR  Let { RVwM ∀|∈=1  

( )}., RPSw N
n ∉∈R  Assume .11 NM ⊆  Let .\ 111 MNN =′  Suppose 1N  

is such that none of its elements are strictly preferred to one of .\VU  

Theorem 3.14. ( ) ∅=XRM ,  if and only if ( ) ( ) ∪∪ k
n
kN CRPS 1==  

( ) ,11 NC j
m
j ′′′= ∪∪  where ,11 NN ′⊆′′  kC  are cycles, ,...,,1 nk =  jC′  are 

subsets of cycles which are not themselves cycles, ,...,,1 mj =  and 
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(1) ,1 j
m
j Cs ′∈∀ =∪  there exists ( ) ( )j

m
jk

n
k CCc ′∈ == 11 ∪∪∪  such that 

cPs, 

(2) ,1Ns ′′∈∀  there exists ( ) ( )j
m
jk

n
k CCc ′∈ == 11 ∪∪∪  such that cPs. 

Proof. It follows that ( ) ( ) ( ) .11 VCCRPS j
m
jk

n
kN ∪∪∪∪ ′⊆ ==  Since no 

element of 1M  can be in ( ),RPSN  ( ) ( ) ( ) ∪∪∪∪ j
m
jk

n
kN CCRPS ′⊆ == 11  

( ) .\ 211 NMN ∪  Hence it follows that ( ) ( ) ( ) ∪∪∪∪ j
m
jk

n
kN CCRPS ′= == 11  

21 NN ′′′ ∪  for certain cycles jk CnkC ′= ,...,,1,  subsets of cycles which are 

not themselves cycles, ,...,,1 mj =  and for some ,11 NN ′⊆′′  and .22 NN ⊆′  

Suppose ( ) ., ∅=XRM  Since ( ) ∅≠RPSN N∩2  implies ( )XRM ,  

,∅≠  ( ) ( ) ( ) ,111 NCCRPS j
m
jk

n
kN ′′′= == ∪∪∪∪  i.e., .2 ∅=′N  Since no 

element of 11\MN  is preferred to one of ,\VU  no element of 11\MN  is 

preferred to one of ( ).RPSN  Hence ,1 j
m
j Cs ′∈∀ =∪  ( ) ∪∪ k

n
k Cc 1=∈∃  

( )j
m
j C′=1∪  such that cPs by Lemma 3.12, else ( ) ., ∅≠XRM  By Lemma 

3.12, ,1Ns ′′∈∀  there exists ( ) ( )j
m
jk

n
k CCc ′∈ == 11 ∪∪∪  such that cPs. 

For the converse, the conditions imply ( ),RPSs N∈∀  ( )RPSc N∈∃  

such that cPs. Hence no element of ( )RPSN  is in ( )., XRM  Thus by 

Lemma 3.11, ( ) ., ∅=XRM  

Theorem 3.15. ( ) ( ) ( ) .,, RPSXRMXRM N∩⊆  

Proof. If ( ) ,, ∅=XRM  then the result is immediate since .∅=∅  

Suppose ( ) ., ∅≠XRM  Let ( )., XRMs ∈  Suppose ( ).RPSs N∉  Since 

( ) ( ) ., RPSsRPSX NN ∈=  Hence there exists ( )RPSc N∈  such that 

.cs <  Since ,, XxsRx ∈∀  ., XxcRx ∈∀  Thus ( )., XRMc ∈  Hence ∈c  

( ) ( )., RPSXRM N∩  Thus ( ) ( ) ., RPSXRMs N∩∈  Therefore, ( )XRM ,  

( ) ( ) ., RPSXRM N∩⊆  
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Examples can be found in [7], where ( ) ( )RPSXRM N,  and where 

( ) ( )., RPSXRM N⊆  

4. Conclusions 

The application of fuzzy set theory to represent thick indifference 
preferences in spatial models carries with it two interesting substantive 
differences from conventional approaches. First, it is well known that under 
single-peaked, Euclidean preferences in one-dimensional space, the ideal 
policy position of the median voter is the only undefeated alternative and is 
the predicted outcome under majority rule [2]. This is not necessarily the 
case with fuzzy preferences [7]. A second substantive difference concerns   
the Pareto set. In conventional two-dimensional models, the Pareto set is 
determined by drawing a convex hull around the player’s ideal points. The 
interpretation does not hold for all fuzzy preference profiles [7]. 

We also highlight the ability of the approach considered in this paper     
to deal with highly irregular preferences, which standard mathematical 
approaches can only tackle with substantial difficulty. Our main theorem, 
Theorem 3.14, makes it clear that it is not the shape of players’ preferences 
that matters. It is the intersections of the players’ preferences that matters. 
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