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Abstract 

Let Λ be a finite-dimensional algebra over algebraically closed field 

k  and oΛ  be an algebra opposite to Λ. Denote by Λ
dmod  and 

o
d
Λmod  

the category of all d-dimensional right modules over k -algebra Λ and 

d-dimensional left modules over k -algebra .oΛ  In this paper, we 

show that a module M in Λ
dmod  degenerates to another module N in 

Λ
dmod  if and only if dual module ∗M  in 

o
d
Λmod  degenerates to dual 

module ∗N  in .mod
o

d
Λ  

1. Introduction 

An affine variety is the set of simultaneous zeroes of collection of 
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polynomials in [ ]sXX ...,,1k  and subset of affine space s
kA  which contains 

all s-tuple of elements of algebraically closed field k  [3]. For this condition, 
the set ( )kdM  of all dd × -matrices over k  can be considered as affine 

space .
2d

kA  This fact may be used to give a geometrical structure of affine 

variety for ,modΛ
d  the category of d-dimensional right module over finite-

dimensional k -algebra Λ, by parameterizing Λ
dmod  into n-tuple of matrices 

in ( ),kdM  where n is number of k -basis of k -algebra Λ [1]. Moreover, the 

general linear group ( )kdGL  acts on Λ
dmod  and the ( )kdGL -orbits 

correspond to the isomorphism classes of d-dimensional Λ-modules [4]. We 

denote by ( )MO  the ( )kdGL -orbit of module M in .modΛ
d  A module M in 

Λ
dmod  degenerates to another module N in Λ

dmod  if N belongs to Zariski 

closure ( )MO  of ( )MO  in Λ
dmod  and we denote this by NM deg≤  [4]. By 

duality, we can easily show that 
o

d
Λmod  the category of d-dimensional left 

module over finite-dimensional k -algebra ,oΛ  where oΛ  is the algebra 

opposite to Λ, is also affine variety. Moreover, the result n-tuple matrices 

which identify module ∗M  in 
o

d
Λmod  is the transpose of n-tuple matrices 

which identify module M in .modΛ
d  In this paper, we will show that a 

module M in Λ
dmod  degenerates to another module N in Λ

dmod  if and only 

if dual module ∗M  in 
o

d
Λmod  degenerates to dual module ∗N  in .mod

o
d
Λ  

2. The Modules Variety 

Throughout this paper, k  denotes the algebraically closed field. An 
algebra over k , or k -algebra, is a k -vector space A together with a bilinear 
associative multiplication. An algebra A is said to be finite-dimensional if the 
k -vector space A is finite-dimensional. By Λ, we denote the n-dimensional 
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k -algebra with identity. Let { }naaa ...,,,1 21 =  be k -basis of Λ. Note that 

the multiplication of two elements in A is uniquely determined by the 

products of the basis vectors. Indeed, if ∑
=

α=
n

i
iiaa

1
 and ,

1
∑
=

β=
n

j
jjaa  then 

∑∑∑
===

βα=
⎟
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⎠

⎞
⎜
⎜

⎝

⎛
α

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛
α=

n

ji
jiji

n

i
ii

n

i
ii aaaaab

1,11
.  

Now, we can decompose jiaa  with respect to the basis : ∑ = γ= n
k k

k
ijji aaa 1 .  

This means that the structure of the algebra over the space Λ with a fixed 

basis is uniquely given by a choice of 3n  elements ( )nkjik
ij ...,,1,, =γ  of 

the field .k  These elements are called the structure constants of k -algebra 

Λ. By ,oΛ  we denote the opposite algebra of Λ, that is, the k -algebra whose 

underlying set and vector space structure are just those Λ, but the 

multiplication ⋅  in oΛ  is defined by formula baba =⋅  for all a, ob Λ∈  

[2]. 

It is convenient to view the elements of Λ as operator on k -vector space 
M. This leads to the concept of a module. A right module over k -algebra Λ, 
or a right Λ-module, is a k -vector space M together a k -linear action of Λ 
on ,, MMM →×Λ  ( ) amma,  which satisfy the following conditions: 

for all ,, Λ∈ba  ,,, k∈β∈ Mnm  

(a) ( ) ,namaanm +=+  

(b) ( ) ,nbmabam +=+  

(c) ( ) ( ) ( ),maamam β=β=β  

(d) ( ) ( ) ,bmaabm =  

(e) .1 mm =Λ  
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The definition of a left Λ-module is analogous. A module M is said to be 
finite-dimensional if the dimension Mkdim  of underlying k -vector space 

of M is finite [2]. We denote by Λ
dmod  the category of all d-dimensional 

right Λ-modules. By parameterizing each element in Λ
dmod  into n-tuple of 

matrices in ( ),kdM  where n is number of k -basis of k -algebra Λ, we have 

the following result [1]. 

Lemma 2.1. Λ
dmod  is naturally an affine variety. 

Proof. Let naaa ...,,,1 21 =  be k -basis of Λ. We have =jiaa  

∑ = γn
k k

k
ija1 ,  with the structure constant ( )....,,1,, nkjik

ij =∈γ k  Let 

( ) ( )
⎪⎩

⎪
⎨
⎧

|∈== ∏
=

γ ji

n

i
dnd MMkMIM

1
1 ...,, MM  

( ) ,...,,1,,
1 ⎪⎭

⎪
⎬
⎫

=γ= ∑
=

n

k
k

k
ij njiM  

where dI  is dd × -identity matrix over .k  We will show that there is one-

one correspondence between Λ
dmod  and .γM  Let M be arbitrary elements 

in .modΛ
d  Conditions (a) and (c) in the definition of module ensure that 

{ },...,,1 ni ∈∀  the mapping Mmmam ii ∈∀,:A  is an endomorphism 

of M. By fixing an ordered k -basis MB  of M, we can regard iA  as 

( ).kM di M∈  Since 11 =a  and ,1∑ = γ= n
k k

k
ijji aaa  dIM =1  and jiMM  

∑ = γ= n
k k

k
ij1 ,M  ( )....,,1, nji =  So, M can be identified with ( )nMM ...,,1  

.γ∈M  Conversely, ( ) ( )∏
=

∈
n

i
dn

1
1 ...,, kXX M  if nXX ...,,1  satisfy dIX =1  

and ∑ = γ= n
k k

k
ijji 1 ,XXX  ( )....,,1, nji =  Therefore, there is a bijection 

between Λ
dmod  and .γM  
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To complete the proof, it is sufficient to show that γM  is an affine 

variety. For each { },...,,1 n∈ξ  let ( ) ( )kX drtx M∈= ξ
ξ  and [ ],j

rtxk  ( =tr,  

)njd ...,,1;...,,1 =  be k -algebra of all polynomials with 2nd  variables 

over .k  Let [ ]j
rtx⊂U  be two sides ideals which generated by all entries in 

the matrices ∑ = μννμ γ− n
k k

k
1 ,XXX  ( )....,,1, n=νμ  Consequently, if ( =1M  

( ) ( )) ,...,,1
γ∈= Mn

rtnrt mm M  then ( ) ,U∈∀ j
rtxp  ( ) .0=j

rtmp  This means 

that γ
Λ = M~modd  is the zero set of the ideal .U  Therefore, Λ

dmod  is an 

affine variety.  

Because of Lemma 2.1, we can say that Λ
dmod  is a module variety. 

Clearly, the general linear group ( ) ( ){ }0det ≠|∈= MkMk ddGL M  acts 

on Λ
dmod  via 

( ) ( ),...,,...,, 11
11

−−=⋅=⋅ GGMGGMMMGG nnM  

( )kG dGL∈∀  and for all Λ∈ dM mod  which identified by ( ) ∈nMM ...,,1  

.γM  We denote by ( )MO  the ( )kdGL -orbit of module M in .modΛ
d  

Lemma 2.2. The orbits of ( )kdGL -action on Λ
dmod  correspond to the 

isomorphism classes of d-dimensional Λ-modules. 

Proof. Let U and V be d-dimensional Λ-modules which are isomorphism 

under ρ. By Lemma 2.1, we may assume that U and V in Λ
dmod  are 

represented by ( )nUU ...,,1  and ( )nVV ...,,1  in ,γM  respectively. Fix 

k -bases in U and V. Let G  represent ρ in the fixed k -bases. We know that 
G  is an isomorphism if only if ( ).kG dGL∈  The fact that ρ is a Λ-module 

isomorphism gives the equation ii GUGV =  whence .1−= GGUV ii  Thus, 

the orbits of ( )kdGL -action on Λ
dmod  correspond to the isomorphism classes 

of d-dimensional Λ-modules.  
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3. The Degeneration for Dual Modules 

First, we shall establish the duality between the category of all 
d-dimensional right Λ-modules and category of all d-dimensional left 

oΛ -modules. We denote by 
o

d
Λmod  the category of all d-dimensional right 

oΛ -modules. To every module 
Λ∈ dM mod  we assign a module 

o
dM Λ∗ ∈ mod  

constructed as follows. As k -vector space, ∗M  is the space ( )kk ,MHom  

of linear functional on M. Operators from oΛ=Λ  act on ∗M  according the 

formula ( ) ( ) ( )mafmaf =  for all ,Λ∈a  ∗∈ Mf  and .Mm ∈  From this 

action, ∗M  becomes a left oΛ -module [2]. 

Every linear map NM →ϕ :  induces a conjugate map ∗∗∗ →ϕ MN:  

defined by ( ) ( ) ( )mgmg ϕ=ϕ∗  for all ,Ng ∈  .Mm ∈  We can check readily 

that if ϕ is a Λ-module homomorphism, so is ϕ [2]. 

Let Λ∈ dM mod  and { }dM vv ...,,1=B  be k -basis for M. We define 

dual basis ∗
∗M

B  for ∗M  by setting { },...,,1 dM
ff=∗

∗B  where k→Mfi :  

is the unique linear functional which satisfies ( ) 1=ii vf  and ( ) 0=ji vf  

whenever .ij ≠  

Lemma 3.1. 
o

d
Λmod  is an affine variety where n-tuple matrices which 

parameterize an element in 
o

d
Λmod  are the transpose of n-tuple matrices 

which parameterize an element in .modΛ
d  

Proof. Let naaa ...,,,1 21 =  be k -basis of Λ and ∗M  be an arbitrary 

element in 
o

d
Λmod  which is dual module of .modΛ∈ dM  Suppose that MB  

{ }dvv ...,,1=  and { }dM
ff ...,,1=∗

∗B  are k -bases for M and for ,∗M  

respectively. Fix { }....,,1 ns ∈  By Lemma 2.1, the mapping vs :A ,sva  

Mv ∈∀  is an endomorphism of M and let [ ] == ss MBA ( ) ( ),kd
s
ij M∈η  



The Degenerations for Modules and Dual Modules 71 

that is, M is identified with ( ) ....,,1 γ∈MnMM  Then ( ) ∑ = η= d
k kkiis vv 1 .A  

On the other hand, ,: faf ss
∗A  ∗∈∀ Mf  define an endomorphism of 

.∗M  We compute ( ).js f∗A  By definition, ∑ = β∀ d
i iiv1 ,Mv ∈=  

( ( )) ( ) ( ( ( )))∑
=

∗ β=
d

i
isjijs vfvf

1
AA  

( )∑ ∑∑
= ==

⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
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⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛

⎟
⎟
⎠

⎞

⎜
⎜
⎝

⎛
ηβ=

d

i

d

k
kjk

d

k
kkiji vfvf

1 11
.  

It follows that ( )js f∗A  is the linear functional ∑ = ηd
k kjk f1 .  In particular, 

[ ] ( ) ( ) .T
sjis

M
M=η=∗

∗
∗
BA  Since this fact holds for all { },...,,1 ns ∈  ∗M  

corresponds to the element ( ) ,...,,1 γ∈MT
n

T MM  i.e., the transpose of 

n-tuple matrices which parameterize M. The fact that γM  is an affine variety 

follows from the proof of Lemma 2.1.  

Because of Lemma 3.1, we can say that Λ
dmod  is a dual module variety. 

By the same argument for ,modΛ
d  the general linear group ( )kdGL  acts     

on 
o

d
Λmod  via conjugation and the ( )kdGL -orbits correspond to the 

isomorphism classes of d-dimensional oΛ -modules. Now, we give the 
definition of Zariski closure [4]. 

Definition 3.1. Let Λ∈ dM mod  and ( )MO  be its ( )kdGL -orbits. Then 

the Zariski closure of ( )MO  is 

( ) { ( ) ( )( ) }.0thatsuchspolynomial,0mod =∀=|∈= Λ MppNpNM d OO  

Definition 3.2. Let .mod, Λ∈ dNM  Module M degenerates to N, written 

,deg NM ≤  if ( ) ( ).MN OO ⊆  
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The following is the main theorem of this work. 

Theorem 3.1. Given .mod, Λ∈ dNM  Let Λ∗∗ ∈ dNM mod,  be dual 

modules of M and N, respectively. Module ∗∗ ≤ NM deg  if and only if 

.deg NM ≤  

Proof. Let ( ) ( ) γ∈Mnn NNMM ...,,,...,, 11  be presentation of M and 

N, respectively. By Lemma 3.1, ( ) ( ) γ∈MT
n

TT
n

T NNMM ...,,,...,, 11  are 

presentation of ∗M  and ,∗N  respectively. 

Assume that .deg NM ≤  Then ( ) ( ).MN OO ⊆  Let ( ) ∈T
n

T UU ...,,1  

( ) .γ
∗ ⊂ MO N  This means that there exists ( )kG d

T GL∈  such that 

( ) ( ( ) ( ) )....,,...,, 11
11

−−= TT
n

TTTTT
n

T GNGGNGUU  

Hence, 

( ) (( ) ( ) )TT
n

TT
n UUUU ...,,...,, 11 =  

(( ( ) ) ( ( ) ) )TTT
n

TTTTT 11
1 ...,, −−= GNGGNG  

( ) ( )....,, 1
1

1 Nn O∈= −− GNGGNG  

Since ( ) ( ),MN OO ⊆  ( ) ( ),...,,1 Mn O∈UU  that is, 

( )( ) ,0...,,1 =np UU  ∀  polynomials p such that ( ( )) .0=Mp O  

Now, for each polynomial p with variables in entries of matrices, that is, 

(( ) ( )) [ ]j
rt

n
rtrt xxxp k∈...,,1  ( ),...,,1;...,,1, njdtr ==  we define polynomial 

∗p  by changing the order of variables through transposing n-tuple matrices, 

that is, 

(( ) ( ) ) (( ) ( ))....,,...,, 11 n
rtrt

Tn
rt

T
rt xxpxxp =∗  

This means that, (( ) ( )) 0...,,1 =n
rtrt xxp  if and only if (( ) ( ) )Tn

rt
T

rt xxp ...,,1∗  

.0=  Hence, ( )( ) 0=Mp O  if and only if ( ( )) .0=∗∗ Mp O  Consequently, 
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(( )) ∀=∗ ,0...,,1
T
n

Tp UU  polynomials ∗p  such that ( ( )) .0=∗∗ Mp O  

Then ( ) ( )....,,1
∗∈ MT

n
T OUU  Since ( )T

n
T UU ...,,1  is arbitrary element in 

( ),∗NO  we conclude that 

( ) ( ).∗∗ ⊆ MN OO  

Therefore, .deg NM ≤∗  The proof for the converse is similar.  

4. Concluding Remarks 

We have shown that the n-tuple matrices which identify module ∗M  in 
o

d
Λmod  is the transpose of n-tuple matrices which identify module M in 
Λ
dmod  and that a module M in Λ

dmod  degenerates to another module N in 

Λ
dmod  if and only if dual module ∗M  in 

o
d
Λmod  degenerates to dual module 

∗N  in .mod
o

d
Λ  

Acknowledgement 

The authors would like to thank the I-MHERE FMIPA ITB for financial 
support based on Surat Perjanjian No. 113/I1.B01/I-MHERE ITB/SPK/2011. 

References 

 [1] Darmajid, Variety Representasi Aljabar dan Variety Modul, Prosiding Seminar 
Nasional Aljabar 2011 (2011), 18-27. 

 [2] J. A. Drodz and V. V. Kirichenko, Finite Dimensional Algebras, Springer-Verlag, 
Berlin, Heidelberg, New York, 1994. 

 [3] R. Hartshorne, Algebraic Geometry, Springer, New York, 1977. 

 [4] S. O. Smalø, Lectures on Algebra, Revista De La: Union Matematica Argentina 
48(2) (2007), 21-45. 


