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Abstract

Some algebraic properties of dual generalized quaternions are
presented, and De-Moivre’s and Euler’s formulas for these quaternions

are investigated. The solutions of equation Q" = 1 are discussed and it

is shown that it has not solutions for a general unit dual generalized
quaternion.

1. Introduction

Dual quaternions are powerful mathematical tools for the spatial analysis
of rigid body motions. Dual numbers and dual quaternions were introduced
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in the 19th century by Clifford [2], as a tool for his geometrical investigation.
Study [8] and Kotel’nikov [6] systematically applied the dual number and
dual vector in their studies of line geometry and kinematics and
independently discovered the transfer principle. The use of dual numbers,
matrices and dual quaternions in instantaneous spatial kinematics are
investigated in [9, 11]. Also, dual quaternion algebra is used to express point-
line displacement operation [12].

The Euler’s and De-Moivre’s formulas for the complex numbers are
generalized for quaternions in [1]. These formulas are also investigated for
the cases of split and dual quaternions in [5, 7]. In [10], by the help of Euler’s
formula, circles in the plane are obtained and the sphere in 3-space is found
by means of the exponential expansions. In this paper, after a review of some
properties of dual generalized quaternions, De-Moivre’s and Euler’s

formulas for these quaternions are studied. Solutions of the equation Q" =1

are discussed and it is shown that there are no solutions for a general unit
dual generalized quaternion. The relations between the powers of these
guaternions are given.

2. Preliminaries

In this section, we give a brief summary of the generalized quaternions
and dual generalized quaternions. For detailed information about these
quaternions, we refer the reader to [3, 4].

Definition 2.1. A generalized quaternion q is defined as
gq=a-+ai+ayj+ask,

where a., &, a, and ag are real numbers and 1, i, j, kK of q may be
interpreted as the four basic vectors of Cartesian set of coordinates; and they
satisfy the non-commutative multiplication rules

i2=—a, j2=-B, k®=-ap,

ij=k=-jJi, Jjk=pi=-kKj
and

ki=aj =-1k, o, peR.
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The set of all generalized quaternions are denoted by H,g.

Definition 2.2. A dual generalized quaternion Q is written as
Q=Al+Ai+Aj+ Ak,

where A, A, A, and Ag are dual numbers and i, j, k are quaternionic units

which satisfy in the above equalities. As a consequence of this definition, a
generalized dual quaternion Q can also be written as:

Q=q+2q", d,q" €Hgg,

where q and q*, real and pure dual generalized quaternion components,
respectively. A quaternion Q = A1+ A+ Ayj + Agk is pieced into two
parts with scalar piece Sg = A. and vectorial piece \7Q = Ai+ A j + Agk.

We also write Q = Sq + Vg. The conjugate of Q = Sq + Vg is then defined

as Q = Sg —\7Q. If Sg =0, then Q is called pure dual generalized

guaternion, we may be called its dual generalized vector.
Dual quaternionic multiplication of two dual quaternions Q = Sq +\7Q
and P = Sp + Vp is defined:
QP = SoSp — g(V. Vp) + SpVg + SqVp + Vo A Vp
= AB. — (aAB; + BAYB, + affA3B3) + A(By, By, B3)
+B(AL Ap, Ag)
+ (B(A2B3 — AgBy), a(AgBy — ABg), (AB, — AgBy)).
The norm of Q is defined as Ng = QQ =QQ = AZ + ocAl2 + BA22
+ ocﬁAg. If Ng =1, then Q is called a unit generalized dual quaternion.

The set of all dual generalized quaternions (DGQ) is denoted by H~a[3-
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3. De Moiver’s Formula for DGQ

We investigate the properties of the dual generalized quaternions in two
different cases:

Case 1. Let a, B be positive numbers.
Definition 3.1. Let §% be the set of all unit dual generalized quaternions
and S% be the set of unit dual generalized vector, that is,

§% :{QEI:I-OLB:NQ =1}Cﬁaﬁ,

S = Vo = (AL Ay, Ag): gV, Vi) = oA + BAS + apAg =1},

Definition 3.2. Every nonzero unit dual generalized quaternion can be
written in the polar form

Q=A+AI+Aj+ Ak

= cos ¢ + W sin ¢,

where cosd = A, sing = \/ocAf + BA22 + ocBAg. db=0+ scp* is a dual angle

and the unit dual generalized vector W is given by

e AitAjtA] AT A+ A
\IocAlz +[3A22 +OLBA§ \/1_— A

with oA? + BAZ + apAZ = 0.

For any W e S3, since gW,W)=1 and W AW =0, W? = 1.
Therefore, any W ¢ S% is of order 4, i.e, W* =1. We have a natural

generalization of Euler’s formula for dual generalized quaternions

_ 2 3 4
Wo _ 4 e O a4 0
e _1+W¢_T_W§+ﬁ+m
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2 4 3 5
:(1_%4_%_”}4_\/?(4)_%4_%_”}

cos ¢ + W sin ¢,

for any dual number ¢. For detailed information about Euler’s formula, see
[10].

Note that W is a unit dual generalized vector to which a directed line in

EiB corresponds by means of the generalized Study map.
Lemma 3.1. For any W e S3, we have
(cos ¢ +W sin ¢)(cosy +W sin y) = cos(¢ + y) +W sin(¢ + y).

Proof. See [5] for a similar proof. O

Theorem 3.2 (De-Moivre’s formula). Let Q = Wo _ cos ¢ +W sin ¢

€ §%, where ¢ = ¢ +&@" is dual angle and W ¢ S%. Then for every

integer n,
Q" = cosnd + W sin ng.

Proof. We use induction on positive integers n. Assume that Q" = cos nd

+W sinn¢ holds. Then
Q" = (cos ¢ + W sin ¢)"(cos ¢ +W sin ¢)
= (cos ng +W sin ng) (cos ¢ + W sin ¢)
= cos(ng + ¢) + W sin(ng + ¢)

= cos(n + 1) + W sin(n +1)¢.

Hence, the formula is true. Moreover, since
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Q7L = cos ¢ — W sin ¢,
Q" = cos(-nd) + W sin(-n¢)
= cos nd — W sin ng,
the formula holds for all integers. O

Special case. If a = f =1, then Theorem 3.2 holds for dual quaternions
(see [5]).

Every generalized dual quaternion is separated into two cases:

(1) Dual generalized quaternion with dual angles (¢ = @ + £¢*); i.e.,
Q = /Ng (cos ¢ + W sin ¢).

(2) Dual generalized quaternions with real angles (¢ = ¢, ¢* = 0); i.e.,
Q = /Ng (cos ¢ +W sin ¢).

Theorem 3.3. Let Q =cosp+W sing §3D. De-Moivre’s formula

implies that there are uncountably many unit dual generalized quaternions

satisfying Q" =1 for n > 3.

Proof. For every W e S%, the unit dual generalized quaternion

Q= cos 2& 1\ sin 2%
n n

is of order n. For n=1 or n =2, the dual generalized quaternion Q is

independent of W. O

Example 3.1.

[

1 j n 1[1. 1. ]n
=C0Sy + = —i+—=]+¢ek|sin—

,ﬁ,s

N[~
£

_ 1
Q=75+
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is of order 8 and

21

Q, :_1+[Zg L L]=cosﬁ+i{zgi+\/zjJrik}sin—
2 " J2B " 2op 3 3 B* Jap 3
is of order 3.

Also, we find the nth root of Q = cos +W sin ¢ e §%. The equation

X" = Q has n roots. Thus,

X = cos(%m) +W sin(%ﬂm), k=0,..,n-1

Corollary 3.4. The equation Q" =1 does not have any solution for a
general unit dual generalized quaternions.

Example 3.2. Let Q = cos[% + a) +W sin(g + sj be a unit dual

generalized quaternion. There isno n (n > 0) such that Q" =1.

Theorem 3.5. Let Q be a unit dual generalized quaternion with the polar
form Q = coso+W sing. If m = 2—(; e Z* - {1}, then n = p(modm) is
possible if and only if Q" = QP.

Proof. Let n = p(mod m). Then we have n = am + p, where a € Z,

Q" = cosng +W sin ng

= cos(am + p)¢ +W sin(am + p)o

= cos(aﬁ + pj +W sin(aﬁ + pj
o V)7 o F)?

= cos(po + a2n) + W sin(pe + a2n)

= cos(pe) + W sin(pe)

= QP.
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Now suppose Q" = cosng +W sinng and QP = cos pe + W sin pe.

Since Q" =QP, we have cosne = cos pe and sinne = sin pe, which

means ng = po + 2na, a € Z. Thus, n = az—(;c + p, n = p(mod m). O
Example 3.3. Letting Q = i + l[i i sj IS §% from Theorem
22\ B
27

35 m= m = 8, we have
Q=Q°=Q" =
Qz _ QlO _ Q18 _
Q3 _ Q11 _ Q19 _
Q4=Q12=Q20— -1

QB -Q_Q¥_.._1
Case 2. Let a be a positive number and B be a negative number.

In this case, for a dual generalized quaternion Q = A + Aji + Ay + Agk,

we can consider three different cases:

Case A. The norm of dual generalized quaternion is negative, i.e.,
No = A% + aA? + BA + apAS <O,

since 0 < A2 < —(XA]_Z - BA22 - aBA§ thus aﬁf + BA22 + OLBA32 < 0. In this

case, the polar form of Q is defined as

Q = r(sinh ¥ +W cosh ¥),
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where we assume
r =,l| No =\/| A.2+aﬁf+BA22+oc[3A§ |,

2 2 2
sinhw = — ™ ,cosh‘I’z\/_OLAl ~PA; —apAg

JI Ng | Ng

The unit dual vector W (axis of quaternion) is defined as

1
~aA ~ AT —opAd

W = (wy, Wy, Wg) = \/ (A, Ao, Ag).

Special case. If o =1, B = —1 and the norm be negative number, i.e.,
Ng = A + Af - A — A5 <0,

then the quaternion Q is a dual split quaternion with negative norm and its
polar forms

Q = /| Ng | (sinh ¥ +W cosh ).

Theorem 3.6 (De-Moivre’s formula). Let Q = r(sinh ¥ + W cosh ¥)

be a dual generalized quaternion with Ng < 0. Then for every integer n,

Q" = r"(sinh n¥ + W cosh n¥).
Proof. The proof follows immediately from the induction. O

Case B. The norm of dual generalized quaternion is positive and the
norm of its vector part to be negative, i.e.,

Ng >0, Vg = oAf +BAS + aAF <O.
In this case, the polar form of Q is defined as

Q = r(cosh @ +W sinh @),
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where we assume

rz\/%:\/A.z'F(XALZ'FBAZZ-F(XBAg,

2 2 2
cosh = —2 sinh @ = \/_O‘Aﬁ —BAy —apAs

e e

The unit dual vector W (axis of quaternion) is defined as

1
—oA? — BAZ — apAS

W = (W, Wy, W3) = ] (A, A, Ag).

Theorem 3.7. Let Q = r(cosh ® +W sinh ®) be a dual generalized

quaternion with Ng > 0 and \7Q < 0. Then for every integer n,

Q" = r"(cosh n® + W sinh n®).

Proof. We use induction on positive integers n. Assume that

Q" = r"(cosh n® +W sinh n®) holds. Then

Qn+1

r"(cosh nd +W sinh n®) - r(cosh ® + W sinh @)

r"*1(cosh n® + W sinh nd)(cosh @ + W sinh @)

r””(cosh n® cosh @ + sinh n® sinh ®

+W (cosh nd sinh @ + sinh nd cosh @)
= r"*L(cosh(n + 1)@ + W sinh(n + 1)d).
Hence, the formula is true. O

Case C. The norm of dual generalized quaternion is positive and the
norm of its vector part to be positive, i.e.

Ng >0, \7Q:ocA12+[3A22+aBA§>O.



Some Algebraic Properties of Dual Generalized Quaternions ... 317
In this case, the polar form of Q is defined as
Q = r(cos ® +W sin ©),
where we assume
r =M=\/A.2+OLA_|_2+BA22+OLBA§,
A e o NOAL +BAS - apAg
Ng No
The unit dual vector W (axis of quaternion) is defined as
1

VoAl +pAF + apad

Theorem 3.8. Let Q =r(cos® +W sin®) be a dual generalized

cos® =

W = (W, Wp, Wg) =

(A A, Ag).

quaternion with Ng > 0 and \7Q > 0. Then for every integer n,
Q" = r"(cosn® + W sin n®).

Proof. The proof follows immediately from the induction. O

Conclusion

In this paper, we defined and gave some of algebraic properties of dual
generalized quaternion and investigated the Euler’s and De-Moivre’s
formulas for these quaternions in several cases. The relation between the
powers of DGQ is given in Theorem 3.5. We also showed that the equation

Q" =1 does not have solution for a general unit dual generalized quaternion
(Corollary 3.4).
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