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Abstract

A preferential fuzzy subgroup is an equivalence class of fuzzy
subgroups under preferential equality. In this paper, we determine
conditions under which preferential equality of fuzzy subgroups is
preserved by fuzzy intersection, product, sum and quotient. Examples
are given to illustrate the necessity of such conditions ensuring
preferential equality.

1. Introduction

An equivalence relation on the set of all fuzzy subgroups of a group
which naturally generalizes equality of crisp subgroups has been proposed in
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the literature [8], [3] and [14]. We call such an equivalence relation
preferential equality and an equivalence class of fuzzy subgroups, a
preferential fuzzy subgroup. It was used in the classification of fuzzy
subgroups of finite abelian groups. The very first paper [10] and the
subsequent papers ([12], [7], [1], [4], [5] and others), dealing with properties
of fuzzy subgroups relied heavily on the lattice properties of membership
values in a simplistic way, inter alia, exploiting the “sup-min” operator. For
instance, the intersection of two fuzzy subgroups p and v is given by
(mAv)(@)=u@)Aav(g);, the sum is given by (u+v)(g)=
v (W(g1) Av(g2)), for g e G, etc. This lattice theoretic approach
01+92=9
does not throw light on group operation of fuzzy subgroups.

Also, the alternative route of the study of fuzzy subgroups through their
a-cuts, as found in the literature, for instance [2], [7] and [1], suffers from at
least two weak points. (i) When one considers an a-cut of a fuzzy subgroup,
that oo may or may not belong to the image set of the membership function.
For several values of a in the unit interval, the a-cuts may be the same. (ii)
Even when oy and o, are two consecutive membership values of a fuzzy

subgroup, with oy > o, say, the analysis of a-cuts fails to reveal the number
and nature of subgroups that contain oy -cut and are contained in o -cut.

That is the a-cuts of a fuzzy subgroup may not form a maximal chain in the
lattice of subgroups. The motivation for studying fuzzy subgroups through
pinned-flags, see Section 2 for a definition, is to address the above weak
points and take a new stand-point. We recall that a pinned-flag is a pair (flag,
keychain) where a flag is a maximal chain of subgroups and a keychain is
precisely the membership values.

It was observed in [9] that the operations of intersection and direct sum
of fuzzy subgroups do not preserve the preferential equality and some
examples were provided to illustrate this fact in that same paper. As a
consequence, the complete characterization of these operations in terms of
preferential fuzzy subgroups was left open. We take up such a study in this

paper.
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In Section 2, we gather all the preliminaries such as equivalence of fuzzy
subgroups, equivalence of pinned-flags and fix notation. We prove that there
is a one-to-one correspondence between preferential fuzzy subgroups and
equivalence classes of pinned-flags. In Section 3, conditions are developed
for preservation of preferential equality by intersection and product of two
fuzzy subgroups. Similarly, Section 4 deals with the operations of sum of two
preferential fuzzy subgroups and quotient of a preferential fuzzy subgroup.

2. Preliminaries

We use | = [0, 1], the real unit interval as a chain with the usual ordering

in which A stands for infimum (inf) (or intersection) and v stands for
supremum (sup) (or union). A fuzzy subset of a set G is a mapping
u: G — I. The union, intersection of two fuzzy sets, and complementation

of a fuzzy set are defined using sup and inf pointwise, and 1— u operator

pointwise, respectively. We denote the set of all fuzzy subsets of G by 1G,
[13]. Throughout this paper, we take G to be a finite abelian group and Gy
to be the trivial subgroup {0}. Almost all results of this paper are applicable

to any finite group, abelian or not, with normality condition on the
components of any maximal chain of subgroups. By an a-cut of p for a real

number o in I, we mean a subset u* = {x € G : u(x) > a.} of G. A fuzzy set u
is said to be a fuzzy subgroup if u(x + y) > u(x) A w(y) forall x, y € G and
w(x) = u(—=x) (see [1], [7], [4]). In this paper, we assume u(0) = 1. From this

assumption, we notice that the only admissible fuzzy subgroup of the trivial
group is p(0) = 1. By core and support of p, we mean the crisp subsets of G

given by core(u) = {x € G : u(x) =1} and supp(n) = {x € G : u(x) = 0},
respectively.
We now recall from [8] that an equivalence relation of two fuzzy

subgroups ~ on I is defined as u ~ v if and only if the following two

conditions are satisfied:
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() Vx, y € G, w(x) > u(y) ifand only if v(x) > v(y),

(ii) w(x) = 0 ifand only if v(x) = 0. (2.1)
We call the above equivalence relation preferential equality and denote it by
pu ~ v and the equivalence class containing  is called a preferential fuzzy

subgroup and is denoted by [u]. Throughout this paper, we refer to

preferential equality as equivalence. Thus two equivalent fuzzy subgroups
have the same set of a-cuts. We refer the reader to [9] for results on flag,
keychain and pinned-flag, and state their definitions here. By a flag C on G,
we mean a maximal chain of subgroups of the form

0}=Gy G, cGy--c G, =G. (2.2)

We call various G;’s the components of the flag C. By a keychain ¢, we

mean an (n + 1) -tuple (Aq, Ay, ..., Ay) Of real numbers in | of the form
1=Ag =Ny 2hp =2 hp >0, (2.3)

where A;j’s are not all necessarily distinct. The A;’s are called pins. The
length of keychain ¢ is n+1. The minimum content of the keychain ¢,
denoted by minco(?), is defined as inf{L; : 0 <i <n, A; #0}. Similarly
the maximum content, denoted by maxco(?), is defined as sup{A; : 0 <i<n,
Ai =1}. In general, maxco(/) > minco(¢) (the only exception being when
the keychain has only 0’s and 1’s). maxco(¢) = minco(¢) only if there are at
most three pins. By a pinned-flag on G, we mean a pair (C, /) of aflag C on

G and a keychain ¢ from I, written as follows:
G§ © Gt = G2 - = Gl (2.4)
We call Gf”i for i =0,1, ..., n, the ith component of the pinned-flag.

With any pinned-flag (C, ¢), we can associate a fuzzy subgroup

u= v{xiXGi 10 <i<n}. Itis easily checked that p is a fuzzy subgroup of
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G and further p is unique with respect to the pinned-flag (C, ¢). Conversely,
suppose p is a fuzzy subgroup of G with a-cuts G c Gy c - < Gy =G
and the corresponding membership values Ay > Ay > .- >y in I. By
refining the chain G; c G, --- € Gy = G to a maximal chain C of subgroups
and in the process repeating certain A;j’s if necessary, we get a pinned-flag
(C, ) associated with p, not necessarily unique, where ¢ is the keychain

whose pins are A ’s with repetitions as the case may be.

The next discussion describes the relationship between fuzzy subgroups
and pinned-flags under the equivalence defined above.

Proposition 2.1. Let p and v be two fuzzy subgroups that are preferential

equal and let u have the pinned-flag GSO c Gf‘l c-C G%” and v have

the pinned-flag Hgo c Hfl C - C HE{”. Then n = m and for each i, A;

repeats m; times if and only if B; repeats m; times.

Proof. It is easily shown that n = m using the Jordan-Holder Theorem.

Now assume A; repeats m; times. Consider the pinned-flag of p : Ggo c

le1 c-C Gix_iil c Giki c-C Gi}jmi—l - Gi}i;{?i c - c GM with
Ai—g > X and Aj > Aj . We first claim that Gj_; = Hj_;. Suppose the
claim is false. Then there exist x € Gj_; — Hj_; and y € Hj_; — G;_1, by
maximality of the chains of subgroups, such that Aj_; = pu(x) > pu(y) and
v(y) = Bij_1 > v(x). But by equivalence, v(x)> v(y). Thus we have a

contradiction. Hence Gj_; = Hj_y. Similarly, Gj,p, 1 = Hjym, 1.

Next, we show that if A;_q > A;, then Bj_; > Bj. The first claim implies
that Gj_; = Hj_1. If Bj_1 = Bj, let ae€ Hj —Hj_; and b € Hj_; — Hj_,.
Then B; = v(a) = Bj_1 = v(b), implying u(a) = w(b) with b € G;_1. So w(b)
> Li_1 > Aj, implying p(a) > Aj. Thus a € Gj_; = H;j_;, a contradiction.
Therefore, Bi_1 > Bj.
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Finally, we show that for any z € Hj 3, we have v(z) 2 B; and for
z & Hj,m 1, We have v(z) < B;j. Now suppose there exists z e Hivm 1
such that B = v(y) > v(z) = Bjym -1 for y € Hj — Hj_y. Then u(y) > u(z)
> ); by equivalence. This implies y € Gj_; = H;_;. Therefore, v(y) > Bi_1
> B = v(y), an absurdity. Thus, for all z € Hj,n._1, we have v(z) > B;.
Suppose z € Hj —Hj_q fori < j<i+m -1 If v(z) > B;, then B; > B;,
which is a contradiction. Hence v(z) = ;. Since A > Aj,py,, we have
Bi > Bivm, by an earlier part of the proof. This shows that B; repeats m;
times. Similarly for the converse. This completes the proof.

The above proposition leads to

Definition 2.2. Consider two pinned-flags as given below:
(Cq, 1) : GZ;O c Gl7Ll c G (Cy, ly): Hgo c HlBl c--c HEm,

(2.5)

where Ag = Bg =1. We say (Cq, /1) is equivalent to (C,, /,), and write
(Clv El) ~ (Cz, 62), if and onIy if:

i n=m;
(i) A > & ifand only if B; > B for 0 <i, j <n;
(iii) if Aj > Ajpq or Bj > Bjq1, then Gy =H; fori=0,1, .., n-1
(iv) Aj =0 ifandonlyif B; =0 for1<1i, j <n.
With the definition above, we have

Theorem 2.3. Let u and v be the fuzzy subgroups associated with the
pinned-flags (Cy, /1) and (C,, ¢5) given above, respectively. Then (Cq, /1)
~(Cy, ly) ifand only if p ~ v.



Sum and Quotient of Preferential Fuzzy Subgroups 239

Corollary 2.4. There is a one-to-one correspondence between the
preferential fuzzy subgroups and the equivalence classes of pinned-flags on
any finite abelian group G.

The above result enables us to reduce the study of preferential fuzzy
subgroups to that of pinned-flags.

3. Intersection and Product Under Equivalence

In [9], it was shown that the operation of fuzzy intersection does not
preserve preferential equality. Similar examples showing that the fuzzy
product does not preserve preferential equality can be exhibited. In this
section, we study conditions under which these operations preserve
preferential equality.

Note: If ¢ is a keychain of p, then we find it convenient to write
maxco(p) (resp. minco(u)) for maxco(¢) (resp.minco(/)). We define the
product ux v by (uxv)(x, y)=u(x) A v(y), see for instance [12]. For the
rest of this paper, we assume that any keychain used has at least two distinct
pins.

Proposition 3.1. Let p ~ g and v ~ v; with maxco(v) < minco(p)

and maxco(vy) < minco(uy). Then p A v ~ g Avy and px v ~ py X vy.
Proof. Let (u A v)(X) > (u A v)(y). First, suppose (u A v)(y) > 0.

Case (i). Assume v(y) < u(y). Since u(y) > 0, we have py(y) > 0. Also,
v(y) # 1 implies v{(y) # 1. Thus pq(x) > v4(y) by the maxco-minco property
of the hypothesis. By equivalence, v{(x) > vi(y). Hence (g A vy)(Xx) >
(ng A vi)(Y):

Case (ii). Assume p(y) < v(y). We must have v(y) =1 otherwise the
maxco-minco property is violated. Thus vi(y)=1. By equivalence,
w(x) > py(y). Also, v(x) > u(y) implies v(x) =1 = v4(x) by the maxco-

minco property. Hence (1 A v1)(X) > (ug A vp)(Y).
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Second, if (uAVv)(y)=0. Using equivalence, it follows easily that
(mg A v)(X) > (g A vy)(Y). Clearly, u A v(x) =0 if and only if py A vi(X)
=0. Thus p AV ~ g A vy,
For the product, the proof follows mutatis mutandis.
Example 3.2. Let G = Z;, and define p, g, v and vy by their pinned-
flags, respectively, as follows:
p:otc Z%/Z c Z]6/3 c Zfz, and py : ol Zg/d' c ZgS c Zfz.
vi0t Z%/lo c Zi{‘l c 21/220, and vq : ol le/lo c Zi/lz c Zi/215.
Clearly, p ~ pg and v ~ v¢ and maxco(v) < minco(un) and maxco(vy) <
minco(py ). It is easy to see that u A v is given by ol Zg/lo c Z%/ZO c
Z?z and py A vy is given by ol = le/lo c ZJG/lS c Zfz. Thus pAv ~
m A vy. We also observe that the maxco-minco property does not

necessarily lead to trivial cases as u A v is neither equal to nor equivalent to

any of the given fuzzy subgroups.

Now suppose that p ~ n; and v ~ v such that all 4 fuzzy subgroups

have the same flag. It still does not follow that fuzzy intersection and fuzzy
product preserve preferential equality. See the example below.

Example 3.3. Let G = Z;, and define p, g, v and vy by their pinned-

flags, respectively, as follows:
u: ol ZJZ/Z c Z]6/3 c Z]1/25 and py : ol Z;/g c Zg/G c Z]1/24,
viotc Z]éjz c ZJG/Z c Z?Z and vy : o < 22/4 c 22/4 c Z?Z-

Clearly, p ~pq and v ~ vi. But puxv(2,0)=1/3<2/2 = pxv(0, 6)
while g x v1(2, 0) =5/6 > 3/4 = uy x v1(0, 6). Similarly, for the fuzzy

intersection.
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However, we have

Proposition 3.4. Let n ~ pq and v ~ vq such that all 4 fuzzy subgroups
have the same flag. Suppose also that the keychain of each fuzzy subgroup
has no repeating nonzero non-unit pins. Then p A v~y A vy and uxv ~
Uy X V1.

Proof. We prove the proposition for the intersection, then the product
follows similarly. Let p A v(x) > p A v(y). Suppose first that u(y) < v(y).
By equivalence, py(x) > py(y). Let Hy < H; < --- < H, be a flag for all
4 fuzzy subgroups. If y € Hj — Hj_y, then x € Hj for j <i. Thus vy(x) >
vi(y). If w(y) # 0, then v(y) = 0 which implies v;(y) # 0. So if v{(x) =
vi(y), then vq(x) =1=vy(y) by hypothesis. Therefore, vi(x)> py(x) >
w A vi(y) which implies p3 A vi(X) > g A vq(y). The same result is
obtained if v{(x) > v¢(y). If u(y) =0, then py(y) = 0 by equivalence, thus
it is immediate that py A vi(X) > py A vy(y). The same result is obtained if

u(y) = v(y). This completes the proof as the result on supports is obvious.

Analogously

Proposition 3.5. Let p ~ py and v ~ v; such that all 4 fuzzy subgroups
have the same flag. Suppose also that A; = f; if and only if Aj = {8}, where
Ai, Aj, Bj, B} are pins in the keychains of w, py, v, vq, respectively, for
i=01L.,nThenpAav~pmy Avyand uxv ~ py X vy.

Proof. The proof is easy and is thus omitted.

If the keychains do contain repeating pins, then we have the following:

Proposition 3.6. Let n ~ py and v ~ vq such that A; > By if and only
if Aj >Bk and Aj < By if and only if Aj < Bi, where Aj, Aj, Bj, Bj are
pins in the keychains of p, py, v, vq, respectively. Then pAv ~p Avg

and pxv ~ g xvq.
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Proof. We prove the proposition for the product, then the intersection
follows mutatis mutandis. Let py(a) A vi(b) > py(x) A v1(b). Suppose first
that py(x) > v4(y). By equivalence, v(b) > v(y). Let By « B, c --- < B,
be a flag for py x vq. Let i be the least positive integer such that (x, y) € B;.
Let 1’ A Bic be the pin corresponding to B;. Then A'j A Bic = pq(x) A vi(y)
> vi(y) = Bk. So Aj > B implies Aj > By by hypothesis. Also, there exist
subscripts s and t such that A5 A Bt = py(a) A vi(b) > v1(y) = Bk, implying
that A5 > B} which implies w(a) = Ay > B, = v(y) by hypothesis, and
v(b) > v(y) by equivalence. Thus p(a) A v(b) > pu(x) A v(y). Similarly if
w(x) < vq(y). Itis also clear that px v(x, y) =0 if and only if py x vi(X, y)
= 0. This completes the proof.

4. Sum and Quotients Under Equivalence

In this section, we show that the sum preserves equivalence under the
conditions of the previous section. We also show that one of the quotients
preserves equivalence unconditionally, and that a second quotient preserves
equivalence under the conditions of the previous section.

1° Sums under equivalence:

Proposition 4.1. Let p ~pg and v ~ vy with maxco(v) < minco(n)

and maxco(vy) < minco(uy). Then p+v ~ py + vq.

Proof. Let (u+ v)(x) > (u + v)(y). Then there exist X;, X, Y1, Yo such
that LHS = u(x;) A v(x2) > RHS = u(y;) A v(yp), where x = x; + X, and
Yy = Y1+ Y2 Suppose that p(yp) A v(yz)>0. Assume p(y) A v(yz) =
v(y,). Then vq(xo) > v1(y2) by equivalence. If pq(x;) < vq4(y), then
v1(y2) = 1 by the maxco-minco property of the hypothesis. This is obviously
impossible. Thus py (%) > vi(y2). Hence py(x)Avi(X2)>pa(yr) A va(yr):
So (pg +v1)(X)> (g +v1)(Y).
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Suppose w(yy) A v(y2) = u(yy). Anargument similar to the above shows
that (ug + v1)(X) > (g + v1)(y). Next, assume that u(y;) A v(yp)=0.
Clearly, pi(y1) A vi(y2) =0. Thus (ug +vi)(x) > 0= (ug + vq)(y). This
completes the proof.

Proposition 4.2. Let p ~ pg and v ~ vy such that A; > By if and only
if Aj > Bk and Aj < Bi if and only if Aj < B, where A, Aj, Bj, Bj are
pins in the keychains of u, py, v, vy, respectively. Then p+ v ~ pg + vq.

Proof. Let (ug + vq)(a) > (ug + v1)(b). Then there exist a;, a, with a =
a +a, and by, b, with b =b; +b, such that py(a;) A vi(ay) > pi(by) A
v1(by). First, suppose py(by) A vi(by) = vi(by). If vi(by) # 0, then v(ay) >
v(b, ) by equivalence, and Aj = pq(a) > vi(by) = B which implies A; > By
by hypothesis. Thus p(a;) > v(by), hence u(ag) A v(as) > u(by) A v(by). If
vi(by) =0, then v(by) =0 by equivalence; thus p(a;) A v(ap) > p(by) A
v(by).

Next, suppose pi(by) A vi(by)=pq(by). An argument similar to the
above shows that p(a;) A v(ay) > u(by) A v(by). The fact that the two sums
have the same support is clear. Thus (u+ v)(a) > (u+ v)(b). This completes
the proof.

Example 4.3. Let G = Z;, and define p, py, v and vy by their pinned-
flags, respectively, as follows:

[T ol Zg/lo c Z]L{Z c Z]1/25 and py : ol 22/4 c Z]f c le/zﬁ’
vi0lc Zg/G c Zg/s c Zi/zs and vq : o < Zg/?’ c Z%/Z c le/zﬁ.

It is easily checked that pn ~ py and v ~ v4. Also, the conditions of the

above proposition are satisfied. Thus we expect equivalence to be preserved
by the sum. pu + v and py + vq are, respectively, given by p+v: ol < Z;/lo
c Zg/e c Zi/zz, W+ vy o < Zg/4 c Zg/?’ c Zi/z‘?. Thus indeed p+v

T~ t+vi
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Proposition 4.4. Let p ~ py and v ~ vy such that all 4 fuzzy subgroups

have the same flag. Suppose also that the keychain of each fuzzy subgroup
has no repeating nonzero non-unit pins. Then w+ v ~ py + vy.

Proof. Let (u + v)(x) > (u + v)(y). Then there exist x;, X, Y1, Yo such
that LHS = p(xy) A v(xo) > RHS = p(y;) A v(ys), where x = x; + Xo and
Yy = Y1+ Y2. Suppose that p(y;) A v(yz)>0. Assume p(y) A v(yz) =
v(y,). Then vi(x,) > v1(y,) by equivalence. Let Hy < Hy < --- = H, be
a flag for all 4 fuzzy subgroups. If y € Hj — H;_;, then x € H; for j <i.
Thus g + vi(X) 2 pg + vi(y). If pa(x) A vi(xp) = pa(yr) A va(yz), then

from the hypothesis about pins and equivalence, we get a contradiction of
the assumption about the sum. Thus (g + vq)(X) > (11 + vq)(y). The case

(w+v)(y)=0 is easy. It is also clear that (u+ v)(a) =0 if and only if
(ug +vy)(@)=0. Hence p+v ~ pg +vq. Analogously we state without

proof

Proposition 4.5. Let n ~ pg and v ~ vq such that all 4 fuzzy subgroups
have the same flag. Suppose also that A; = ; if and only if Aj = 8}, where
Aiy A, Bj, Bj are pins in the keychains of u, py, v, v1, respectively, for
i=01..,n Then p+v ~p +v;.
2° Quotients under equivalence:

Definition 4.6. (1) Suppose p and v are two fuzzy subgroups of G. Then
the fuzzy quotient /v is defined as a fuzzy subgroup of the quotient group
G/core(v) given by (u/v)(xcore(v)) = sup{u(a) : acore(v) = xcore(v), a
e G}, [5], [6], [15].

(2) Suppose p and v are two fuzzy subgroups of G. Then the fuzzy
p-quotient /v is defined as a fuzzy subset of the group G given by
(u/v)(x) = sup{ay v(x) : a; e pn}, where a3 v(x) = L A v(-a + x) [4].
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It is easily checked that the fuzzy p-quotient is given by (u/v)(x) =
sup{u(a) A v(-a + x) : a e supp u}.

Proposition 4.7. Let p ~ py and v ~ vy. Then for the fuzzy quotient, we
have p/v ~ py/vy.

Proof. Let (u/v)(xcore(v)) > (u/v)(ycore(v)). Thereexist xq, y; such
that x; core(v) = xcore(v), y; core(v) = ycore(v) and u(xq) > u(y;). By
equivalence, (%) > (y;) and core(v) =core(vy). Since (nq/vq)
-(ycore(vy)) = py(yy), it follows that (uy/vy)(xcore(v)) > (u1/v1)
-(ycore(v)). It is also immediate that (u/v)(xcore(v)) = 0 if and only if
(n1/v1)(xcore(v)) = 0. Thus p/v ~ py /vy.

Proposition 4.8. The fuzzy p-quotient (n/v)(x) = sup{ay v(x) : a; € pu}
is a fuzzy subgroup of G.

Proof. See [4].

Proposition 4.9. If suppv < supp u, then the fuzzy p-quotient

(u+v)(x) if p(x)>0,

(u/v) () = {0 it 1(x) = 0.

Since the sum of fuzzy subgroups does not in general preserve
preferential equality, it follows that the fuzzy p-quotient does not in general
preserve preferential equality.

Proposition 4.10. Let p ~ py and v ~ v; with maxco(v) < minco(p)

and maxco(vy) < minco(py ). Then, for the fuzzy p-quotient, p/v ~ pq/vy.

Proof. Let (u/v)(x) > (u/v)(y). There exist a, b € suppp such that
w@) A v(-a+ x) > u(b) A v(=b + y). Suppose p(b) A v(-b + y) = u(b). For
w(b) > 0, we have pj(a) > pq(b) by equivalence. Also, v(-b + y) > u(b)
and v(-a + x) > u(b) imply that v(-a + x) =1 = v(-a + y) by the maxco-
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minco property. Thus, by equivalence, vi(-a + x) =1=vq(-a+y). This
implies that py(a) A vi(—a+ x) > py(b) A vi(-b + y). For w(b) =0, we
have py(b) = 0 and v(-a + x) > 0 imply v{(—a + x) > 0. Therefore, p4(a)
Avi(-a+x)>p(b) Avi(-b+y). Next, suppose wu(b)A v(-b+y)=
v(=b + y). Equivalence implies v{(—a + x) > v(-b + y). u(a) > 0 implies
w(a) >0 by equivalence. Thus pq(a) > vi(-b + y) by the maxco-minco
property. Hence py(a) A vi(—a + x) > py(b) A vi(=b + y), implying (u1/v1)
<(x) > (ug/v1)(y). It is clear that (u/v)(x) =0 if and only if (ng/vy)(X)
= 0. This completes the proof.

Proposition 4.11. (1) Let pn ~ u; and v ~ vq such that A; > By if and
only if A > Bk and Aj < By if and only if Aj < B}, where Xi, Aj, Bi. Bj
are pins in the keychains of p, pq, v, vi, respectively. Then for the fuzzy

p-quotient, we have p/v ~ py/vq.

(2) Let u~py and v ~ vy such that all 4 fuzzy subgroups have the

same flag. Suppose also that the keychain of each fuzzy subgroup has distinct
nonzero non-unit pins. Then, for the fuzzy p-quotient, p/v ~ pq/vy.

(3) Let u ~p; and v ~ vq such that all 4 fuzzy subgroups have the
same flag. Suppose also that %; > B if and only if &j = B, where A;, Aj,
Bj, Bj are pins in the keychains of , ug, v, vq, respectively, for i=
0,1, ..., n. Then, for the fuzzy p-quotient, /v ~ pq/v1.

The proofs for the above three facts are straightforward and thus omitted.

Proposition 4.12. Let n ~ pu; and v ~ vq such that ol G c-c

G, =G and olc Hyc---c H,=G are the flags for n and v, respectively.
Let i be the least positive integer such that G; # H;, and suppose

minco(p) > maxco(v) and minco(py ) > maxco(v;) from the ith component
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on. Assume that the nonzero non-unit pins for each keychain are distinct at
all kth positions for k <i. Then (i) p A v ~ g Avy; (1) uxVv ~ g x vy,
(iii)) p+ v ~ pg + vq; (iv) for the fuzzy p-quotient, we have p/v ~ py/vy.
Proof. The proof combines earlier propositions.
Example 4.13. Let G = Z, and define u, uy, v and v; by their pinned-

flags, respectively, as follows:

u:Olczlz/ZCZ%/?’chl/;CZ]z/chgg

and
R Z%/Ll c Z%/S c Zi/ze c ZIZ/A? c 7%,
v:ot e Zg/G c ZgG c 21/87 c Zgg c Z]7/210
and

Y o' < Z;/S c Z]6/4 c Zi/glo c Z]g/él c Z]7/212.

It is easily checked that p ~ n; and v ~ vq. Also, the conditions of the

above proposition are satisfied with i = 3. Thus we expect equivalence to be
preserved by the operations. We check only the fuzzy sum. p+v and

Wy + vy are, respectively, given by p+ v : ol Zg/G c ZJG/S c Zjl/;' c le/j’

c Z%/g and py +vq: ol < Z;/S c Z]6/4 c Zi/ZG c Z12/47 c Z]7/210 showing
that the sum preserves equivalence.

In conclusion, we may also have other combinations of the propositions
analogous to the above. For example, we may combine the maxco-minco
property with the property “A; > ; if and only if Aj > '} to have a more

complex proposition. Further, we may also combine all conditions discussed
in this paper to give an even better proposition involving preservation of
preferential equality by operations. Finally, it is also possible to change the
order of combinations to arrive at useful propositions and examples. For
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example, we may start with the minco-maxco property, follow it with the
condition of the same components and then other conditions may be added
towards the end. However, to keep the paper brief and interesting, we omit
such elaborate combinations.
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