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Abstract 

In this paper, we introduce the notion of generalized contractive 
condition of a rational type and prove the existence of best proximity 
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point in the setting of metric space which generalizes the result of 
Eldred and Veeramani [1] and Jaggi [2]. 

1. Introduction 

Let A and B be nonempty subsets of a metric space ( )dX ,  and a map 

BABAT ∪∪ →:  be called a cyclic mapping if ( ) BAT ⊆  and ( ) .ABT ⊆  

If the fixed point equation xTx =  does not possess a solution, then it          
is natural to find an Ax ∈  satisfying ( ) ( ) { ( ) :,inf,, yxdBAdTxxd ==  

}., ByAx ∈∈  A point Ax ∈  is called a best proximity point for T if 

( ) ( ).,, BAdTxxd =  

Eldred and Veeramani [1] introduced cyclic contraction maps. 

Definition 1.1 [1]. Let A and B be nonempty subsets of a metric space 
( )., dX  A map BABAT ∪∪ →:  is called a cyclic contraction if it 

satisfies 

 (i) ( ) BAT ⊆  and ( ) ;ABT ⊆  

(ii) for some ( ),1,0∈k  we have ( ) ( ) ( ) ( ),,1,, BAdkyxkdTyTxd −+≤  

for all ., ByAx ∈∈  

Using the concept of cyclic contraction Eldred and Veeramani [1] proved 
the existence of best proximity point. 

Theorem 1.2 [1]. Let A and B be nonempty closed subsets of a metric 
space ( )dX ,  and BABAT ∪∪ →:  be cyclic contraction. If either A or 

B is boundedly compact, then there exists BAx ∪∈  such that ( ) =Txxd ,  

( )., BAd  

Jaggi [2] proved the following fixed point theorem. 

Theorem 1.3 [2]. Let T be a continuous self map defined on a complete 
metric space ( )., dX  Suppose that T satisfies the following contractive 

condition: 
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( ) ( ) ( )
( ) ( )yxdyxd

TyydTxxdTyTxd ,,
,,, β+α≤  

for all yxXyx ≠∈ ,,  and for some [ )1,0, ∈βα  with .1<β+α  Then T 

has a unique fixed point in X. 

In this paper, we introduce the notion of generalized contractive 
condition of a rational type and prove the existence of best proximity point in 
the setting of metric space which generalizes Theorem 1.2 by Eldred and 
Veeramani, and Jaggi. 

2. Preliminaries 

In this section, we give some basic definitions and concepts which are 
useful and related to the context of our results. 

Let A and B be nonempty subsets of a metric space ( )., dX  Define 

( ) ( ){ }.,:,inf, ByAxyxdBAd ∈∈=  

Definition 2.1. A subset K of a metric space ( )dX ,  is said to be 

boundedly compact if each bounded sequence in K has a subsequence 
converging to a point in K. 

Definition 2.2. Let A and B be nonempty subsets of a metric space 
( )., dX  A mapping BABAT ∪∪ →:  is said to satisfy generalized 

contractive condition of a rational type if 

 (i) ( ) BAT ⊆  and ( ) ;ABT ⊆  

(ii) 

( ) ( ) ( )
( ) ( ) ( ) ( )yxdTyydTxxdyxd

TyydTxxdTyTxd ,,,,
,,, δ+γ+β+α≤  

( )( ) ( )BAd ,1 δ+γ+β+α−+  

for all ByAx ∈∈ ,  with ,1<δ+γ+β+α  where .1,,,0 ≤δγβα≤  

Note that if ,0=γ=β=α  then T is a cyclic contraction. 
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3. Main Results 

First, we give simple but very useful approximation result. 

Proposition 3.1. Let A and B be nonempty subsets of a metric space X. 
Suppose that BABAT ∪∪ →:  is cyclic and satisfies 

( ) ( ) ( )
( ) ( ) ( ) ( )yxdTyydTxxdyxd

TyydTxxdTyTxd ,,,,
,,, δ+γ+β+α≤  

( )( ) ( )BAd ,1 δ+γ+β+α−+  

for all ,Ax ∈  By ∈  with ,1<δ+γ+β+a  where .1,,,0 ≤δγβα≤  

Then for any ,0 BAx ∪∈  we have ( ) ( ),,, BAdTxxd nn →  where =+1nx  

,nTx  ....,2,1,0=n  

Proof. 

( ) ( )nnnn TxTxdxxd ,, 11 −+ =  

( ) ( )
( ) ( )11

1
11 ,,

,,
−−

−
−− β+

α
≤ nn

nn
nnnn Txxdxxd

TxxdTxxd  

( ) ( ) ( )( ) ( )BAdxxdTxxd nnnn ,1,, 1 δ+γ+β+α−+δ+γ+ −  

( ) ( )
( ) ( ) ( )11

1
11 ,,,

,,
+−

−
+− γ+β+

α
= nnnn

nn
nnnn xxdxxdxxd

xxdxxd  

( ) ( )( ) ( )BAdxxd nn ,1,1 δ+γ+β+α−+δ+ −  

( ) ( ) ( ) ( )nnnn xxdxxd ,, 11 −+ δ+β+γ+α=  

( )( ) ( ).,1 BAdδ+γ+β+α−+  

Therefore, 

( ) ( ) ( ) ( ) ( ).,11,1, 11 BAdxxdxxd nnnn ⎟
⎠
⎞⎜

⎝
⎛

γ+α−
δ+β−+

γ+α−
δ+β≤ −+  
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Put 
( )

,
1 γ+α−

δ+β
=k  then .1<k  Therefore, 

( ) ( ) ( ) ( )BAdkxxkdxxd nnnn ,1,, 11 −+≤ −+  

( ) ( ) ( )[ ] ( ) ( )BAdkBAdkxxkdk nn ,1,1, 12 −+−+= −−  

( ) ( ) ( ).,1, 2
12

2 BAdkxxdk nn −+= −−  

Inductively, we have 

( ) ( ) ( ) ( ).,1,, 101 BAdkxxdkxxd nn
nn −+≤+  

As ,∞→n  we obtain ( ) ( ).,, 1 BAdxxd nn →+   

The following result of Eldred and Veeramani [1] is a special case of the 
above Proposition 3.1. 

Corollary 3.1. Let A and B be nonempty subsets of a metric space X. 
Suppose BABAT ∪∪ →:  is a cyclic contraction map. Then starting 

with any ,0 BAx ∪∈  we have ( ) ( ),,, BAdTxxd nn →  where ,1 nn Txx =+  

....2,1,0=n  

Proposition 3.2. Let A and B be nonempty closed subsets of a complete 
metric space X. Let BABAT ∪∪ →:  be cyclic and satisfy 

( ) ( ) ( )
( ) ( ) ( ) ( )yxdTyydTxxdyxd

TyydTxxdTyTxd ,,,,
,,, δ+γ+β+α≤  

( )( ) ( )BAd ,1 δ+γ+β+α−+  

for all ,Ax ∈  By ∈  with ,1<δ+γ+β+α  where .1,,,0 ≤δγβα≤  Let 

Ax ∈0  and define .1 nn Txx =+  Suppose { }nx2  has a convergent subsequence 

in A. Then there exists Ax ∈  such that ( ) ( ).,, BAdTxxd =  

Proof. Let { }knx2  be a subsequence of { }nx2  converge to some .Ax ∈  

Then ( ) ( ) ( ) ( ).,,,, 122212 −− +≤≤ kkkk nnnn xxdxxdxxdBAd  
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Thus ( ) ( ).,, 12 BAdxxd kn →−  

Now, 

( ) ( )TxxdBAd kn ,, 2≤  

( ) ( )
( ) ( )1212

12

1212 ,,
,,

−−
−

−− β+
α

≤ kk
k

kk
nn

n

nn Txxdxxd
TxxdTxxd

 

( ) ( ) ( )( ) ( ).,1,, 12 BAdxxdTxxd kn δ+γ+β+α−+δ+γ+ −  

Taking limit as ,∞→n  we get 

( ) ( ) ( ) ( )
( ) ( )BAdBAd

TxxdBAdTxxdBAd ,,
,,,, β+α≤≤  

( ) ( ) ( )( ) ( ),,1,, BAdBAdTxxd δ+γ+β+α−+δ+γ+  

that is, 

 ( ) ( ) ( ) ( ) ( )( ) ( ).,1,,, BAdTxxdTxxdBAd γ+α−+γ+α≤≤  (2) 

From (2), 

( ) ( ) ( ) ( )( ) ( ),,1,, BAdTxxdTxxd γ+α−+γ+α≤  

we have 

( )( ) ( ) ( )( ) ( ),,1,1 BAdTxxd γ+α−≤γ+α−  

( ) ( ).,, BAdTxxd ≤  (3) 

From (2) and (3), we get ( ) ( ) ( ).,,, BAdTxxdBAd ≤≤  Thus ( )Txxd ,  

( )., BAd=   

The following result of Jaggi [2] is a special case of the above 
Proposition 3.2. 

Corollary 3.2. Let T be a continuous self map defined on a complete 
metric space ( )., dX  Suppose that T satisfies the following contractive 

condition: 
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( ) ( ) ( )
( ) ( )yxdyxd

TyydTxxdTyTxd ,,
,,, β+α≤  

for all ,, Xyx ∈  yx ≠  and for some [ )1,0, ∈βα  with .1<β+α  Then T 

has a unique fixed point in X. 

Proof. Let .XBAXBA =⇒== ∪  Then T is cyclic map. Define 

.1 nn Txx =+  Then { }nx  is a convergent sequence in A and hence { }nx2  is a 

convergent sequence in A. Then by Proposition 3.2 there exists Ax ∈  such 

that ( ) ( ) .0,, == BAdTxxd  Therefore, .xTx =   

The following result of Eldred and Veeramani [1] is a special case of the 
above Proposition 3.2. 

Corollary 3.3. Let A and B be nonempty closed subsets of a complete 
metric space X. Let BABAT ∪∪ →:  be cyclic contraction map. Let 

Ax ∈0  and define .1 nn Txx =+  Suppose { }nx2  has a convergent subsequence 

in A. Then there exists Ax ∈  such that ( ) ( ).,, BAdTxxd =  

Proposition 3.3. Let A and B be nonempty subsets of a metric space X. 
Let BABAT ∪∪ →:  be cyclic and satisfy 

( ) ( ) ( )
( ) ( ) ( ) ( )yxdTyydTxxdyxd

TyydTxxdTyTxd ,,,,
,,, δ+γ+β+α≤  

( )( ) ( )BAd ,1 δ+γ+β+α−+  

for all ,Ax ∈  By ∈  with ,1<δ+γ+β+α  where .1,,,0 ≤δγβα≤  

Then for any BAx ∪∈0  and ,1 nn Txx =+  ...,,2,1,0=n  the sequences 

{ }nx2  and { }12 +nx  are bounded. 

Proof. Suppose Ax ∈0  (the proof when Bx ∈0  is similar). Since by 

Proposition 3.1, ( )122 , +nn xxd  converges to ( )., BAd  So it is enough to 

prove that { }12 +nx  is bounded.  
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Suppose { }12 +nx  is not bounded. Then there exists 0N  such that 

( ) MxTxTd N >+
0

12
0

2 0,  and ( ) ,, 0
12

0
2 0 MxTxTd N ≤−  

where 

( ) ( ) ( )
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

+
−

> 00
2

2

00 ,,,
11

,2max TxxTdBAd

k

TxxdM  

and ( ) .1 γ+α−
δ+β=k  

( )0
12

0
2 0, xTxTdM N +<  

( ) ( ) ( )BAdkxTTxkd N ,1, 0
2

0 0 −+≤  

[ ( ) ( ) ( )] ( ) ( )BAdkBAdkxTxkdk N ,1,1, 0
12

0 0 −+−+≤ −  

( ) ( ) ( ).,1, 2
0

12
0

2 0 BAdkxTxdk N −+= −  

Therefore, 

( ) ( ) ( )0
12

02
0,,, xTxdBAd

k
BAdM N −<+−  

( ) ( )0
12

0
2

0
2

0 0,, xTxTdxTxd N −+≤  

( ) MxTxd +≤ 0
2

0,  

( ) ( ) MxTTxdTxxd ++≤ 0
2

000 ,,  

( ) .,2 00 MTxxd +≤  

Thus, ( ) ( )BAd

k

TxxdM ,
11

,2

2

00 +
−

<  which is a contradiction.  
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The following result of Eldred and Veeramani [1] is a special case of the 
above Proposition 3.3. 

Corollary 3.4. Let A and B be nonempty subsets of a metric space X. Let 
BABAT ∪∪ →:  be cyclic contraction map. Then for BAx ∪∈0  and 

define ,1 nn Txx =+  ...,,2,1,0=n  the sequences { }nx2  and { }12 +nx  are 

bounded. 

Theorem 3.4. Let A and B be nonempty closed subsets of a metric space 
X. Let BABAT ∪∪ →:  be a cyclic map and satisfy 

( ) ( ) ( )
( ) ( ) ( ) ( )yxdTyydTxxdyxd

TyydTxxdTyTxd ,,,,
,,, δ+γ+β+α≤  

( )( ) ( )BAd ,1 δ+γ+β+α−+  

for all ,Ax ∈  By ∈  with ,1<δ+γ+β+α  where .1,,,0 ≤δγβα≤  If 

either A or B is boundedly compact, then there exists BAx ∪∈  such that 

( ) ( ).,, BAdTxxd =  

Proof. Suppose A is boundedly compact. Let Ax ∈0  and .1 nn Txx =+  

By Proposition 3.3, { }nx2  is bounded. Since A is boundedly compact, we 

have { }nx2  has a subsequence converges to a point in A. By Proposition 3.2, 

there exists Ax ∈  such that ( ) ( ).,, BAdTxxd =  Similarly, we can prove 

when B is boundedly compact. This completes the proof.  

The following result of Eldred and Veeramani [1] is a special case of the 
above Theorem 3.4. 

Corollary 3.5. Let A and B be nonempty closed subsets of a metric space 
X. Let BABAT ∪∪ →:  be a cyclic contraction map. If either A or B is 

boundedly compact, then there exists BAx ∪∈  such that ( ) =Txxd ,  

( )., BAd  
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