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Abstract 

We establish polynomial upper bounds on large and moderate 
deviations for diffeomorphisms with weak hyperbolic product 
structure studied in [12], which is the intersection of two transversal 
families of weak stable and weak unstable disks, with countably many 
branches and variable return times. Applications of our results are 
some almost Anosov diffeomorphisms with uniformly contracting 
direction of which restriction on one dimensional center unstable 
direction behaves as a Manneville-Pomeau map. 

1. Introduction 

The purpose of this paper is to study upper bounds on large deviations 
for diffeomorphisms of a manifold. Let M be a finite dimensional 
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Riemannian manifold, }Mf :  a map of M, and μ an f-invariant ergodic 

probability measure. For any ( )μ1L  observation ,: R→ϕ M  let =ϕ :nS  

∑ −
= ϕ1

0 .n
i

ifD  By Birkhoffs ergodic theorem, ϕnSn
1  converges to the mean 

∫ μϕd  for μ-almost everywhere. The theory of large deviations concerns 

bounds on the probability 

( ) .1:;, ⎟
⎠
⎞⎜

⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧ ε≥⎟

⎠
⎞⎜

⎝
⎛ μϕ−ϕμ=μεϕ ∫ dnSnDev nn  

In the context of uniform hyperbolic systems, Kifer [16] and Young [30] 
proved large deviation results for Anosov diffeomorphisms and Axiom A 
attractors (see also the results of Kifer [16], Orey and Pelikan [23], Lopes 
[18]). 

Beyond the context of uniformly hyperbolic systems, Araújo and 
Pacifico proved large deviations for non-uniformly expanding maps           
with non-flat singularities or criticalities and some partially hyperbolic 
diffeomorphisms with mostly expanding central direction [1]. Powerful 
methods for studying large and moderate deviations are presented by Rey-
Bellet and Young [3], Melbourne and Nicol [22], and Melbourne [21]. The         
key object in [3, 21, 22] is a generalized horseshoe in the sense of Young 
[31]. This object allows us to collapse stable disks to deduce an expanding 
map for which large and moderate deviations results recover the same   
results for the original system. Applications in [3, 21, 22] include several 
important classes of chaotic systems which are Hénon maps [2], piecewise 
hyperbolic maps [31], dispersing billiards [31], some partially hyperbolic 
diffeormophisms [7, 8], Manneville-Pomeau maps, planar periodic Lorentz 
gases and dispersing Lorentz flows with vanishing curvature [21, 22]. 

We should also mention the results on large deviations for a general class 
of unimodal interval maps by Keller and Nowicki [15], for systems with 
indifferent fixed points by Pollicott and Sharp [25], Pollicott et al. [26], and 
for expansive homeomorphisms with specification by Maes and Verbitskiy 
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[19]. We note several important references on large deviations by Dembo and 
Zeitouni [9], Eliss [10], and Hennion and Hervé [14]. 

In this paper, we propose some scheme to obtain polynomial upper 
bounds on large and moderate deviations for diffeomorphisms equipped with 
some weaker conditions on the generalized horseshoe in [31]. Our results are 
applied to some partially hyperbolic diffeomorphisms of which the restriction 
on one dimensional center unstable direction behaves as the Manneville-
Pomeau type maps [11-13]. 

This paper is organized as follows: In the next two subsections, we      
state main results and introduce examples of some partially hyperbolic 
diffeomorphisms to which our results are applied. The proof of the main 
results will be done in Section 2. 

1.1. Statements and results 

Let }Mf :  be a diffeomorphism of a finite dimensional Riemannian 

manifold M. Let d denote the distance on M induced by the Riemannian 
metric. An embedded disk M⊂γ  is called a weak unstable disk if for any 

,, γ∈yx  ( ( ) ( )) 0, →−− yfxfd nn  as .∞→n  An embedded disk M⊂γ  

is called a weak stable disk if for any ,, γ∈yx  ( ( ) ( )) 0, →yfxfd nn  as 

.∞→n  We say that { }uu γ=Γ :  is a continuous family of 1C -weak unstable 

disks if there exist a compact set ,, N∈kK s  a unit disk uD  of kR  and a 

map MDK usu →×Φ :  such that 

  (i) uΦ  maps us DK ×  homeomorphically onto its image, 

 (ii) ( )⋅×Φ xx u6  is a continuous map from sK  into ( ),,1 MDEmb u  

the space of 1C -embeddings of uD  into M, and 

(iii) each uγ  is a weak unstable disk and satisfies that ( ).uuu Dx ×Φ=γ  

A continuous family of 1C -weak stable disks is defined similarly. 
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We say that a subset Ξ  has a weak hyperbolic product structure if       

there exist a continuous family of 1C -weak unstable disks { }uu γ=Γ :  and a 

continuous family of 1C -weak stable disks { }ss γ=Γ :  such that 

  (i) ,dimdimdim Msu =γ+γ  

 (ii) the uγ -disks are transversal to the sγ -disks with the angles between 

them bounded away from 0, 

(iii) each uγ -disk meets each sγ -disk exactly one point, and 

(iv) ( ) ( ).su γγ=Ξ ∪∩∪  

Throughout this subsection, we will always assume that f admits a subset 
M⊂Λ  with conditions (C1) and (C2) below. For any submanifold 

,M⊂γ  γm  denotes the Lebesgue measure on γ. 

(C1) Λ  has a weak hyperbolic product structure with the defining 

families uΓ  and .sΓ  Furthermore, for any ,uΓ∈γ  ( ) .0>Λγγ ∩m  

A subset Λ⊂Λ0  is called an s-subset if there exists ss Γ⊂Γ0  such that 

0Λ  has a weak hyperbolic product structure with defining families uΓ          

and .0
sΓ  A u-subset is defined similarly. For ,Λ∈x  let ( ) ( ( ))xx su γγ resp.  

denote the element of uΓ  ( )sΓresp.  which contains x. 

(C2) There exist disjoint s-subsets Λ⊂ΛΛ ...,,, 11  such that 

(a) for any ,uΓ∈γ  ( )( ) ,0\ 1 =ΛΛγ ≥γ iim ∪∩  

(b) for any ,N∈i  there exists N∈iR  such that ( )i
Rif Λ  is a u-subset 

of Λ  and 

(c) for any ,ix Λ∈  ( ( )) ( ( ))xfxf ii RssR γ⊂γ  and ( ( )) ⊃γ xf uRi  

( ( )).xf iRuγ  
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By (C2), we can define a return time function N→Λ:R  by 

.: iRR i =| Λ  A return map }Λ:Rf  is defined by 

( ) ( )( )xfxf xRR =:  

for any Λ∈x  with ( ) .∞<xR  We give a notion of separation time (cf. [32]). 

Let { } .0: NZ ∪=+  For ,, Λ∈yx  the separation time ( )yxs ,  is defined by 

( ) { ( ) ( )xfnyxs nR|∈= +Zinf:,  and ( ) ( )yf nR  belong to distinct }s’iΛ  

with the convention: ( ) ∞=yxs ,  if the corresponding set is empty. For         

any ,N∈n  let ( )unf  denote the restriction of nf  to ,uΓ∈γ  and 

( ( ) )un
x fDdet  denote the Jacobian of the derivative ( )un

x fD  of ( )unf  at 

.Λ∈x  

There exist 0>C  and 10 <β<  such that the following conditions 

(C3) and (C4) are satisfied on the set :Λ  

(C3) For any N∈Γ∈γ iu ,  and ,, iyx Λγ∈ ∩  

( ( ) )
( ( ) )

( ( ) ( )).
det
detlog , yfxfs

uR
y

uR
x iRiR

i

i
C

fD
fD

β≤  

Let ( )11, mX  and ( )22, mX  be finite measure spaces. We say that a 

measurable bijection ( ) ( )2211 ,,: mXmXT →  is nonsingular or absolutely 

continuous if it maps sets of 1m -measure 0 to sets of 2m -measure 0. If T is 

absolutely continuous, then there exists the Jacobian ( ) ( ) == TJTJ mm 21,  

( ) 12
1 dmmTd −

∗  of T with respect to 1m  and .2m  

(C4) For any γ and ,uΓ∈γ′  if Λγ′→ΛγΘ ∩∩:  is defined by 

( ) ( ) γ′γ=Θ ∩zz s  for any ,Λγ∈ ∩z  then Θ  is absolutely continuous and 

satisfies 
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(a) 
( )

( )
( ( ) )

( ( )( ) )
∏
∞

= Θ
γ

γ′
−
∗ =

Θ

0

1
,

det

det

i
u

xf

u
xf

fD

fD
xdm

md

i

i
 

(b) 

( ( ) )

( ( )( ) )

( ( ) )

( ( )( ) )∑ ∑
∞

=

∞

= ΘΘ

−
i i k

k

k

k

Rk Rk
u

yf

u
yf

u
xf

u
xf

fD

fD

fD

fD

det

det
log

det

det
log  

( ( ) ( )) ( ).,,
i

yfxfs yxC
iRiR

Λγ∈∀β≤ ∩  

Remark 1.1. Property (P4) in [31] implies (C3). For diffeomorphisms 
introduced in the next subsection (see [12, 13]), it is difficult to find a subset 
with (P4) in [31], however, it is easy to find a subset with (C3). 

Remark 1.2. Property (P4) together with (P5) in [31] implies (C4). 
Indeed, it is shown in the proof of Lemma 1 in [31]. 

We give a definition of an SRB measure. An embedded disk M⊂γ          

is called a unstable disk if for any ,, γ∈yx  ( ( ) ( )) 0, →−− yfxfd nn  

exponentially fast as .∞→n  An invariant probability measure μ is said to 
be a Sinai-Ruelle-Bowen (SRB) measure if (i) μ has positive Lyapunov 
exponents, and (ii) the conditional measures of μ on unstable disks are 
absolutely continuous with respect to the Lebesgue measures on these disks 
(see [17] for the precise meaning of (ii)). 

Remark 1.3 [12]. Let }Mf :  be a diffeomorphism which admits a 

subset Λ  with conditions (C1)-(C4). Suppose that there exists uΓ∈γ  such 

that ∫ Λγ γ ∞<
∩

.Rdm  Then f has an invariant probability measure ν whose 

conditional measures on weak unstable disks ( )∪∞
= Γ0i

uif  are absolutely 

continuous with respect to the Lebesgue measures on these disks. The 
measure ν for diffeomorphisms introduced in the next subsection is an SRB 
measure. 
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We further require the following conditions (C5) and (C6) to establish 
upper bounds on large and moderate deviations of a measure ν as in Remark 
1.3 for f: 

(C5) For any ,, N∈′ii  { },1...,,1,0 −∈ iRA  and { },1...,,1,0 −∈′ ′iRA  

there exists ( ) N∈′′= AA,,, iiNN  such that ( ( )) ( ) ∅≠ΛΛ ′
′−

ii
n fff AA ∩  

for any .Nn ≥  

Let ηH  denote the set of Hölder continuous functions on M with Hölder 

exponent η. To state condition (C6) below, for any ,η∈ϕ H  we define 

functions { }∞±→×Λ×Λψχ + ∪RZ:,  as follows: for any ,ss Γ∈γ  

Λγ∈′ ∩sxx,  and ( ){ },1...,,0 −∈ xRA  

( ) ( ( ( )) ( ( )))∑
∞

+=

′ϕ−ϕ=′χ
1

,:,,
A

A
k

kk xfxfxx  

( ) ( ) ( ( )).,,:,, xfxxxx AAA ϕ+′χ=′ψ  

(C6) For any ,η∈ϕ H  there exists 0>ϕC  such that 

(a) for any Λγ∈′Γ∈γ ∩sss xx,,  and ( ){ },1...,,0 −∈ xRA  

( ) ( ( )) ,,, ϕ≤ϕ+′χ Cxfxx AA  

(b) for any ,, uuu Γ∈γγ ′  ,, sss Γ∈γγ ′  ,N∈i  iyyxx Λ∈′′ ,,,  with 

,, uyx γ∈  ,, uyx ′γ∈′′  sxx γ∈′,  and syy ′γ∈′,  and { },1...,,0 −∈ iRA  

( ) ( ) ( ).,,,, , yxsCyyxx β≤′ψ−′ψ ϕAA  

Remark 1.4. It follows from the same arguments as in the proof of 
Lemma 1(3) in [31] that Properties (P3) and (P4) in [31] imply (C6). 
Diffeomorphisms in the next subsection satisfy (C6). 

Let μ be an f-invariant probability measure. For any Borel function 
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,: R→ϕ M  ,N∈n  ( ]1,0∈τ  and ,0>ε  let 

( ) ,1:;, ⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧ ε≥⎟

⎠
⎞⎜

⎝
⎛ μϕ−ϕμ=μεϕ ∫τ dnS

n
Dev nrn  

where ∑ −
= ϕ=ϕ 1

0 .: n
i

i
n fS D  

For any ,+∈ Zn  let { } ( ){ }.: nxRxnR >|Λ∈=>  Let [ ).,0: ∞=+R  

For any two sequences { } N∈nna  and { } ,N∈nnb  ( )nn bOa =  means that there 

exists 0>K  such that for any ,N∈n  .nn Kba ≤  

The main result of this paper is the following: 

Theorem A. Let }Mf :  be a diffeomorphism which admits a subset 

Λ  with conditions (C1)-(C6). Suppose that there exists uΓ∈γ  such that 

∫ Λγ γ ∞<
∩

.Rdm  Further, suppose that there exists a positive increasing 

function RR →+:v  such that (i) ( ) { }( )∑∞
= γ ∞<>1A AA Rmv  and (ii) a 

sequence ( )
( )

∞

=⎭
⎬
⎫

⎩
⎨
⎧

+ 11 AA
A

v
v  is also increasing, and that there exists ( )vpp =  

[ )∞∈ ,1  such that ∑∞
=

−−
∞<⎟

⎠
⎞

⎜
⎝
⎛⋅1

2
1

2
1

.2A
AA pv  Then there exists an invariant 

probability measure ν whose conditional measures on weak unstable       

disks ( )∪∞
= Γ0i

uif  are absolutely continuous with respect to the Lebesgue 

measures on these disks such that for any ,η∈ϕ H  ,0>ε  and ,1,2
1

⎥⎦
⎤⎜

⎝
⎛∈τ  

( ) ( ( ) ).;, 21 τ−τ =νεϕ p
n nODev  

We notice that if f admits a subset Λ  with (C1)-(C6) such that there exist 
uΓ∈γ  and ( )∞∈λ ,2  such that { }( ) ( ),λ−

γ => nOnRm  then Theorem A is 

applicable to such an f. In particular, for any ( ),,2 λ∈λ′  if we define an 
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increasing function RR →+:v  by ( ) [ )( )1,01 ∈= ttv  and ( ) 1−λ′= ttv  

[ )( ),,0 ∞∈t  then we can take p to be any [ ).1,1 −λ′∈p  

In Theorem A, if we take ,1=τ  then we have polynomial upper bounds 

on level 1 large deviations. Next results on level 2 polynomial upper large 
deviation bounds are reduced from level 1 polynomial upper large deviation 
bounds of Theorem A. This is done by the same arguments as in [25]. For 

any ,Mx ∈  let xδ  denote the dirac measure at x, and for any ,N∈n  set 

( )∑ −
= δ=δ 1

0 .: n
i xfxn iS  

Theorem B. Assume M to be compact in the hypothesis of Theorem A. 
Let ( )MM  denote the set of probability measures on M with the weak * 

topology. Then for any compact set ( )MMC ⊂  with ,C∉ν  

( ).1 p
xn nOSnMx −=⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧ ∈δ∈ν C  

For the case when { }( ) ( )λ−γ => nOnRm  for some uΓ∈γ  and ∈λ  

( ],2,1  we have the following results: 

Theorem C. Let }Mf :  be a diffeomorphism which admits a subset 

Λ  with conditions (C1)-(C6). Suppose that there exist uΓ∈γ  and 

( ]2,1∈λ  such that { }( ) ( ).λ−
γ => nOnRm  Then there exists an invariant 

probability measure ν whose conditional measures on weak unstable disks 

( )∪∞
= Γ0i

uif  are absolutely continuous with respect to the Lebesgue 

measures on these disks such that for any ,η∈ϕ H  ,0>ε  ⎥⎦
⎤⎜

⎝
⎛∈τ 1,2

1  and 

( ),,1 λ∈λ′  

( ) ( ).;, 23 τ−+λ′−τ =νεϕ nODevn  
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In this case, by the same arguments as in [25], polynomial upper bounds 
on level 1 large deviations of Theorem C reduce same upper bounds on level 
2 large deviations: 

Theorem D. Assume M to be compact in the hypothesis of Theorem C. 
Then for any compact set ( )MMC ⊂  with ,C∉ν  

( ).1 1+λ′−=⎟
⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧ ∈δ∈ν nOSnMx xn C  

1.2. Examples 

Let g be a α+1C -diffeomorphism of the two dimensional torus .2T  We 
impose on g the following assumptions A1-A3: 

A1. g is an almost Anosov diffeomorphism with uniform contracting 
direction, i.e., there exist a non-hyperbolic fixed point P of g, a norm ⋅  on 

,2T  ( )1,0∈κ  and a gDx  invariant decomposition ( ) ( )xExET us
x ⊕=2T  

into subspaces ( )xEs  and ( )xEu  which satisfy 

( ) ( )

( )

( )⎪⎩

⎪
⎨
⎧

≠>

==
|κ≤|

.1

,1
,

Px

Px
gDgD

xExxEx us  

For any ( ],1,0∈ε  let [ ],,: εε−=εI  and ( ) ( )NT ∈rIEmbr 2
1,  denote 

the set of rC  embeddings of 1I  into 2T  with the rC -topology. By 

Assumption A1, it follows from [28, Theorem IV.1] that there exist two 

continuous maps ( )2
1

12 ,: TT IEmbs →φ  and ( )2
1

12 ,: TT IEmbu →φ  

with { }( ) ( )usxxx ,,0 2 =σ∈=×φσ T  such that for any ( ],1,0∈ε  the 

local stable and local center unstable manifolds ( ) { }( )εε ×φ= IxxV ss :          

and ( ) { }( )εε ×φ= IxxV uu :  satisfy ( ) ( )xExVTx
σσ

ε =  for us,=σ  (for more 

details, see [28]). 

A2. uφ  is a continuous map from 2T  to ( )2
1

2 , TIEmb  with respect to 

the 2C  topology. 
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By [12, Lemma 4.1], we have that ( ( )) ( ).1 PVPVg uu
εε

− ⊂  Then g 

restricted to ( ),PV u
ε  ( ),PV ug

ε
|  is a map from ( )PV u

ε  to ( ( )).PVg u
ε  Using 

the { }( ),⋅×φ Pu  we can identify ( )PV u
ε  with .εI  Then P corresponds to the 

origin 0 in ,εI  and thus 0 is a fixed point for ( ).PV ug
ε

|  

A3. If we identify ( )PV u
ε  with ,εI  then the graph of ( )PV ug

ε
|  can be 

represented as 

( )( ) ( ).2xoxxxxg
PV u ++=| α

ε
 

The map g has a Markov partition ,R  and admits subsets { ( )}J
j

j
1=Λ  

2T⊂  such that each ( )jΛ  is some element of R  and does not contain          

the fixed point P. Each ( )jΛ  satisfies conditions (C1)-(C5) with some 
modifications as in [12] and [13], and, using the same arguments as in [12] 

and [13], condition (C6) with the same modification holds on the set ( ).jΛ  In 
this case, it is possible to make the proof progresses of Theorems A-D to 
have the following result. We note that the map g has a unique ergodic SRB 
measure [13]. 

Theorem E. For any ( ),1,0∈α  the map g above has a unique ergodic 

SRB measure ν such that for any ( ),1,α∈α′  the following hold: 

(1) for any ,nH∈ϕ  ,0>ε  and ,1,2
1

⎥⎦
⎤⎜

⎝
⎛∈τ  

( )
(

( )
)

( ) ( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

⎟
⎠
⎞⎜

⎝
⎛ α∈α′⎟

⎠
⎞

⎢⎣
⎡∈α

⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛α∈α′⎟

⎠
⎞⎜

⎝
⎛∈α

=νεϕ
⎟
⎠
⎞⎜

⎝
⎛ τ−+

α′
−

τ−⎟
⎠
⎞⎜

⎝
⎛ −
α′

τ

,1,,1,2
1

,2
1,,2

1,0
;,

231

2111

nO

nO
Devn  

(2) for any compact set ( )MMC ⊂  with ,C∉ν  
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( ).1 11 +
α′

−
=⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧ ∈δ∈ν nOSnMx xn C  

2. Proof of Theorems A and C 

We give below the arguments in [31] to define a tower map }Δ:F  

induced from }Λ:Rf  which reduces a quotient map }Δ:F  by identifying 

points on each .ss Γ∈γ  Then, for the proof of Theorem A, we use results 

from [20] and [24] to get polynomial upper bounds on large and moderate 
deviations for .F  

Throughout this section, we assume that }Mf :  is a diffeomorphism 

which admits a subset Λ  with conditions (C1)-(C6), and that there exists 
uΓ∈γ  such that ∫ Λγ γ ∞<

∩
.Rdm  

2.1. A tower induced from }Λ:Rf  

A tower Δ  is a union of the A th floors AΔ  for .+∈ ZA  We define 

{ }.0:0 ×Λ=Δ  Let AΔ  be a copy of a part of Λ  by 

( ) ( ){ }.,,: xRxx <Λ∈|=Δ AAA  

Let i,AΔ  be a copy of iΛ  by 

( ) ( ){ }.,,:, xRxx ii <Λ∈|=Δ AAA  

Then a system F on the tower AA∪ Δ=Δ +∈Z:  is defined by 

( )
( ) ( )

( ( ) ) ( )⎪⎩

⎪
⎨
⎧

=+

<++
=

.1if0,

,1if1,
:,

xRxf

xRx
xF R A

AA
A  

Here }Λ:Rf  is the return map as in Subsection 1.1. Let →Δπ :  

( )∪∞
= Λ0k

kf  be a natural projection defined by ( ) ( )xfx AA =π ,  for 
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( ) ., Δ∈Ax  Then we have that 

 .Ff DD π=π  (2.1) 

We define the separation time ( )⋅⋅Δ ,s  on Δ  as follows: First, for any 

,, 0Δ∈yx  ( )yxs ,Δ  is defined by ( ) ( ),,:, 00 yxsyxs =Δ  where ( )0,0xx =  

and ( ).0,0yy =  Second, for any ,, AΔ∈yx  ( )yxs ,Δ  is defined by 

( ) ( ),,:, 00 yxsyxs =Δ  where ( ) ( ) AAA Δ∈== ,,, 00 yyxx  and ( )0,0x  and 

( )0,0y  are the unique preimages of x, y by ,AF  i.e., ( ) xxF =0,0
A  and 

( ) .0,0 yyF =A  Otherwise, ( ) .0, =Δ yxs  We will denote the separation time 

( )⋅⋅Δ ,s  on Δ by ( )., ⋅⋅s  

Lemma 2.1. For any ,η∈ϕ H  there exist R→Δχψ :~,~  such that the 

following hold: 

(1) ,~~~ FDD χ−χ+ψ=πϕ  

(2) χ~  is bounded, 

(3) for any ( ) ( ) AAA Δ∈== ,,, 00 yyxx  such that 0x  and 0y  are in 

the same weak stable disk, ( ) ( ),~~ yx ψ=ψ  

(4) for any ,, Δ∈yx  ( ) ( ) ( ),2~~ , yxsCyx β≤ψ−ψ ϕ  where ϕC  is a 

constant for ϕ in (C6). 

Proof. We fix an arbitrary .ˆ uΓ∈γ  For any ,Λ∈y  let ( ) .ˆ:ˆ γγ= ∩yy s  

For any ( ) ,,0 Δ∈= Axx  we define ( ).,ˆˆ 0 Axx =  We define a function χ~  on 

Δ  by 

( ) ( ( ( )) ( ( )))∑
∞

=

πϕ−πϕ=χ
0

ˆ:~

j

jj xFxFx DD  

for any .Δ∈x  Let ( ) .,0 Δ∈= Axx  By (2.1), we have that 

( ) ( ) ( ).0xfxfxF jjj ADD +=π=π  
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Similarly, ( ) ( ).ˆˆ 0xfxF jj AD +=π  Since 0x  and 0x̂  are in the same 

weak stable disk of ,Λ  by (C6)(a), we have that ( ) .~
ϕ≤χ Cx  This proves 

(2) of the lemma. We define 

.~~:~ FDD χ+χ−πϕ=ψ  

Then we estimate that 

( ) ( ( ( ( ))) ( ( ( )n ))) ( ( ))
0

ˆ ˆ .j j

j
x F F x F F x x

∞

=

ψ = ϕ π − ϕ π + ϕ π∑� D D  (2.2) 

Thus ψ~  satisfies (3) of the lemma. We show (4) of the lemma holds for the 

function ψ~  above. Let Δ∈yx,  be s.t. x and y belong to the same ., iAΔ  

Then the first coordinates of pairs of points ( ),x̂F  ( ),ŷF  and ( )n ( )n,F x F y  

are in the same weak unstable disk, and the first coordinates of the pairs of 

points ( ) ( )nˆ , ,F x F x  and ( ) ( )nˆ ,F y F y  are in the same weak sable disk. Thus, 

by (C6)(b), (2.1) and (2.2), we have that ( ) ( ) ( ).~~ , yxsCyx β≤ψ−ψ ϕ  If 

Δ∈yx,  belong to distinct ,, iAΔ  then the same conclusion of the previous 

case holds since the function χ~  and ϕ are bounded by (C6)(a). 
 

2.2. Reduction of }Δ:F  to the expanding map }Δ:F  

Let ~,: AA Δ=Δ  where ( ) ( )AA ,~, yx  if ( ).xy sγ∈  i,AΔ  is defined 

similarly. Then we define .: AA∪ Δ=Δ +∈Z  Since Rf  sends weak stable 

disks to weak stable disks by (C2)(c), the quotient map }Δ:F  is well 

defined topologically. 

We define a measure m  on Δ  in a way that F  is nonsingular, and the 
Jacobian of F  with respect to m  is well defined and satisfies the distortion 
inequality as in (C3). To do this, it suffices to define a measure m  on 

~: Λ=Λ  by the following way [4, 31]. We then let a measure 
0Δ

|m  on 
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0Δ  to be the measure induced from the natural identification of 0Δ  with Λ  

and let a measure 
AΔ

|m  on AΔ  to be the measure induced from the 

identification of AΔ  with a subset of .0Δ  

We take an arbitrary .ˆ uΓ∈γ  For any ,Λ∈x  let ( ) .ˆ:ˆ γγ= ∩xx s  We 

define a function Φ  by 

( ) ( ( ( )) ( ( )))∑
∞

=

ϕ−ϕ=Φ
0

,ˆ:
k

kuku xfxfx  

where ( ) ( ) .detlog: u
x

u fDx =ϕ  On each ,uΓ∈γ  define ,1: γ
Φ

Λγγ = mem ∩  

where A1  denotes the characteristic function of a set A. If for some ,uΓ∈γ′  

( ) ,γ′⊂γΛ ∩i
Rif  then for ,γΛ∈ ∩ix  we write 

( ) ( ) ( ) ( )., xfJxfJ i
iR

mm
R

γΛ|=
γ′γ ∩  

In our setting, the following lemma is proved in [12] under conditions 
(C1)-(C4) using the same arguments as in [31]. 

Lemma 2.2 [12, Lemma 3.4]. (1) For any ,, uΓ∈γ′γ  let →ΛγΘ ∩:  

Λγ′ ∩  be as in (C4). Then ,γ′γ∗ =Θ mm  

(2) ( ) ( ) ( ) ( )yfJxfJ RR =  for any ( ),xy sγ∈  

(3) for any ,N∈i  uΓ∈γ  and ,, iyx Λγ∈ ∩  

( ) ( )
( ) ( )

( ( ) ( )).5log , yfxfs
R

R RR
C

yfJ
xfJ β≤  

We define }0: ΔRF  by ( ) ( ( ) )0,0, xfxF RR =  for .Λ∈x  Then the 

quotient map }0: ΔRF  is also well defined similarly. Let Δ→Δπ :  be 

the projection. By Lemma 2.2(2), we can define the Jacobian ( )RFJ  of 
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}0: ΔRF  with respect to m  by ( ) ( ) ( ) ( )xfJxFJ RR =:  for any 0Δ∈x  

and ( ) ( ).0, 1 xx −π∈  The Jacobian FJ  of F  w.r.t. m  is defined by 1≡FJ  

on ,\ 0
1ΔΔ −F  and ( ) ( ) ( )xFJxFJ R=A,  if ( ) ., 0

1Δ∈ −Fx A  

We define the separation time ( )⋅⋅,s  on Δ  as follows: First, for any 

,, 0Δ∈yx  ( )yxs ,  is defined by ( ) ( ),,:, yxsyxs =  where ( ) ( )xx 10, −π∈  

and ( ) ( ).0, 1 yy −π∈  Second, for any ,, AΔ∈yx  ( )yxs ,  is defined by 

( ) ( ),,:, 00 yxsyxs =  where 000, Δ∈yx  are the unique preimages of ,x  y  

by ,AF  i.e., ( ) xxF =0
A  and ( ) .0 yyF =A  Otherwise, ( ) .0, =yxs  

The next lemma is proved in [12] using Lemma 2.2(3). 

Lemma 2.3 [12, Lemma 3.5]. There exists 11 >C  such that for any 

N∈k  and ,kDx D∈∈  

( ) ( )( )
∑

=′′

≤
′

≤
xxFx

k
k

C
xFJC

:
1

1
.11  

We summarize the properties of }Δ:F  as follows: (a) i
RF ,0: Δ  

( )i
RF ,0Δ→  is bijective ( )mmod  and ( )i

RF ,0Δ  is a union of some  

i,0Δ ’s ( ),mod m  and furthermore, there exists 00 >η  such that 

{ ( ( ))} 0,0inf η≥Δ∈ i
R

i FmN  (by (C2)), (b) { }i,AΔ=D  is a partition such 

that Djj F −∞
=∨ 0  is the partition into points, (c) ( ) ,0 ∞<Δm  (d) ( ) =Am  

( ( ))AFm  for any iA ,AΔ⊂  with ( ) ,,1 iAF +Δ⊂ A  ( ) ( ( )),AFmAm =  (e) for 

any ,N∈i  
i

RF
,0Δ

|  and its inverse are nonsingular with respect to ,m  (f) 

there exists 11 >C  such that for any N∈i  and ,, ,0 iyx Δ∈  

( ) ( )
( ) ( )

( ( ) ( ))yfxFs
R

R RR
C

yFJ

xFJ ,
11 β≤−  
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(by Lemma 2.2(3)), (g) ∫ Δ
− ∞<π

0
,1 mdR D  and (h) for any +∈′ ZAA,  and 

,, N∈′ii  there exists N∈N  such that ( ) ∅≠ΔΔ ′′
−

ii
nF ,, AA ∩  for any 

Nn ≥  (by (C5)). 

The next lemma follows from the same argument in [20, 31, 32]. 

Lemma 2.4. F  has an invariant probability measure ν  which is mixing 

such that ,mdd �=ν  where �  satisfies 2
1

2 CC ≤≤− �  for some 02 >C  

with 

( ) ( ) ( ) ( )., ,
,

2 i
yxs yxCyx AΔ∈β≤− ��  

We define the transfer operator associated with F  and the measure m  
by 

 ( ) ( ) ( )
( ) ( )

( )
∑

=′′
′

′ϕ=ϕ
xxFx

xFJ
xx

:
:L  (2.3) 

for ( )mL2∈ϕ  and .Δ∈x  Let ( )mL∞  be the set of functions which are 

essentially bounded with respect to .m  We denote the essential sup norm 
with respect to m  by .∞⋅  Let 

( ) { ( ) ( )yxCC ϕ−ϕ>∃|→Δϕ=Δ ϕβ s.t.0: R  

( ) ( ) }.,,,
AΔ∈∀β≤ ϕ yxC yxs  

For any ( ),Δ∈ψ βC  we define 

 { },,max: φ∞φ=φ C  (2.4) 

where φC  is as in the definition of ( ).ΔβC  We note that ( )Δ∈ βC�  and 

,2C≤�  where �  is as in Lemma 2.4. We denote the essential sup norm 

with respect to m  restricted on AΔ  by ., A∞⋅  The following result is 

proved in [20]. 
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Theorem 2.5 [20, Proposition 3.13, Corollary 3.15]. Let ( ){ } +∈= ZAAww :  

be a positive increasing sequence such that (i) ( ) ( )∑∞
= ∞<Δ1A AA mw  and (ii) 

the sequence ( )
( )

∞

=⎭
⎬
⎫

⎩
⎨
⎧

+ 11 AA
A

w
w  is also increasing. Then there exist ( )wkk 11 =  

N∈  and ( ) 0, 133 >= kwCC  such that for any ( )Δ∈φ βC  with ∫ =φ ,1md  

any N∈n  with rjkn += 1  for some N∈j  and { },1...,,0 1 −∈ kr  and 

any ,+∈ ZA  

( ) ( ) ( )
( ) ,

1
3, jkw

wCn A
A φ≤−φ ∞�L  

where �  is as in Lemma 2.4. 

Throughout this section, we fix a positive increasing function +R:v  

R→  such that (i) for some ,uΓ∈γ  ( ) { }( )∑∞
= γ ∞<>1 ,A AA Rmv  and (ii) the 

sequence ( )
( )

∞

=⎭
⎬
⎫

⎩
⎨
⎧

+ 11 AA
A

v
v  is also increasing. By Lemma 2.2(1), we have that 

( ) ( )∑∞
= ∞<Δ0 .A AA mv  Then we let ( ) N∈= vkk 11  and =3C  ( ) 0, 13 >kvC  

as in Theorem 2.5. The following result follows from Theorem 2.5 (see [12, 
Lemma 3.8]). 

Theorem 2.6. For any ( )Δ∈φ βC  with ∫ =φ ,1md  any N∈n  and 

,+∈ ZA  

( ) ( ) ( ) ,

2
,

⎟
⎠
⎞⎜

⎝
⎛

φ≤−φ ∞ nv

vCn A
A�L  

where 

( ) ( ) (
{ }

{ ( ) } ) .,max0
2max: 3

1...,,0

1

1 ⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

φ+φ
⎟
⎠
⎞⎜

⎝
⎛

=φ ∞∞−∈
Cv

kv
C r

kr
�L  
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Theorem 2.7 [20]. Let ( )ν,F  be as above. If there exists 1>λ  such 

that { }( ) ( ),λ−=> nOnRm  then for any ( ),,1 λ∈λ′  ( ),1 mL∞∈ϕ  and 

( ),2 Δ∈ϕ βC  there exists ( ) 0,, 2144 >λ′ϕϕ= CC  such that for any ,N∈n  

( ) .1
42121

+λ′−≤νϕνϕ−νϕϕ∫ ∫ ∫ nCdddF nD  

Let B  be the Borel σ-algebra on .Δ  Let ( )B|ψE  denote the ν -

conditional expectation of ψ  with respect to .0B  For any 1≥p  and 

,: R→Δψ  .:
1 p

p
p d ⎟

⎠
⎞

⎜
⎝
⎛ νψ=ψ ∫  The following result follows from 

the same arguments as in [24]. 

Theorem 2.8 [24]. Let ( )ν,F  be as above. For any 1≥p  and 

R→Δξ :  with ,∞<ξ p  there exist 02 >pK  and 05 >C  such that 

for any ,N∈n  

( ) ( ) .
1

2
2
1

52
2
1

2
1

22 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
|ξ+ξ≤ξ ∑

=

−n

k
p

k
ppppn FEkCFnKS BDD  

It follows from [5] and [6] that the constant pK2  of Theorem 2.8 satisfies 

that ( ) .2 2
2

p
p pK ≤  

2.3. Large and moderate deviations for F 

We use the following convention: For any function ,: R→ϕ M  let ϕ~  

be the lift of ϕ to Δ  defined by ,~ πϕ=ϕ D  where M→Δπ :  is the 

projection which satisfies (2.1), and if ϕ~  is a constant on sγ  disks, then       

we will confuse it with the function on Δ  called .ϕ  Let ν be the measure     

as in Remark 1.3. We define an F-invariant probability measure ν~  by 

.~ ν=νπ∗  Then we have that for any ( ),1 ν∈ϕ L  and an interval ,R⊂I  

( ){ }( ) ( ){ }( ).~~ IxxIxMx ∈ϕ|Δ∈ν=∈ϕ|∈ν  So to prove Theorem A, it 
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suffices to establish the upper bounds on large and moderate deviations of 

( ).~, νF  For any R→Δϕ :~  and ,N∈n  let ∑ −
= ϕ=ϕ 1

0 .~:~ n
i

i
n FS D  

Let .η∈ϕ H  Without loss of generality, we may assume that ∫ =νϕ .0d  

Let ψ~  be a function of Lemma 2.1 associated with .ϕ  Then by Lemma 

2.1(1), ψ~  satisfies that ∫ =νψ 0~~d  since ν~  is F-invariant. Let ⎥⎦
⎤

⎜
⎝
⎛∈τ 1,2

1  

and .0>ε  By Lemma 2.1, there exists N∈N  such that for any ,Nn ≥  

{ ( ) } { ( ) },2~~ ε>ψ|Δ∈⊂ε>ϕ|Δ∈ ττ nxSxnxSx nn  

and so 

({ ( ) }) ({ ( ) }).2~~~~ ε≥ψ|Δ∈ν≤ε≥ϕ|Δ∈ν ττ nxSxnxSx nn  

On the other hand, it follows from the same arguments as in [31] that 
.~νπ=ν ∗  Here ν~  is a measure as in Lemma 2.4 and π~  is the natural 

projection from Δ  to .Δ  Since ψ~  depends only on future coordinates by 

Lemma 2.1, we have that 

({ ( ) }) ({ ( ) }).22~~ ε≥ψ|Δ∈ν≤ε≥ψ|Δ∈ν ττ nxSxnxSx nn  

So, for any ,1≥p  

 ({ ( ) }) ( ) ,22~~ 2
2

2
p

pn

p

n S
n

nxSx ψ⎟
⎠
⎞

⎜
⎝
⎛

ε
≤ε≥ψ|Δ∈ν τ

τ  (2.5) 

where p2⋅  denotes the norm on ( ).2 νpL  

Proof of Theorem A. Let .1≥p  Since ψ  is bounded by (C6)(a) and 

(2.2) in the proof of Lemma 2.1, we have that .2 ∞<ψ p  Then by 

Theorem 2.8, for any ,N∈n  

( ) ( ) .
1

2
2
1

52
2
1

2
1

22 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
|ψ+ψ≤ψ ∑

=

−n

k
p

k
ppppn FEkCFnKS BDD  (2.6) 
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We note that ( ) ( ) ,22 p
k

p
k FEFE BB −|ψ=|ψ D  since ν  is F  

invariant. Using the same argument in [31, p. 611], we have that 

( ) ( )∫ ∫ ψψ≤ν|ψ ∞
− .2 mddFE kk �LB  

Thus we estimate that 

( ) ( ) ( ) pkp
p

k dFEFE 2
1

222
2 ⎟

⎠
⎞

⎜
⎝
⎛ ν|ψψ≤|ψ ∫ −−

∞ BBD  

( ) ( ) .2
1

12 pkp md ⎟
⎠
⎞⎜

⎝
⎛ ψψ≤ ∫−

∞ �L  (2.7) 

Let RR →+:v  be such that (i) ( ) { }( )∑∞
= γ

∞<>1A AA Rmv u  for some 

uΓ∈γ  and (ii) the sequence ( )
( )

∞

=⎭⎬
⎫

⎩⎨
⎧

+ 11 AA
A

v
v  is also increasing, and [ )∞∈ ,1p  

be such that ∑∞
=

−−
∞<⎟

⎠
⎞

⎜
⎝
⎛⋅1

2
1

2
1

.2A
AA pv  We show that there exists 06 >C  

such that for any ,N∈k  

 ( )∫
⎟
⎠
⎞⎜

⎝
⎛

≤ψ .

2

6
kv

Cmdk �L  (2.8) 

By Lemma 2.1(1), we have ∫ =νψ .0d  Let .2: ∞ψ ψ=a  Then we 

estimate that 

( ) (( ) ) ( )∫ ∫ ∫ ⎟
⎠
⎞⎜

⎝
⎛ ν+ψ−+ψ=ψ ψψ mddaamd kk ��L�L  

( )

( )∫ ∫
−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ν+ψ

+ψ
≤

ψ

ψ
ψ md

da

a
a k �

�
L  
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( )
( )

( )∑
∫

∞

= ∞
ψ

ψ
ψ −

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ν+ψ

+ψ
Δ≤

0 ,

.
A A

A �
�

L
da

a
ma k  

Since ( )Δ∈ψ βC  by Lemma 2.1(4), we have that ( ) ( ).Δ∈+ψ βψ Ca �  

Since 
( )
( )∫ ∫

=
ν+ψ

+ψ

ψ

ψ ,1md
da

a �
 we apply Theorem 2.6 to 

( )
( )∫ ν+ψ

+ψ

ψ

ψ

da
a �

 in 

the place of φ  in Theorem 2.6, and have that for any ,+∈ ZA  

( )

( )

( )

( )
( ) ,

2, ⎟
⎠
⎞⎜

⎝
⎛⎟

⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ν+ψ

+ψ
≤−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ν+ψ

+ψ

∫∫ ψ

ψ

∞
ψ

ψ
kv

v
da

a
C

da

ak A

A

�
�

�
L  

where 
( )
( ) ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

ν+ψ

+ψ

∫ ψ

ψ

da
a

C
�

 is the constant of 
( )
( )∫ ν+ψ

+ψ

ψ

ψ

da
a �

 in the place of 

φ  in Theorem 2.6. Thus, combining the inequalities above, we obtain (2.8) 

for the constant 

( )

( )
( ) ( )∑

∫
∞

=ψ

ψ
ψ Δ

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ν+ψ

+ψ
=

0
6 .:

A
AA mv

da

a
CaC

�
 

Substituting (2.8) into (2.7), we have that 

 ( ) ,

2
2
1

7
2

p
p

k

kv

CFE

⎟
⎠
⎞⎜

⎝
⎛

≤|ψ BD  (2.9) 

where ( ) ( ) .: 2
1

62
12

7 pp
p

CC
−

∞ψ=  Substituting (2.9) into (2.6), we have that 

( ) .2
1

2
1

2
1

752
2
1

2
1

22 ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛⋅+ψ≤ψ ∑

=

−−n

k

p
ppppn

kvkCCnKS  
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So the right hand side of the inequality of (2.5) is bounded above by 

p
n

k

p
p

p

p

p kvkCCnK
n

2

1

2
1

2
1

752
2

2

2

2

2
2

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛⋅+ψ⎟

⎠
⎞

⎜
⎝
⎛

ε ∑
=

−−

τ  

( ) ( ).2
4 21

2

1

2
1

2
1

7522

2
τ−

=

−−

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛⋅+ψ

ε
≤ ∑ p

p
n

k

p
pp

p
nkvkCCp  

Here we used the fact that ( ) p
p pK 2

2 2≤  in the last inequality. This 

concludes the proof of Theorem A. 
 

Proof of Theorem C. Assume that there exist ( ]2,1∈λ  and uΓ∈γ  

such that { }( ) ( ).λ−
γ

=> nOnRm u  In (2.5), if we take ,1=p  then the right 

hand side of the inequality of (2.5) is bounded above by 

( ).24

10

2
22 ∗=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

νψ⋅ψ+νψ
ε ∫ ∑ ∫

−≤<≤

−
τ

nji

ij dFdn
n

D  

Since ( )Δ∈ψ βC  by Lemma 2.1(4), we can apply Theorem 2.7 to ψ  in the 

second term on the right hand side of the above inequality, and have that for 
( ),,1 λ∈λ′  

( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ −+νψ

ε
≤∗ ∫ ∑

−

=
−λ′τ

1

1
14

2
22

124 n

r r
nCdn

n
 

∫ ∑
−

=

+λ′−−τ−τ−−τ− εε+νψε≤
1

1

122121
4

2221 84
n

r
rnCdn  

( ) ( ) ( ).232321 λ′−τ−λ′−τ−τ− =+= nOnOnO  
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