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Abstract

This paper deals with the following higher order neutral delay
differential equation:

[x(t) + ex(t — 1))

+(=)™Q(t, X(t—o7), X(t—07), ..., X(t—0y ) =0, t>t,
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where n is a positive integer, ce R, t>0, oj >0 for i =1, .., k,

and Q e C([ty, )x RK, R). By employing the contraction mapping
principle, we dicuss several existence results on nonoscillatory
solutions for the above equation, establish a few Mann type iterative
approximation algorithms for these nonoscillatory solutions and
construct several error estimates between the approximate solutions
and the nonoscillatory solutions. These results presented, in this paper,
extend, improve and unify many known results due to Cheng and
Annie [3], Graef et al. [6], Kulenovi¢ and Hadziomerspahic [8, 9], Liu
et al. [10], Zhang and Yu [14], Zhang [16] and Zhou and Zhang [18]
and others.

1. Introduction and Preliminaries

In this paper, we study the higher order neutral delay differential

equation:
[X(t) + ex(t — 7)™

+(=D)™Q(t, X(t = op), X(t = 0y, s X(E—0y)) =0, t21, (L1)

where n is a positive integer, C€ R, 1> 0, 6j >0 fori=1,..,k, and Q
C([ty, =) x RX, R) satisfy the following assumptions:

(H) there exist functions p, g € C([ty, ), R") and constants M > N
> 0 satisfying:

| Q(t, Wy, ..., Wi ) — Q(t, Wy, ..., Wy )|
< p(t)max{|wj —W; | : 1 <i <k}, telty, o), wj, Wj e [N, M], 1 <i<k
and

|Q(t, Wy, ooy Wi )| < q(t), te[tg, ), Wi e[N,M] 1<i<k.

In recent years, several authors have discussed the existence of
nonoscillatory and oscillatory solutions for various kinds of neutral
delay differential equations, see [1-18]. In particular, Kulenovi¢ and
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Hadziomerspahi¢ [8, 9] studied the existence of nonoscillatory solutions for

the first and second order neutral delay differential equations:

[X(t) + ox(t - 1) + Q)X(t—01) - QXt-0y)=0, t=t;, (1.2)

[X(t) + CX(t - ‘C)] + Ql(t)X(t - (51) - Qz(t)X(t - (52) =0, t2> to. (13)
Cheng and Annie [3] continued to study the existence of nonoscillatory
solutions for equation (1.3) by omitting the conditions ¢ # 1 and aQ;(t)
> Q,(t), which were used by Kulenovi¢ and HadZiomerspahi¢ [8]. Zhou and
Zhang [18] extended the result in [8] to higher order neutral functional

differential equation:

[x(t) + ex(t — 7)™

+(-D™QO)X(t - 57) - Qt)X(t — )] = 0, t =1 (1.4)

To the best of the authors’ knowledge, there is no literature referred to
the iterative approximations of these nonoscillatory solutions for equations
(1.2)-(1.4).

This paper is aimed to study the existence of nonoscillatory solutions for
equation (1.1) to develop several Mann iterative approximation algorithms
for these nonoscillatory solutions and to obtain some error estimates between
the approximate solutions and the nonoscillatory solutions. These results
presented, in this paper, extend, improve and unify many known results due
to Cheng and Annie [3], Graef et al. [6], Kulenovi¢ and HadZiomerspahi¢
[8, 9], Zhang and Yu [14], Zhang [16] and Zhou and Zhang [18] and others.

Let y = max{t, j :i =1, ..., k}. By a solution of equation (1.1), we
mean a function X € C([t; —y, ), R) for some t; >t, such that x(t)+
cx(t — 1) is n times continuously differentiable on [t;, o) and such that

equation (1.1) is satisfied for t > t;. As is customary, a solution of equation

(1.1) is said to be oscillatory if it has arbitrarily large zeros and

nonoscillatory otherwise.
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2. Main Results

Throughout this paper, we assume that X denotes the Banach space

of all continuous and bounded functions on [tj, ) with norm | x| =

supt>t, | X(t) ], and
ANN,M)={xe X:N<x(t)<M,t>ty} for M >N > 0.
It is easy to see that A(N, M) is a bounded closed and convex subset of X.

Theorem 2.1. Let (H) hold and

ths”_l max{p(s), q(s)}ds < oo. 2.1
0

Assume that {Lp,} . is an arbitrary sequence in [0, 1] satisfying

> e =0 (22)
m=0

If |[c|<1, then there exist 6; € (0,1) and T >ty + vy such that for any
Xo € AN, M), the Mann iterative sequence {xp},, generated by the

following algorithm:

Xm+1(t) =

(1= X ) Xm (1)

+xm{%(l+c)(M FN)= o (t—1)

+ﬁj:®(s )" Q(s, Xm(S=61), e, Xy (S — O ))ds}, t>T, m>0,

(I=2m)%m(T)
{30+ C)(M + N) =0t (T =)

+ﬁﬁo(s ~T)"Q(s, Xm(S=061), s xm(s—ck))ds}, tg <t<T,m>=0
(2.3)

converges to a nonoscillatory solution x € A(N, M) of equation (1.1) and
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has the following error estimate:

m .
[ Xy — x[ < e "VZ=0% g x|, mz 0. 2.4)

Proof. It follows from |c| <1, (H) and (2.1) that there exist constants

0, €(0,1) and T >ty + v satisfying

el+ gy [, (=T p(s)es = o e
and
ol G- @ < 0-lehM-N). @6

Define a mapping G : A(N, M) - X by

Gx(t)
2 +E)(M +N) = cx(t — 1)

_ +ﬁjt"°(3 —t)"1Q(s, X(s = 6}), s X(s =y ))ds, =T,

Gx(T), tp<t<T.

2.7)

Clearly, Gx is continuous. For arbitrary X, y € A(N, M) and t > T, by
(2.5), (2.7) and (H), we know that

| Gx(t) - Gy(1) |

<le|[x(t-1)-yt-1)]
e 6= Qs X5 = o) e X5 = 1)

- Q(Sa y(S - Gl)’ ) y(S — Ok )) |dS
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<lellx-yl+ X[ "0 e

<0 x-y

B

that is,
lex-Gyl <0l x=y[. x yeAN, M) 2.8)

Now we consider the following two cases :
Case 1. Suppose that ¢ € [0, 1). According to (2.6) and (2.7), we deduce
that forany x € A(N, M) and t > T,

Gx(t) = %(1 £ )M +N)—ex(t - )
+ ﬁjf (s —t)"71Q(s, X(s = 67), ..., X(S — oy ))ds
1 1 ®© n-1
< (1+c)(M + N)—cN +mjt (s —t)"q(s)ds

;(+c)(M FN)—cN ++ (l—c)(M N)

=M

and

Gx(t) = %(1 £ 0)(M + N) - ex(t 1)
; ﬁ | t°° (5 = 1)"1Q(s, X(5 = 61), .y X(s — o)) ds
> %(1+c)(M +N)—cM _ﬁjtoo(s i g(s)ds

z%(1+c)(M FN)-cM —%(l—c)(M _N)

- N,
which mean that S(A(N, M)) < A(N, M).
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Case 2. Suppose that ¢ € (-1, 0). In view of (2.6) and (2.7), we obtain
that forany x € AN, M) and t > T,

Gx(t)s%(lJrc)(M N)—cM +ﬁjt"°(5‘t)”‘lq(5)ds

s%(1+c)(M +N)—cM +%(1+c)(M ~N)

=M

and

Gx(t) > %(1 +¢)(M +N)=cN _ﬁf@(s O g(s)ds

2%(1+c)(M +N)=cN —%(l+c)(M _N)

=N

which signify that S(A(N, M)) = A(N, M).

It follows from (2.8), Case 1 and Case 2 that S is a contraction mapping

and it has a unique fixed point X € A(N, M), which is a nonoscillatory

solution of equation (1.1). Forany m > 0 and t > T, in the light of (2.3),
(2.7) and (2.8), we get that

| Xm1(t) = x(V) |

(1= ) X (1) + km{%(l +)(M + N) = oxpt - 7)

+ ﬁ_“f (s = t)"71Q(s, X (S = 1)y orrs X (5 — ck))ds} - x(t)

< (U= 2m)| X (t) = X(@) | + Ap| Gxp (1) = Gx(1) |

< (1= (1=01)2m)| Xm(t) = x(@) |
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—(1- m .
<o (W20 ],

which yields that (2.4) holds. From (2.2) and (2.4), we conclude that
Xm — X as m — oo. This completes the proof.

Theorem 2.2. Let (H), (2.1) and (2.2) hold. If | c| > 1, then there exist
0, €(0,1) and T >ty +y such that for each xy € A(N, M), the Mann

iterative sequence {Xp, .-, generated by the following iterative algorithm:
Xm1(t) =
(1= ) X (1)
+A {l(Hlj(M +N)—lx (t+7)
m20 ¢ c'm
1 0 1
+mjm(s—t—r)” Q(s,xm(s—cl),...,xm(s—ck))ds}, t>T,m>0,
(1= ) Xm(T)
+A {l(Hlj(M +N)—lx (T+7)
m20 ¢ a™m
1

+—J (=T =1)"'Q(S, Xy (5= 61), .o X (S— 0y ))ds t, to<t<T,m>0
C(n_l)! T+t

(2.9)

converges to a nonoscillatory solution x € A(N, M) of equation (1.1) and
has the following error estimate:

m .
[ xmet = x[| <€ UODZim0M x| m=0. (210)

Proof. It follows from |c|> 1, (H) and (2.1) that there exist constants

0, €(0,1) and T >ty + v satisfying

el Temi T Res =0, @
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and

|C|(;_1)!Ioo (s-T- r)”—lq(s)ds < %(1 _ﬁ)(M -N). (2.12)

T+
Define a mapping G : A(N, M) —» X by

%(1+%)(M + N)—%X(t+‘t)

Gx(t) = +ﬁﬂl(s Ct— )15, X(5—01), o X(5— o ) s, t=T,

Gx(T), to <t<T.

(2.13)

Clearly, Gx is continuous. For every X, y € AIN, M) and t>T, by
(2.11), (2.13) and (H), we conclude that forany X, y € AN, M) and t > T,

|Gx(t) - Gy(1)|
SﬁIX(tH)— y(t+1)]
+ m_{:r(s -t- ’C)n—1| Q(s, X(S - 01), - X(S - oy ))

- Q(Sa y(S - Gl)’ cees y(S — Ok )) |dS

1 Ix=yl| = n-1
< —xX= —_— S—t— s)ds
|C|” y||+|c|(n_1)!_|.t+1_( )" p(s)
<0 x -y,
which lead to
IGx - Gy[ <0 x=y[, x yeAN,M). (2.14)

The following proof involves two cases:
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Case 1. Assume that ¢ > 1. Using (2.11) and (2.13), we infer that for
any X € AN, M)and t > T,

Gx(t) < %[1 +%j('\" FN)-IN +ﬁj:1(s _t— )" g(s)ds

s%(1+%)(M ; N)—%N +%(1—%)(M _N)

1 1

Gx(t)z%(l+%)(M FN)-Lm ——C(n_l)!jti(s—t—r)”—lq(s)ds

which yield that S(A(N, M)) < A(N, M).

Case 2. Assume that ¢ < —1. Notice that (2.12) and (2.13) imply that for
any X € AN, M)and t >T,

Gx(t)s%(l+%)(M FN)-Im —ﬁjw (s—t—1)"'q(s)ds

t+1

s%(u%j(lvl +N)—%M +%(1+%)(M _N)

=M
and

Gx(t) > %(1 +%)(M FN)-IN +ﬁj:r(s _t—1)"g(s)ds
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1 1 1 1
> — R — — —
> 2(1+CJ(M FN)-IN 2(1+C)(M N)
= N,
which give that S(A(N, M)) < A(N, M).

Thus, (2.14), Case 1 and Case 2 ensure that S is a contraction mapping

and it possesses a unique fixed point X € A(N, M), which is a nonoscillatory
solution of equation (1.1). Forany m > 0 and t > T, it follows from (2.9),
(2.13) and (2.14) that

| Xm+1(1) = x(¥) |

( —xm)xm(t)mm%(l F M N) = Lt

+ —c(nl— DI L:(s —t=1)"Q(s, X (5 = 07), vy Xpn(S — Gk))ds} - X(t)

< (U=2m)| Xm () = X(@) | + 2| G (1) — Gx(1) |

< (1= (1=62)hm)| Xm(t) = x(¥)|

m o,
<o (22t k),

which means that (2.10) holds. By (2.2) and (2.10), we get that X, — X as

n — oo. This completes the proof.

Theorem 2.3. Let ¢ =1, (H) and (2.2) hold. If (2.1) is satisfied for
n =1, then there exist 65 € (0,1) and T >ty +y such that for every

Xo € A(N, M), the Mann iterative sequence {Xy} generated by the

m=0

following iterative algorithm:
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Xm41(t) =

(I=2m) Xm (1)

t+2 1
+km{M_;N+ZOO j Q(s, Xy (s=061), ..., X (S — 0 ))ds}, t>T,m>0,

=t (2j-1)1

(1=2m) X (T)

T+2jt

M+N o
+xm{ : +ZiIIT+(2j_1)TQ(s,xm(s—cl),...,xm(s—ck))ds},

to £t<T,m20

(2.15)
converges to a nonoscillatory solution x € A(N, M) of equation (1.1) and

has the following error estimate:

m -
I xsy — x| < e 70ZioMx) — x|, m=>o. 2.16)

Proof. Noting that ¢ =1, (H) and (2.1), we deduce that there exist
constants T >ty + v and 03 € (0, 1) satisfying

ITOOQ(S)OIS <M 5 N (2.17)

and

JTw p(s)ds = 65, 2.18)

Define a mapping G : A(N, M) — X by

M + N o J‘HZJT
+ S, X(s—01),..., X(s—0o) ))ds, t=T,

X(T)a tO <t<T.
(2.19)

Clearly, Gx is continuous. For every X, y € A(N, M) and t > T, together
with (2.18), (2.19) and (H), we infer that for any X, y € A(N, M) and
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t>T,
O Lt42jt
|Gx(t) - Gy(t)| < ; oy gy Qs X5 = 01 (5 = )
—Qs. Y(5 =01 ey (5 — ) |ds

L at42jt
< _
< x yll;jH(zj_l)T p(s)ds

<03 x -y,
which yields that
IGx -Gy [ <63]x-y[. x yeAN, M) (2.20)
Using (2.17) and (2.19), we know that forany x € A(N, M) and t > T,

ox(t) < M : N, jtw| Q(s, X(5 — 67), s X(5 — o)) |ds

M + N %

< +J.t q(s)ds

<M

and
Gx(t) > M : N —Itw|Q(s, X(S = 01), oy X(5 — )| ds

M + N @

2 —3 —L q(s)ds

>N,

which imply that S(A(N, M)) = A(N, M) and S is a contraction mapping
and it possesses a unique fixed point x € A(N, M), which is a nonoscillatory
solution of equation (1.1). Forany m > 0 and t > T, it follows from (2.15),
(2.19) and (2.20) that
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[ Xm1(t) = ()|

M + N

= (1= Am)Xm(t) + km{

1 t+(2j-1)t

+ JZ:“J‘uzjr Q(s, Xp(Ss = 07), -es Xp(s = ok))ds} — X(t)

< (1 =2m)| Xm () = X@) | + A | GXp (1) — GX(1) |
< (1= (1=063)Am)] Xm(t) = x()|
<o TR g .

which means that (2.16) holds. By (2.2) and (2.16), we see that X, — X as

m — oo. This completes the proof.

Theorem 2.4. Let ¢ =1, (H) and (2.2) hold. If (2.1) is satisfied for
n > 2, then there exist 64 € (0,1) and T > t; + vy such that for arbitrary
Xo € AN, M), the Mann iterative sequence {Xm},, generated by the

following iterative algorithm:

(1= A (O + A M5

1 0 t+2 )t o ’
T2 Zi—ljt+(2j—1)rju (s-u)”

X Q(S, Xm (S = 061); e X (S —ck))dsdu}, t>T,m>0,

Xm+1(t) =
(1= () + i M

T+2jt o0 _
- 2)'21 1IT+(2] 1)J (s-u)™

x Q(S, Xy (S =067), s X (S —ck))dsdu}, tg <t<T,m>0

(2.21)
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converges to a nonoscillatory solution x € A(N, M) of equation (1.1) and
has the following error estimate:

m
—(1- N
[ Xmer = x[[<e I R

, m=>0. (2.22)

Proof. It follows from ¢ =1, (H) and (2.1) that there exist constants
04 €(0,1) and T >ty + v satisfying

1 *® n-1 _
WIT (s—T)" ' p(s)ds = 0, (2.23)
and
1 «© n-1 M —N
mJ'T (s —T)"q(s)ds < . (2.24)
Define a mapping G : A(N, M) - X by
M + N t+2jt h—2
2 (n— )‘ZJ 1Jt+(2j 1)TJ )
Gx(t) =1 Q(s, X(s — 67), ..., X(s — o} ))dsdu, t>T,
Gx(T), tp<t<T.
(2.25)

Clearly, Gx is continuous. For every X, y € AN, M) and t > T, by virtue
of (2.23), (2.25) and (H), we derive that forany X, y € AIN, M) and t > T,

| Gx(t) - Gy(1) |

S [0 K - o) X6 - 0)
J

= t+(2j-1)tJu

~Q(s, y(s — 51), ..., ¥(s — o)) |dsdu
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< L::g)“ I (s —u)"2 p(s)dsdu

<L s -0 peyes

< 84 x =yl
which yields that
[Gx—Gy|<04)x-Yy]|, X yeAN,M). (2.26)

In the light of (2.24) and (2.25), we conclude that for any x € A(N, M)
and t > T,

ox(t) < M N

+ ﬁf} Iljo (s —u)"21Q(s, X(s = 1), ..., X(s — o)) |dsdu

M;N+(1wj@—wlgms

IA

IA
<

and

Gx(t) >

- ﬁjf _[:0 (s —u)"2| Q(s, X(s = 51)s ... X(S — o)) |dsdu

o -t ] -0 as)es

\Y

[\

N,
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which mean that S(A(N, M)) < A(N, M) and S is a contraction mapping
and it has a unique fixed point x € A(N, M), which is a nonoscillatory

solution of equation (1.1). Forany m > 0 and t > T, it follows from (2.21),
(2.25) and (2.26) that

[ Xm41 (1) = x()

(l_km)xm(t)"'}“m{M;:N +(n_12)!;"-t+2jr J-w(s_u)n—Z

t+(2j-1)tdu

- Q(S, Xy (s = 07)s s Xm (s — o ))dsdu ¢ — x(t)

< (1= 1) Xen(®) = X(O)| + | G ) — Bx(1)
< (1= (1=04)2m)| Xm(t) = x(¥)|
<o TR g ),

which shows that (2.22) holds. It follows from (2.2) and (2.22) that X, — X

as m — oo, This completes the proof.

Remark 2.1. Theorems 2.1-2.4 extend, improve and unify many known
results due to Cheng and Annie [3], Graef et al. [6], Kulenovi¢ and
Hadziomerspahic¢ [8, 9], Liu et al. [10], Zhang and Yu [14], Zhang [16] and
Zhou and Zhang [18] and others.
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