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Abstract 

In this paper, we define a unified-Barnes multiple Hurwitz zeta 
function and a Dirichlet-type multiple L-function which interpolate a 
unified class of polynomials and numbers at negative integer values. 
This unified class of polynomials contains as special case the 
celebrated Apostol-Bernoulli, Euler and Genocchi polynomials of 
higher order as well as their χ-extended versions. Many relationships 
are given. 
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1. Introduction, Definitions and Notation 

In the last years, Luo and Srivastava [12, 13] introduced the generalized 

Apostol-Bernoulli polynomials ( )( )xn
αB  of order α, Luo [11] investigated   

the generalized Apostol-Euler polynomials ( )( )xn
αE  of order α and the 

generalized Apostol-Genocchi polynomials ( )( )xn
αG  of order α. Ozden [14, 

15] and Ozden et al. [17] have investigated an interesting unification of         
the Apostol-Bernoulli, Euler and Genocchi polynomials. Explicitly, Ozden 
studied the following generating function: 

Definition 1.1. Let ,0N∈k  +∈ Rba,  and ,, C∈βα  
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This family of polynomials includes as special cases, the well-known 
Apostol-Bernoulli, Euler and Genocchi polynomials. These polynomials are 
defined, respectively, as follows: 
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We can see that 
( ) ( ) ( )( ),;1,1,1;, λ= αα
λ xx nn BY  (1.5) 

( ) ( ) ( )( ),;1,1,0;, λ=− αα
λ xx nn EY  (1.6) 
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( ) ( ) ( )( ).;
2
11,1,1;, λ=− α
α

α
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Moreover, Ozden et al. in [17] have extended and investigated the 
generating function (1.1) ( )1=α  in terms of a Dirichlet character χ of 

conductor N∈f  since these polynomials are very important in several 

fields of mathematics and physics. They proposed the following χ-extension 
of the generating function for the generalized Apostol-Bernoulli, Euler and 
Genocchi polynomials. Let χ be a Dirichlet character of conductor .N∈f  

Then 

 
( )

( )∑ ∑
−

=

∞

=
βχ

− =
−β

⎟
⎠
⎞⎜

⎝
⎛ βχ1

0 0
,,

1
!,,;2

f

j n

n
n

xt
bfftbf

jt
bj

kk
n
tbakxe

ae

eaj
t Y  (1.8) 

.;,,;;,2log 0 ⎟
⎠
⎞⎜

⎝
⎛ ∈β∈∈∈∈π<⎟

⎠
⎞⎜

⎝
⎛ β+ + CRNNR bafkxabfft  

Recently, the authors in [7] have studied symmetry properties of             
the χ-extended unified polynomials of higher order denoted by 

( ) ( )bakxn ,,;,,
α

βχY  and defined as follows: 

Definition 1.2. Let χ be a Dirichlet character of conductor .N∈f  Let 

,0N∈k  +∈ Rba,  and ., C∈βα  Then the χ-extended unified polynomials 

of higher order ( ) ( )bakxn ,,;,,
α

βχY  are given by 
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The case ,0=x  ( ) ( ) ( ) ( )bakbak nn ,,,,;0 ,,,,
α

βχ
α

βχ = YY  gives the χ-extended 

unified numbers of higher order. 
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Remark 1.3. If we set 1≡χ  in (1.9), then we obtain the generating 

function (1.1). The χ-extended versions ( ) ( )βα
χ ,, xnB  of the Apostol-Bernoulli 

polynomials of higher order, ( ) ( )βα
χ ,, xnE  of the Apostol-Euler polynomials of 

higher order and ( ) ( )βα
χ ,, xnG  of the Apostol-Genocchi polynomials of higher 

order are given, respectively, by 

( ) ( ) ( ) ( ),1,1,1;, ,,, xx nn
α

βχ
α
χ =β YB  (1.10) 

( ) ( ) ( ) ( ),1,1,0;, ,,, −=β α
βχ

α
χ xx nn YE  (1.11) 

( ) ( ) ( ) ( ).1,1,1;2, ,,, −=β α
βχ

αα
χ xx nn YG  (1.12) 

Moreover, if we put 1=α  and 1=β  in (1.10)-(1.12), then we get the 

following χ-extended version of the classical Bernoulli, Euler and Genocchi 
polynomials [20, 22]: 

( ) ( ) ( ),1,1,1;1
1,,, xxB nn χχ = Y  (1.13) 

( ) ( ) ( ),1,1,0;1
1,,, −= χχ xxE nn Y  (1.14) 

( ) ( ) ( ),1,1,1;2 1
1,,, −= χχ xxG nn Y  (1.15) 

respectively. 

Next, Ozden et al. [17] constructed a unification of the Hurwitz zeta 
functions by making use of the Mellin transformation applied to the 
generating function of the unification of Apostol-Bernoulli, Euler and 
Genocchi polynomials. Precisely, they defined the following family of 
Hurwitz zeta functions: 

Definition 1.4. For ,, C∈βs  ,1<β  0N∈k  and ,,, +∈ Rbax  we 

have for ( ) :1Re >s  
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where ( )bakxs ,,;,βζ  is called the unified Hurwitz zeta function. 

A large number of works have been done recently concerning the 
construction of Hurwitz zeta functions that interpolate special classes of 
Bernoulli, Euler, Genocchi polynomials and numbers. In addition, numerous 
papers treat the construction of Dirichlet-type L-functions for the special 
classes of Bernoulli, Euler, Genocchi numbers attached to a primitive 
Dirichlet character (see [3, 8-10, 16, 18, 19, 21]). 

In this paper, we define, in Section 2, a unified-Barnes multiple Hurwitz 

zeta function ( )( )bakxsl ,,;,βζ  which interpolates the unified class of 

polynomials and numbers of higher order ( ) ( )bakxl
n ,,;,βY  at negative 

integer values of s. A multiplication formula and some special cases are 
given. In Section 3, we construct a Dirichlet-type multiple L-function 
( )( )baksL l ,,;, χβ  which interpolates the χ version of the unified class of 

numbers of higher order ( ) ( )bakl
n ,,,, βχY  at negative integer values s. A 

relationship between ( )( )baksL l ,,;, χβ  and ( )( )bakxsl ,,;,βζ  is established 

and some examples are computed. 

2. The Unified-Barnes Multiple Hurwitz Zeta Function 

This section aims at providing a unified-Barnes multiple Hurwitz zeta 
function which interpolates the unified class of polynomials of higher order 

( ) ( )bakxl
n ,,;,βY  ( )N∈l  and the unified numbers at negative integers. We 

first begin by giving a multiplication formula for this unified class of 
polynomials. 



S. Gaboury, R. Tremblay and J. Fugère 6 

Theorem 2.1. Let ,, C∈βα  ,, N∈ml  0N∈k  and .,, +∈ Rbax  

Then the following formula holds: 
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Proof. Using the generating function (1.1), we have 
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Let us recall the generalized multinomial theorem (see [5, p. 41]). If 

rxxx ...,,, 21  are commuting elements of a ring, then for ,C∈α  we have 
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where summation takes place over all integers ,0≥in  with 
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By applying this formula to (2.2), we have 
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where ( ) .12 121 −−+++= mnmnnr  Equating the coefficients of ,!n
tn

 

the result follows. ~ 

Remark 2.2. Setting 1=α  in (2.1), we get the result obtained by Ozden 
et al. [17], namely: 
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Our objective is now to apply the Mellin transformation to the generating 

function (1.1) for the unified polynomials of higher order ( )( )bakxn ,,;,
α
βY  in 

order to construct the unified-Barnes multiple Hurwitz zeta function and, by 

the way, to interpolate ( )( )bakxn ,,;,
α
βY  for negative integer values of n and 

for .N∈α  

Consider the following function: 
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By applying the Mellin transformation to (2.7), we find for ( ) :Re lks >  
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Note that the Mellin transformation of function of the type ate−  is given 
by (see [6]) 
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We thus define the unification ( )( )bakxsl ,,;,βζ  of the Barnes multiple 

Hurwitz zeta functions as follows. 

Definition 2.3. For ,, C∈βs  ,1<β  ,N∈l  0N∈k  and ,,, +∈ Rbax  

we have for ( ) :Re ls >  

( )( ) ( ) ( ) ( )

( )∑
∞

=

+++

−+

β ++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β
−

=ζ
0...,,, 21

11

21

21

,21,,;,
l

l

nnn
s

l

nnn

b

b

lb

klkl
l

xnnn
a

a
bakxs  

 (2.10) 

where ( )( )bakxsl ,,;,βζ  is called the unified-Barnes multiple Hurwitz zeta 

function. 

We know (see [1, 2]) that the Barnes-type Hurwitz zeta functions can        
be continued meromorphically to the whole complex s-plane with simple 
poles at ....,,2,1 ls =  The unified-Barnes multiple Hurwitz zeta function 
( )( )bakxsl ,,;,βζ  interpolates the polynomials ( ) ( )bakxn ,,;,

α
βY  for negative 

integer values of s. Substituting ,js −=  0N∈j  in (2.10), we obtain the 

following theorem: 
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Replacing j by lkj +  in the left hand side of (2.12) and equating the 

coefficients on both side yield 
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Finally, by substituting ,js −=  0N∈j  in (2.10), the result follows. ~ 

Remark 2.5. The proof of Theorem 2.4 could also be done by using the 
same method as Srivastava et al. [21], the Cauchy residue theorem and the 
equation (2.8). 

Remark 2.6. If we set 1=l  in Theorem 2.4, then we rediscover a result 
given recently by Ozden et al. [17]: 
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Remark 2.7. Putting ,0=k  1−=a  and 1=β=b  in Theorem 2.4 gives 

the Euler-Barnes multiple Hurwitz zeta function obtained by Kim [8], 
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Theorem 2.8. For ,C∈s  ( ),1<β∈β C  ,,, +∈ Rbax  0N∈k  and 
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,, N∈ml  the following formula holds: 
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⎞⎜

⎝
⎛ β⎟
⎠

⎞
⎜
⎝

⎛−
=

lmnn
m lnn

br

mlbm

klmlbl

ann
l

a
a

11
11 ...,,0 11

11

...,,
21  

 ∑
∞

≥

⎟
⎠
⎞⎜

⎝
⎛ +++++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β×
0...,,1

121

.
l

ll

ss

lkmtm
rxsssss

bm

bm
te

a
 (2.17) 

Applying the Mellin transformation on both sides of (2.17) as done in 
(2.8) gives the result. ~ 
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We end this section by computing some special cases of this last 
theorem. These special cases are given in the next corollaries. 

If we set 1==β== kba  in Theorem 2.8, we obtain a relation given 

by Choi [4] involving a particular Barnes-type Hurwitz zeta function called 

the Bernoulli Barnes Hurwitz zeta function ( ( ) ( ) ( )( )).1,1,1;since 1, xBx l
n

l
n =Y  

Corollary 2.9. For ,C∈s  +∈ Rx  and ,, N∈ml  the following formula 

holds 

( )( ) ( )∑
=−++

− ≤≤ −
⎟
⎠
⎞⎜

⎝
⎛ +ζ⎟

⎠

⎞
⎜
⎝

⎛=ζ

lmnn
m lnn

l

ms
l

m
rxs

nn
l

m
xs

11
11 ...,,0

1
11

1 ,1,1,1;,
...,,

11,1,1;,  

 (2.18) 

where ( ) .12 121 −−+++= mnmnnr  

In addition, substituting 1=l  in (2.18) provides the following Bernoulli 
Hurwitz zeta function: 

Corollary 2.10. Let ,C∈s  +∈ Rx  and .N∈m  Then we have 

 ( ) ∑
−

=
⎟
⎠
⎞⎜

⎝
⎛ +ζ=ζ

1

0
11 .1,1,1;,11,1,1;,

m

j
s m

jxs
m

xs  (2.19) 

It is easy to see that 

 ( )
( )

( )∑
∞

=
ζ−=

+
−=ζ

0
1 ,,11,1,1;,

n
s xs

xn
xs  (2.20) 

where ( )xs,ζ  is the well-known classical Hurwitz zeta function. Thus, we 

can rewrite (2.19) as 

 ( ) ∑ ∑
−

= =
⎟
⎠
⎞⎜

⎝
⎛ −+ζ=⎟

⎠
⎞⎜

⎝
⎛ +ζ=ζ

1

0 1

1,1,1,
m

j

m

j
ss m

jxs
mm

jxs
m

xs  (2.21) 

which is a classical result for the Hurwitz zeta function (see [19]). 
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3. Dirichlet-type Multiple L-function 

In this section, we define the Dirichlet-type multiple L-function 
( )( )baksL l ,,;, χβ  which function interpolates the numbers ( ) ( )bakl

r ,,,, βχY  

for negative integer values of s. We exhibit a relation between 
( )( )baksL l ,,;, χβ  and ( )( ).,,;, bakxsl

βζ  We also give some special cases. 

Let us recall Definition 1.2 for the χ-extended unified numbers of higher 
order 

( ) ( ) ( ) ( ).,,,,,0 ,,,, bakbak l
n

l
n βχβχ = YY  

Let χ be a primitive Dirichlet character of conductor .N∈f  Let ,0N∈k  

,, +∈ Rba  N∈l  and .C∈β  Then 

( ) ( )
( )

( ) ( )∑∑
∞

=
βχ

−

=

− =
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−β

⎟
⎠
⎞⎜

⎝
⎛ βχ

=βχ
0

,,

1

0

1
, .!,,2,;,

r

r
l

r

l

f

j
bfftbf

jt
bj

kkl
ba r

tbak
ae

eaj
tktf Y  

 (3.1) 

Let us now rewrite the function ( ) ( )βχ ,;,, ktf l
ba  in the following way: 

( ) ( )βχ ,;,, ktf l
ba  

( )
l

f

j
bfftbf

jt
bj

kk

ae

eaj
t

⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−β

⎟
⎠
⎞⎜

⎝
⎛ βχ

= ∑
−

=

−
1

0

12  

( )
( ) ( )

∑
∏−

=

=
++

++

−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ β

χ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β

=
1

0...,,

11

1

1
1

1

2
f

nn
l

ft
f

b

b

l
i i

tnn
nn

b

b

bfl

kllk

l

l
l

e
a

ne
a

a
t  
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( ) ( )
( ) ( )∑ ∏

−

= =

++
++−

χ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β−
=

1

0...,, 1

1

1

1
121 f

nn

l

i
i

tnn
nn

b

b

bfl

kllkl

l

l
l

ne
aa

t  

( )
( )∑

∞

=

++
++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β×
0...,,1

1
1

l

l
l

xx

ftxx
fxx

b

b
e

a
 

( ) ( )
∑ ∑
∞

=

−

=

+− ∑ =

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β−
=

0...,,

1

0...,,

1

1 1

121

l l

l
i ii

xx

f

nn

fxn

b

b

bfl

kllkl

aa
t  

( )∏
=

+∑ =+χ×
l

i

fxnt
ii

l
i iiefxn

1

1  

( ) ( )
( ) ( )∑ ∏

∞

= =

++
++−

χ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β−
=

0...,, 1

1

1

1
1

.21

l

l
l

nn

l

i

tnn
i

nn

b

b

bfl

kllkl
en

aa
t  (3.2) 

Since ( ) ,00 =χ  we can start at .1...,,1,1 21 === lnnn  Thus, we have 

( ) ( )βχ ,;,, ktf l
ba  

( ) ( )
( ) ( )∑ ∏

∞

= =

++
++−

χ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β−
=

1...,, 1

1

1

1
121

l

l
l

nn

l

i

tnn
i

nn

b

b

bfl

kllkl
en

aa
t  

( ) ( ) .,,
0

!,,∑
∞

=
βχ=

r
r

r
l

r
tbakY  (3.3) 

From (3.3), we can easily derive the next relation by equating the coefficient 

of !r
tr

 on both sides of the previous relation after having expand ( ) tnn le ++1  

in power series. Hence, we obtain 

 ( ) ( )bakl
klr ,,,, βχ+Y  

 ( ) ( )
( ) ( ) ( )∑ ∏

∞

= =

++

−
++χ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ β+−
=

1...,, 1
11

1

1

.
!2
!1

l

l

nn

l

i

j
li

nn

b

b

bfllk

l
nnn

ara
klr  (3.4) 
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Now, by applying the Mellin transformation to (3.3), we have 

( )
( ) ( )∫

∞ −− β−χ
Γ 0 ,

1 ,;,1 dtktfts
l
ba

lks  

( ) ( ) ( )
∑
∞

=

++−+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β−
=

1...,,

11

1

121

l

l

nn

nn

b

b

bfl

lkkl

aa
 

( ) ( )
( )∏ ∫

=

∞ ++−−
Γ

χ⋅
l

i

tnns
i dtetsn l

1 0
1 11  

( ) ( ) ( )
( ) ( )∏∑

=

−
∞

=

++−+
++χ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ β−
=

l

i

s
li

nn

nn

b

b

bfl

lkkl
nnn

aa l

l

1
1

1...,,

11
.21

1

1

 (3.5) 

We define the Dirichlet-type multiple unified L-function as follows: 

Definition 3.1. Let χ be a primitive Dirichlet character of conductor 

.N∈f  Let ,C∈s  ,0N∈k  ,, +∈ Rba  N∈l  and .C∈β  Then 

( )( ) ( ) ( ) ( ) ( )

( )∑
∏∞

=

=

++

−+

β ++

χ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β
−

=χ
1..., 1

111

1

1

.21,,;,
l

l

nn
s

l

l
i i

nn

b

b

bfl

lkkl
l

nn

n
a

a
baksL  

 (3.6) 

Remark 3.2. The function ( )( )baksL l ,,;, χβ  is an analytic function in 

the whole complex s-plane. 

The Dirichlet-type multiple unified L-function ( )( )baksL l ,,;, χβ  

interpolates the numbers ( ) ( )bakl
r ,,,, βχY  for negative integer values of s. 

Substituting ,rs −=  0N∈r  in (3.6), we obtain the following theorem: 

Theorem 3.3. Let χ be a primitive Dirichlet character of conductor 

.N∈f  Let ,, 0N∈kr  ,, +∈ Rba  N∈l  and .C∈β  Then 

 ( )( ) ( )
( )

( ) ( ).,,!
!1,,;, ,, baklkr

rbakrL l
klr

lk
l

βχ+β +
−

=χ− Y  (3.7) 



S. Gaboury, R. Tremblay and J. Fugère 16 

Proof. By comparing (3.4) and (3.6), the result follows easily. ~ 

Remark 3.4. Setting ,1=l  ,0=k  ,1−=a  1=β=b  in Theorem 3.3 

and let f be an odd conductor of χ, we find 

 ( )( ) ( ) ,1,1,0;, ,
1

1
l

rErL χ=−χ−  (3.8) 

where ( )l
rE χ,  are the classical χ-extended Euler numbers of higher order [20, 

22]. 

Theorem 3.5. Let χ be a primitive Dirichlet character of conductor 

.N∈f  Let ,, 0N∈kr  ,, +∈ Rba  N∈l  and .C∈β  Then 

( )( ) ∑
−

=

++

β ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β=χ
1

1...,,1

11,,;,
f

aa

aa

b

a

s
l

l

l

af
baksL  

( ) ( )∏
=

β
⎟
⎠
⎞

⎜
⎝
⎛ ++

ζχ×
l

i

fll
i bakf

aasa f
1

1 .,,;,  (3.9) 

Proof. Substituting ,fman jjj +=  where ,...,,2,1,0 ∞=jm  =ja  

,...,,2,1 f  where ( ) ( )jjj afma χ=+χ  and f is conductor of χ, lj ≤≤1  

into (3.6), we have 

( )( )baksL l ,,;, χβ  

( ) ( ) ( )

( )∑ ∑
−

=

∞

=

++++

−+

++++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β
−

=
1

1...,, 0...,, 11

11

1 1

11

21 f

aa mm
s

ll

fmafma

b

b

bfl

lkkl

l l

ll

fmafma
a

a
 

( )∏
=

+χ×
l

i
ii fma

1
 

( ) ( ) ( )
( )∑ ∏

−

= =

++−−+
χ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ β−
=

1

1...,, 1

11

1

121 f

aa

l

i
i

aa

b

b

bfl

slkkl

l

l

a
aa

f  
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∑
∞

=

++

⎟
⎠
⎞

⎜
⎝
⎛ ++

+++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β

×
0...,, 1

11

1

.
l

l

mm
s

l
l

mm

bf

bf

f
aamm

a  (3.10) 

Making use of (2.10), we arrive to (3.9). ~ 

Replacing ,rs −=  0N∈r  in (3.9) and with the help of (2.11) and (3.7), 

we can also deduce the following theorem: 

Theorem 3.6. Let χ be a primitive Dirichlet character of conductor 

.N∈f  Let ,, 0N∈kr  ,, +∈ Rba  N∈l  and .C∈β  Then 

( ) ( ) ∑
−

=

++

βχ+ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ β=
1

1...,,
,,

1

1

,,
f

aa

aa

b

b
rl

klr
l

l

a
fbakY  

( ) ( )∏
=

β+
⎟
⎠
⎞

⎜
⎝
⎛ ++

χ×
l

i

fll
lkri bakf

aaa f
1

1
,

.,,;Y  (3.11) 

Remark 3.7. If we let 1==β== kba  in Theorem 3.6, then we 

rediscover a result given by Cenkci et al. [3] for the χ-extended Bernoulli 
numbers of higher order, namely: 

 ( ) ( ) ( )∑
−

=
+χ+ ⎟

⎠
⎞

⎜
⎝
⎛ ++

++χ=
1

1...,,

1
,

1

.
f

aa

ll
lrli

rl
lr

l
f

aaaaf BB  (3.12) 

References 

 [1] E. W. Barnes, The theory of the double gamma function, Philos. Trans. Roy. Soc. 
A 196 (1901), 265-388. 

 [2] E. W. Barnes, On the theory of the multiple gamma function, Trans. Camb. 
Philos. Soc. 19 (1904), 374-425. 

 [3] M. Cenkci, Y. Simsek and V. Kurt, Further remarks on multiple p-adic q-l-
function of two variables, Adv. Stud. Contemp. Math. 14 (2007), 49-68. 

 [4] J. Choi, Explicit formulas for Bernoulli polynomials of order n, Indian J. Pure 
Appl. Math. 27(7) (1996), 667-674. 



S. Gaboury, R. Tremblay and J. Fugère 18 

 [5] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, 
Translated from French by J. W. Nienhuys, Reidel, Dordrecht, 1974. 

 [6] A. Erdelyi, W. Magnus, F. Oberhettinger and F. Tricomi, Tables of Integral 
Transforms, Vols. 1-2, McGraw-Hill, New York, 1953. 

 [7] S. Gaboury, R. Tremblay and B. J. Fugère, Symmetry properties for a unified 
class of polynomials attached to χ, submitted. 

 [8] T. Kim, On Euler-Barnes multiple zeta function, Russ. J. Math. Phys. 10 (2003), 
261-267. 

 [9] T. Kim, On p-adic interpolating function for q-Euler numbers and its derivatives, 
J. Math. Anal. Appl. 339(1) (2008), 598-608. 

 [10] T. Kim and J.-S. Cho, A note on multiple Dirichlet’s q-l-functions, Adv. Stud. 
Contemp. Math. 11(1) (2005), 57-60. 

 [11] Q.-M. Luo, Apostol-Euler polynomials of higher order and Gaussian 
hypergeometric functions, Taiwanese J. Math. 10(4) (2006), 917-925. 

 [12] Q.-M. Luo and H. M. Srivastava, Some generalizations of the Apostol-Bernoulli 
and Apostol-Euler polynomials, J. Math. Anal. Appl. 308(1) (2005), 290-302. 

 [13] Q. M. Luo and H. M. Srivastava, Some relationships between the Apostol-
Bernoulli and Apostol-Euler polynomials, Comput. Math. Appl. 51 (2006),       
631-642. 

 [14] H. Ozden, Unification of generating function of the Bernoulli, Euler and Genocchi 
numbers and polynomials, AIP Conference Proceedings 1281 (2010), 1125-1128. 

 [15] H. Ozden, Generating functions of the unified representation of the Bernoulli, 
Euler and Genocchi polynomials of higher order, AIP Conference Proceedings 
1389 (2011), 349-352. 

 [16] H. Ozden, I. N. Cangul and Y. Simsek, Multivariate interpolation functions of 
higher order q-Euler numbers and their applications, Abstr. Appl. Anal. Article ID 
390857 (2008), 16 pp. 

 [17] H. Ozden, Y. Simsek and H. M. Srivastava, A unified presentation of the 
generating function of the generalized Bernoulli, Euler and Genocchi polynomials, 
Comput. Math. Appl. 60 (2010), 2779-2787. 

 [18] C. S. Ryoo, T. Kim, J. Choi and B. Lee, On the generalized q-Genocchi numbers 
and polynomials of higher order, Advances in Differences Equations Article ID 
424809 (2011), 8 pp. 

 [19] H. M. Srivastava, Some formulas for the Bernoulli and Euler polynomials at 
rational arguments, Math. Proc. Cambridge Philos. Soc. 129 (2000), 77-84. 



On Barnes Multiple Hurwitz Zeta Functions … 19 

 [20] H. M. Srivastava and J. Choi, Series Associated with Zeta and Related Functions, 
Kluwer Academic Publishers, Dordrecht, Boston, London, 2001. 

 [21] H. M. Srivastava, T. Kim and Y. Simsek, q-Bernoulli numbers and polynomials 
associated with multiple q-zeta functions and basic L-series, Russian J. Math. 
Phys. 12 (2005), 241-268. 

 [22] L. C. Washington, Introduction to cyclotomic fields, Graduate Text in 
Mathematics, Springer-Verlag, New York, Vol. 83, 1982. 


