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Abstract

In this paper, we define a unified-Barnes multiple Hurwitz zeta
function and a Dirichlet-type multiple L-function which interpolate a
unified class of polynomials and numbers at negative integer values.
This unified class of polynomials contains as special case the
celebrated Apostol-Bernoulli, Euler and Genocchi polynomials of
higher order as well as their y-extended versions. Many relationships
are given.
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1. Introduction, Definitions and Notation

In the last years, Luo and Srivastava [12, 13] introduced the generalized
Apostol-Bernoulli polynomials Bg‘*)(x) of order a, Luo [11] investigated
the generalized Apostol-Euler polynomials Sg‘*)(x) of order o and the

generalized Apostol-Genocchi polynomials gg‘*)(x) of order a.. Ozden [14,

15] and Ozden et al. [17] have investigated an interesting unification of
the Apostol-Bernoulli, Euler and Genocchi polynomials. Explicitly, Ozden
studied the following generating function:

Definition 1.1. Let k e Ny, a, b e R* and a, B € C,

( e Tem = 200 Y@ (x k a )L (L1)
b b - PR R S E '
pe! — a = n n!

( t+ blog(%) <2m, X e R; 1% = 1).

This family of polynomials includes as special cases, the well-known
Apostol-Bernoulli, Euler and Genocchi polynomials. These polynomials are
defined, respectively, as follows:

t )" xt O @)y 4o " o
(ket—lj € —ZBn (; k)ﬁ (t+logh|<2m1*:=1), (1.2
n=0

o 0 n
[ t2 j eXt = ZS%Q)(X; x)t—, (t+logh|<m1*:=1), (1L3)
}\/e + 1 n:O n:

o © n
[xetZtJr 1) =Y R k)tn_u (t+logh|<m1®=1). (L4
n=0 '

We can see that

Y (6 1,1,1) = B (x; 1), (L5)

Y (x: 0, -1, 1) = £¥(x; 1), (1.6)
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Y (61, -1,1) = - L 6@k 1), (1.7)

Moreover, Ozden et al. in [17] have extended and investigated the
generating function (1.1) (o =1) in terms of a Dirichlet character y of

conductor f € N since these polynomials are very important in several

fields of mathematics and physics. They proposed the following y-extension
of the generating function for the generalized Apostol-Bernoulli, Euler and
Genocchi polynomials. Let y be a Dirichlet character of conductor f e N.

Then

bj
-1 x() =) el
21”2 bf(ﬁ) bf Zynxﬁ(x"ab)_ (1.8)

n=0
U ft + bf |og(g)

Recently, the authors in [7] have studied symmetry properties of
the y-extended unified polynomials of higher order denoted by

y%‘?‘))clﬁ(x; k, a, b) and defined as follows:

<2n,XeR;keN0;feN,a,beRJr;Be(Cj.

Definition 1.2. Let ¢ be a Dirichlet character of conductor f € N. Let
ke Ng, a, beR" and a, B € C. Then the x-extended unified polynomials
of higher order ygo‘))( B(x; k, a, b) are given by

o

1) 2] et
pl-kk Z be ( j Zy“*) s K, a, b)— (1.9)

ft a
U ft + bf |og(g)

The case x =0, yg‘j‘iyﬁ(o; k,a, b)= y%‘?‘))(lﬁ(k, a, b) gives the y-extended

unified numbers of higher order.

<2n,XeR;keN0;feN,a,beRﬂa,Be(Cj.
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Remark 1.3. If we set y =1 in (1.9), then we obtain the generating
function (1.1). The y-extended versions B%‘,"))((x, B) of the Apostol-Bernoulli
polynomials of higher order, SE,‘?‘))((X, B) of the Apostol-Euler polynomials of

higher order and gﬁ{f‘))c(x, B) of the Apostol-Genocchi polynomials of higher

order are given, respectively, by

B (% B) = V) 5 1,1,1), (1.10)
£ (x, B) = y&?;)c,ﬁ(x; 0, -1, 1), (1.11)
i) (x, B) = 2° y(n(f‘))(’ﬁ(x; 1 -1, 1). (1.12)

Moreover, if we put o =1 and B =1 in (1.10)-(1.12), then we get the

following y-extended version of the classical Bernoulli, Euler and Genocchi
polynomials [20, 22]:

By, () =V, 1(x1,1,1), (1.13)
En,, (X) = yﬁ,l,)x,l(x; 0, -1 1), (1.14)
G, () =200 1 (x1 -1,1), (1.15)

respectively.

Next, Ozden et al. [17] constructed a unification of the Hurwitz zeta
functions by making use of the Mellin transformation applied to the
generating function of the unification of Apostol-Bernoulli, Euler and
Genocchi polynomials. Precisely, they defined the following family of
Hurwitz zeta functions:

Definition 1.4. For s,B e C, |B| <1 k eNg and x, a, b e R*, we

have for Re(s) > 1:
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il
(_1)k—12(1—|() ®© La_bj

b

, Xk, a, b) = ,
Spls. xi k@ b) a = (n+x)°

(1.16)

where Cg(s, x; k, a, b) is called the unified Hurwitz zeta function.

A large number of works have been done recently concerning the
construction of Hurwitz zeta functions that interpolate special classes of
Bernoulli, Euler, Genocchi polynomials and numbers. In addition, numerous
papers treat the construction of Dirichlet-type L-functions for the special
classes of Bernoulli, Euler, Genocchi numbers attached to a primitive
Dirichlet character (see [3, 8-10, 16, 18, 19, 21]).

In this paper, we define, in Section 2, a unified-Barnes multiple Hurwitz

zeta function Qg)(s, x; k, @, b) which interpolates the unified class of

polynomials and numbers of higher order yﬂ’)ﬁ(x; k, a, b) at negative

integer values of s. A multiplication formula and some special cases are
given. In Section 3, we construct a Dirichlet-type multiple L-function

L(B')(s, x; k, a, b) which interpolates the y version of the unified class of

numbers of higher order yr(ll,)x,ﬁ(k’ a, b) at negative integer values s. A

relationship between L(BI)(S’ x; k, a, b) and Qg)(s, x; k, @, b) is established

and some examples are computed.
2. The Unified-Barnes Multiple Hurwitz Zeta Function

This section aims at providing a unified-Barnes multiple Hurwitz zeta
function which interpolates the unified class of polynomials of higher order

yr(]"%(x; k, a, b) (I e N) and the unified numbers at negative integers. We

first begin by giving a multiplication formula for this unified class of
polynomials.
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Theorem 2.1. Let o,peC, I,meN, keNy and x, a beR".
Then the following formula holds:

s br
((x)(x k, a, b) = ab(m—l)mn—ka ( a J(E)
nl,...,nzleO M, ..., Np—g/\@
(@) (X+T. m
Xyn,ﬁm(—m 'k, a ,b), 2.1)

where r = +2ny + -+ + (M —1)ngy_3.

Proof. Using the generating function (1.1), we have

Z Yk, a, b)—
n=0
21—k k a "

1-K , k (Ejbmemt -1
(2 Tt )a a xt

) o (0o _q“ (e

aab(m—l)m—ka[ﬁ%ja(ri( ) eJtJ eXt (2.2)

Let us recall the generalized multinomial theorem (see [5, p. 41]). If
X{, X2, ..., X, are commuting elements of a ring, then for o € C, we have

o0
a
Lot = ) [ jxfl...xr?qm, (2:3)
S AL ERRL Y

where summation takes place over all integers n; > 0, with
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a _ oo —D(a—=2)--(a—m —ny —--—npy +1)
[nl, j_ 12 . (24)

B . minyt---ny!

By applying this formula to (2.2), we have

- n 1k ok \*
> Vik.a b)tn_! tal"‘b(m‘l)m"‘“[—B 2 (mt) }

bm_ mt bm
n=0 e -

a
y i o (Ejbr (XNt
N,y ooy N1 a

_ iaab(m—l)mn—ka i [nl, o j(gjbr

n=0 N, e Npy_120 w0 Nm-1

n

(a) (X+T. m .\t
xyn’Bm( —~ ik a ,bj s (2.5)

n
where r =nmn +2n, +---+(m—-1)n,,_1. Equating the coefficients of %

the result follows. O

Remark 2.2. Setting o =1 in (2.1), we get the result obtained by Ozden
etal. [17], namely:

b(m-1),..n—k ) B bl X+ 1 m
yn,B(x; k,a,b)=a m Z(Ej yn,Bm(T; k,a", bj. (2.6)
1=0

Our objective is now to apply the Mellin transformation to the generating
function (1.1) for the unified polynomials of higher order yﬁf"ﬁ)(x; k, a, b) in
order to construct the unified-Barnes multiple Hurwitz zeta function and, by
the way, to interpolate yr(]%)(x; k, a, b) for negative integer values of n and

for a € N.

Consider the following function:
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|
0 _ ~ 21—ktk "
fa’b(X, t, k, B) - (Bbet—_ab ex

) ol(1-k) Ik 1 1 it
B Ib b b
I GRIGE
I-times
_ (_1)|2|(1—k)t|k 0 (ﬁ]nl‘”b*"”*'nl e(n1+---+n|+x)t
al® N, Ny, ..., N =0 a”
N (@) t"
= nzz(:)y”‘ﬁ(x’ k,a b)—. 2.7)

By applying the Mellin transformation to (2.7), we find for Re(s) > Ik:

L[k () oy
I(s) IO T (% Lk, Bt

(_1)|(k+1)2|(1—k) o0 (Bb ]n1+n2+...+nl

Ib b

b
a N, Np,..,m=0\a

1 [ s-1 —(m+-+n+x)t
TR t>e V1 I dt
r'(s) .[o

Bb m+Ny+---+N)
B Ib ' '
a ny Moy gy =0 (ML + N + -+ 1) +x)°
Note that the Mellin transformation of function of the type e s given

by (see [6])

1

Mie ) = )

j:ts‘le‘atdt =a® (Re(s)>0, Re(a)>0). (2.9)
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We thus define the unification Cg)(s, x; k, a, b) of the Barnes multiple

Hurwitz zeta functions as follows.

Definition 2.3. For s, e C, [B|<1 I eN, ke Ng and x, a, b € RY,

we have for Re(s) > I:

M +Ng+---+N
Bb
(_1)I(k+1)2I(1—k) © [a_bj

Ib S
a n Moy =0 (ML + N + -+ + Ny + X)

Cg)(s, x; k, a, b) =

(2.10)

where Qg)(s, X; k, a, b) is called the unified-Barnes multiple Hurwitz zeta

function.

We know (see [1, 2]) that the Barnes-type Hurwitz zeta functions can
be continued meromorphically to the whole complex s-plane with simple
poles at s =1, 2, ..., |. The unified-Barnes multiple Hurwitz zeta function

Cg)(s, x; k, @, b) interpolates the polynomials yﬁfj‘%(x; k, a, b) for negative
integer values of s. Substituting s = —j, j e Ng in (2.10), we obtain the

following theorem:

Theorem 2.4. Let j, k e Ny and x, a, b € R™. Then

(- j!y(jlllk,B(X; k, a, b)

65 xi k. b) = (j+ k)

(2.11)

Proof. We know from (2.7) that

fé,'%(x, t; k, B)

0 | . tj
j=0
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_ (_1)| 2|(1—k)t|k o (Bb Jnl+n2+"'+nl e(n1+---+n| 0t
=0

t'+|k

0 © b M +Ny+---4+N |
) Z Z [—bj (M +--+n +x)! T (2.12)
“ -0 "

Replacing j by j + Ik in the left hand side of (2.12) and equating the

coefficients on both side yield

j!y(jl_,)_|k7[3()(; k, a, b)

(j+1Ik)
)Rk & g\ j
G - Z = (g +-+n +x)). (2.13)
a N, Ny, ..., =0
Finally, by substituting s = —j, j € Ny in (2.10), the result follows. O

Remark 2.5. The proof of Theorem 2.4 could also be done by using the
same method as Srivastava et al. [21], the Cauchy residue theorem and the
equation (2.8).

Remark 2.6. If we set | =1 in Theorem 2.4, then we rediscover a result
given recently by Ozden et al. [17]:

(D 1Yok, p(x K, @, b)
(j+k)y '

Remark 2.7. Putting k =0, a=-1and b = =1 in Theorem 2.4 gives
the Euler-Barnes multiple Hurwitz zeta function obtained by Kim [8],

Cp(=J, x; k, a, b) = (2.14)

- %) = ED ). (2.15)

Theorem 2.8. For se C, e C (|B|<1), x,a, beR", k e Ny and



On Barnes Multiple Hurwitz Zeta Functions ... 11

I, m e N, the following formula holds:
Qg)(s, x; k, a, b)

_ alb(n;—l) Z [ | )(Ejbrc(l%(syx_‘”; Kk am bj’
m OSnl,...,nm,lﬁi nl' T nm_l a B m

n+-+nm_1=I

(2.16)

where r = + 2ny + -+ (M =1)ny_1.
Proof. We have seen in the proof of Theorem 2.1 that we can write the
unified function ') (x, t; k, B) in the following way
fa(,'z,(x, t; k, B)

) (2 K¢k m-1 B i) x
- abl((;jbmtemt _1J| [;}(gj elt] eXt
a

S (- J(E)bre(xmt
' o<y, <l \Ms o Ny )\ @

(e e

albm o<ny, SR <1\ oo Mg )\ 2

m+-+nm-1=I

» bm \St+S2F -+ (sl+---+s|+ﬂ)mt
Ik
« 3 (i—j e m )k, 2.17)

bm
1,520

Applying the Mellin transformation on both sides of (2.17) as done in
(2.8) gives the result. O
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We end this section by computing some special cases of this last
theorem. These special cases are given in the next corollaries.

Ifweset a=b=f=k=1inTheorem 2.8, we obtain a relation given
by Choi [4] involving a particular Barnes-type Hurwitz zeta function called

the Bernoulli Barnes Hurwitz zeta function (since yr(]')l(x; 1,11 = Br(,')(x)).

Corollary 2.9. For s e C, x e R™ and I, m e N, the following formula
holds

e o _ 1 | ). X+T .
s xtiy=— > (nl, jz;l (s, - ,1,1,1),

M~ o<ny, ..., N1 <l w0 Mm-1
m+-+nm-1=I

(2.18)
where r = +2ny + -+ (M =1)ny,_1.

In addition, substituting | =1 in (2.18) provides the following Bernoulli
Hurwitz zeta function:

Corollary 2.10. Let s e C, x e R* and m e N. Then we have

Cy(s x-111)=in§g(s X+j-111j (2.19)
S msjzolym’,,. .

It is easy to see that

Ci(s, x;1,1,1) =— i 1 = —{(s, X), (2.20)

n=o (n+ X)S

where (s, x) is the well-known classical Hurwitz zeta function. Thus, we

can rewrite (2.19) as
o) = L ’Elc(s x+j)= 1 ig(s x+j—1) 2o
1 ms JZO 1 m ms le 1 m .

which is a classical result for the Hurwitz zeta function (see [19]).
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3. Dirichlet-type Multiple L-function
In this section, we define the Dirichlet-type multiple L-function
L(B')(s, x; k, a, b) which function interpolates the numbers yﬁ'i B(k' a, b)
for negative integer values of s. We exhibit a relation between

L(BI)(S’ x; k, a, b) and Qg)(s, x; k, a, b). We also give some special cases.

Let us recall Definition 1.2 for the x-extended unified numbers of higher
order

Y 50,k ab) =) ok, a b).

Let  be a primitive Dirichlet character of conductor f € N. Let k € Ny,

a,beR", leNand B eC. Then

] .
-1 x(j) el
TP ERS M NS

ft _ obf
(3.1)
Let us now rewrite the function fa(,I%(X’ t; k, B) in the following way:
fé,'%(x, t; k, B)

sies X(blg( B

ft a

b

g+
B g+t T .
H1-K)1 (K fo1 (—bj plm+-+ny Hi:lX(n')

a
|

bfl
a M, ... n=0 ([%erﬁ—:{]
a
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_1)l oK) 1k f-1 b\t -t |
:()W Z E_b alm+ +n')tHX(ni)
i=1

a N, =0

0 Bb (X1+~'~+X|) f (X 3 ) o
+...+
D B

X1, X =0

bfl
a X1y eees X| =0 M,y =0

(=D 2T i -1 (bJZLwHXif

| |
X Hx(ni + Xj f)etzi:lni+xif
i=1

oK)kl © b\t
- 1)2be t 2. (B_bj 1JX(ni)‘3(nl+"'+n')t- (3.2)

a N, =0

Since x(0) =0, wecanstartat y =1, n, =1, ..., nj = 1. Thus, we have

(ot k. p)

I RS YIS AN+
S D U B | PORR
a Mg, .., n=1\8a i=1

© r
=30 sk a, b)tr—!. (3.3)
r=0

From (3.3), we can easily derive the next relation by equating the coefficient

r
of tr—l on both sides of the previous relation after having expand gl +m)t

in power series. Hence, we obtain

yr(IJr)kl,x,B(k' a, b)

nl e b\t | _
2% 2 [STJ HX(ni)(n1+-~-+n|)‘. (3.4)

n,..n=1
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Now, by applying the Mellin transformation to (3.3), we have

1 [k (),
I'(s) _[0 t fa (. —t k, B)dt

bfl b
a M., N =1

(_1)|(k+1)2(1—k)| o0 (Bb Jnl+...+n|
a

|
) N1 [ * s ()t
gx(n,)r(s) IO 1o Dty

_\(k+1) 5(1-k)I ) p \Mte+n |
- bﬂ2 (B J HX(ni)(nlJr'“Jrnl)_s- (3.5)

a Mm,...N =1

aP

We define the Dirichlet-type multiple unified L-function as follows:
Definition 3.1. Let y be a primitive Dirichlet character of conductor
feN LetseC, keNg, a,beR", | eN and B € C. Then

Bb Mty
()t por - & (a_bJ Hi:1X(ni)

bfl
a ng,...n=1 (n1+---+n|)s

Lg)(s, 1 k, a,b)=

(3.6)

Remark 3.2. The function Lg)(s, v; k, a, b) is an analytic function in
the whole complex s-plane.

The Dirichlet-type multiple unified L-function Lg)(s, % k. a, b)
interpolates the numbers yﬁf;ﬁ(k, a, b) for negative integer values of s.
Substituting s = —r, r € Ny in (3.6), we obtain the following theorem:

Theorem 3.3. Let yx be a primitive Dirichlet character of conductor

feN Letr,keNy, a,beR*, | eN and p e C. Then

(-1 1
(r +1k)!

L (-r, % k, @, b) = Y45k 2. b) 3.7)
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Proof. By comparing (3.4) and (3.6), the result follows easily. O
Remark 3.4. Setting | =1, k=0, a=-1, b=p =1 in Theorem 3.3

and let f be an odd conductor of v, we find

LO(r, ;0,11 =Y (3.8)

r,y:

where Ep%C are the classical y-extended Euler numbers of higher order [20,
22].

Theorem 3.5. Let y be a primitive Dirichlet character of conductor
feN Letr,keNy, a,beR*, 1 eN and p e C. Then

f-1 a \at - +ay
L) s, x; k,a,b)= 1 (B_J
B ( X ) .I:S Z 1 ab

ap, ..., Q=

|
XHx(ai)Cgf)[s, AT K al bj. (3.9)
i=1

Proof. Substituting nj = a; + m;f, where mj =0,1, 2, ..., 0, aj =
1, 2, .., f, where x(aj +mjf)= X(aj) and f is conductor of , 1< j <

into (3.6), we have

Lg)(s, v; k, a, b)

b

Bb aq+myf+-+a+mf

(_1)|(k+l) 2(l—k)| f-1

bfl Z

s
a a, ma=tmy, om=0 (@ +mf +--+a +mf)

!
<[ [ x(ai +mif)
i-1

T P
- bl B_b HX(ai)
i=

a aq,..,q=1\8a
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bf My +---+m
p
® bf

a
X : 3.10
m Zn:qo &+ +a ) 10
Lo T (m1+~~+m|+fj
Making use of (2.10), we arrive to (3.9). O

Replacing s = —r, r € Ny in (3.9) and with the help of (2.11) and (3.7),
we can also deduce the following theorem:

Theorem 3.6. Let y be a primitive Dirichlet character of conductor
feN Letr,keNy, a,beR*, e N and B e C. Then

f-1 Bb q+---+a
yr(IJr)kl,x,B(k' a,b)=f' Z (_bJ

a,..q=1\2

|
oy atory ., f
xli:!x(a.)ymk,ﬁf( —ikal, bj. (3.11)

Remark 3.7. If we let a=b=p=k =1 in Theorem 3.6, then we
rediscover a result given by Cenkci et al. [3] for the y-extended Bernoulli
numbers of higher order, namely:

f-1
B(I) ” — fr Z X(ai 4o aI)B(I) (uj (312)

r+l f
a,..., q =1
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