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Abstract 

In this paper, some dynamical properties of the anti-triangular maps 
are given. Moreover, some sufficient and necessary conditions for 
anti-triangular maps on unit square with closed periodic sets are given. 

1. Introduction 

In what follows we denote by N the positive integers. Let ( )dX ,  be a 

metric space and ( )XC0  be the set of continuous self-maps on X. 
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Let ( )dX ,  be a metric space and ( ).0 xCf ∈  For any ,Xx ∈  the orbit 

of x under f is ( ) { ( ) },...,2,1,0:, == nxffxorb n  and is called the orbit of 

x for short. We say that x is an n-periodic point of f if ( ) xxf n =  and 

( ) xxf n ≠  for .1 ni <≤  A point Xx ∈  is said to be a fixed point of f if 

( ) .xxf =  Denote by ( ),fP  ( ),fFix  ( )fPn  the sets of periodic, fixed and 

n-periodic points of f, respectively. We say that Xx ∈  is an eventually 

periodic point if ( ) ( )xfxf kj =  for some pair j, k with .kj ≠  Denote by 

( )fEP  the set of all eventually periodic points. 

For any ,Xx ∈  let ( ) ( ) { ( ) }.:, 0 mnxffxx n
n ≥=ω=ω ≥∩  Then we 

say that ( )xω  is the ω-limit set of x and every point of ( )xω  is ω-limit point 

of x. A point Xx ∈  is said to be recurrent if ( ).xx ω∈  x is non-wandering 

if ( ) xxf k
nk →  for some sequence of points xxk →  and some sequence of 

integers .∞→kn  Let ( ),fR  ( )fΩ  denote, respectively, the sets of all 

recurrent and non-wandering points. A point Xx ∈  is said to be almost 
periodic if x is recurrent and for every open set U containing x, there exists a 

positive integer m such that ( ).0 Ufx km
k

−
≥∈∩  We denote by ( )fAPAP =  

or ( )fRRRR =  the set of all almost periodic points. A point Xx ∈  is said 

to be strong recurrent if x is recurrent and for every open set U containing x, 

there exists a positive integer ( )UNN =  such that if ( ) ,Uxf m ∈  where 

,0≥m  then ( ) ( )UkmN
k fx +−
≥∈ 1∪  for some k with .0 Nk ≤≤  Denote by 

( )fURUR =  the set of all strong recurrent points. 

Let 0>ε  be given and x, y be any points of X. A finite sequence 
( )1...,,, 10 ≥nxxx n  of points of X is said to be ε-chain or pseudo-orbit 

from x to y of f if ,0 xx =  yxn =  and ( )( ) ε<−1, ii xfxd  for ....,,2,1 ni =  

Let 

 ( ) { }wxXwfxW tofromchain-anexiststhere:, ε∈=ε  (1.1) 
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and 

 ( ) ( ){ }.0:,, >ε= ε fxWfxW ∩  (1.2) 

( )fxW ,  is said to be a chain-available set of f, and every point of ( )fxW ,  

is said to be a chain-available point of x. A point Xx ∈  is said to be chain-
recurrent point if ( )., fxWx ∈  Denote ( )fCR  the set of all chain recurrent 

points. 

In [1], we know that 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )fCRfffRfURfAPfP ⊂Ω⊂ω⊂⊂⊂⊂  (1.3) 

and there exists a map f such that ( ) ( ) ( ) ( ) ⊂⊂⊂⊂ fRfURfAPfP  

( ) ( ) ( )fCRff ⊂Ω⊂ω  (see [2]). 

Let X be a compact metric space, ( )., 0 XCgf ∈  Then a map F is said 

to be anti-triangular map if it has the form ( ) ( ) ( )( ),,, xfygyxF =  ( )yx,  

.2X∈  It has been concerned for the study of the anti-triangular maps in 
recent years (see [3-5] et al). The aim of this paper is to study the properties 
of the anti-triangular maps, and drive some conditions for periodic set of 

anti-triangular maps on 2I  being closed. 

2. Fundamental Results 

Lemma 2.1. Let X be a compact metric space, ( ) ( )yxFXCgf ,,, 0∈  

( ) ( )( )xfyg ,=  be an anti-triangular map. Then 

(1) ( ) ( ) ( ) (( ) ( ) ( ) ( ));,,; 22 ygfxfgyxFFPFP nnn ==  

 ( ) ( ) ( );gfPfgPFP ×=  

(2) ( ) ( ) ( ) ( ) ( );;2 gfAPfgAPFAPFAPFAP ×==  

(3) ( ) ( ) ( ) ( ) ( );;2 gfCRfgCRFCRFCRFCR ×==  
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(4) ( ) ( ) ( ) ( ) ( );;2 gfRfgRFRFRFR ×⊂=  

(5) ( ) ( ) ( ) ( ) ( );;2 gfURfgURFURFURFUR ×⊂=  

(6) ( ) ( ) ( ) ( ) ( );;2 gffgFFF ω×ω⊂ωω=ω  

(7) ( ) ( ) ( ) ( ) ( ).; 22 gffgFFF Ω×Ω⊂ΩΩ⊂Ω  

Lemma 2.2. Let X be a compact metric space, ( ),, 0 XCgf ∈  ( ) =yxF ,  

( ) ( )( )xfyg ,  be an anti-triangular map. Then ( ) ( )FEPFEP =2  and ( )FEP  

( ) ( ).gfEPfgEP ×=  

Proof. It is obvious that ( ) ( ).2 FEPFEP =  Now we prove ( ) =FEP  

( ) ( ).gfEPfgEP ×  

Let ( ) ( )., FEPyx ∈  Then from the definition of ( ),FEP  there exists a 

positive integer m such that ( ) ( ),, FPyxF m ∈  thus ( ) ( ).,2 FPyxF m ∈  By 

Lemma 2.1, we obtain that ( ) ( ) ( ),fgPxfg m ∈  ( ) ( ) ( ),gfPxgf m ∈  

that is ( ),fgEPx∈  ( ).gfEPy∈  Then ( ) ( ) ( ).gfEPfgEPFEP ×⊂  

On the other hand, let ( ) ( ) ( )., gfEPfgEPyx ×∈  Then there exist 

some pair m, n such that ( ) ( ) ( ),fgPxfg m ∈  ( ) ( ) ( ).gfygf n ∈  

Then ( ) ( ) ( ),fgPxfg mn ∈  ( ) ( ) ( ).gfPygf mn ∈  Hence (( ) ( ),xfg mn  

( ) ( )) ( ) ( ) ( ).FPgfPfgPygf mn =×∈  Therefore, ( ) ( )., FEPyx ∈  Then 

( ) ( ) ( ).gfEPfgEPFEP ×⊃  

We conclude the proof. 

Corollary 2.3. Let [ ]1,0=X  be a compact metric space, ( ),, 0 XCgf ∈  

( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. Then ( ) ( ).2 FEPF ⊂Ω  

Proof. Let ,1 fgF =  .2 gfF =  By Lemma 2.1, we have ( ) ⊂Ω 2F  

( ) ( ).21 FF Ω×Ω  According to [1, Proposition 4.18], ( ) ( ) ( )21
2 FFF Ω×Ω⊂Ω  
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( ) ( ).21 FEPFEP ×⊂  By Lemma 2.2, ( ) ( ) ( ).221 FEPFEPFEP =×  Therefore, 

( ) ( ).2 FEPF ⊂Ω  

Proposition 2.4. Let [ ]1,0=X  be a compact metric space, ∈gf ,  

( ),0 XC  ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. Then any 

isolated point of ( )FP  is also an isolated point of ( ).FR  

Proof. Let ( )yx,  be an isolated point of ( ).FP  Then ( )yx,  is also an 

isolated point of ( ) ( ).gfPfgP ×  Thus x is an isolated point of ( )fgP  

and y is an isolated point of ( ).gfP  According to [1, Proposition 4.35], x 

is an isolated point of ( ),fgR  y is an isolated point of ( ).gfR  Thus 

( )yx,  is an isolated point of ( ) ( ).gfRfgR ×  Obviously, ( ) ( )., FRyx ∈  

By Lemma 2.1, ( )yx,  is an isolated point of ( ).FR  

3. Main Results 

Proposition 3.1. Let X be a compact metric space, ( ),, 0 XCgf ∈  and 

,fggf =  ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. Then 

( ) ( )FAxx ∈,  if and only if ( ),fgAx ∈  where ( ) { ( ) ( ) ( ),,, •••∈• RAPPA  

( ) ( ) ( )}.,, ••Ω•ω CR  

Proof. If ( ) ( ) ( ) ( ){ },,, •••∈• CRAPPA  then the conclusion is obvious by 

Lemma 2.1. Now we consider the other cases: 

(1) Since ( ) ( ) ( ),gffgF ω×ω⊂ω  

( ) ( ) ( ) ( ) ( ) ( ).,, fgxgffgxxFxx ω∈⇒ω×ω∈⇒ω∈  

On the other hand, since ( ),fgx ω∈  there exist a point Xy ∈  and 

integers ∞→kn  such that ( ) ( ) .xyfg kn →  Then ( ) ( ) kk nn fgfg ×  

( ) ( ),,, xxyy →⋅  and jointly with ( ) ( ),2 fgfgF ×=  we obtain 

( ) ( )., 2Fxx ω∈  Additionally, ( ) ( ),2 FF ω=ω  thus ( ) ( )., Fxx ω∈  
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(2) Since ( ) ( ) ( ),gfRfgRFR ×⊂  

( ) ( ) ( ) ( ) ( ) ( ).,, fgRxgfRfgRxxFRxx ∈⇒×∈⇒∈  

On the other hand, since ( ),fgRx ∈  there exist integers ∞→kn  such that 

( ) ( ) .xxfg kn →  Then ( ) ( ) ( ) ( ),,, xxxxfgfg kk nn →×  and jointly 

with ( ) ( ),2 fgfgF ×=  we obtain ( ) ( )., 2FRxx ∈  Additionally, ( )2FR  

( ),FR=  thus ( ) ( )., FRxx ∈  

(3) Let ( ) ( )Fxx Ω∈,  and XU ⊂  be an open neighborhood of x. Since 

( ) ( ),, Fxx Ω∈  there exists a positive integer m such that ( ) ∩UUF m ×  

( ) .Φ≠×UU  We have two possibilities: (1) ,2nm =  for ;Nn ∈  (2) =m  

,12 +n  for .Nn ∈  If (1) happens, then 

( ) ( ) (( ) ( ) ( ) ( )) ( ) ,2 Φ≠××=×× UUUfgUfgUUUUF nnn ∩∩  

thus ( ) ( ) .Φ≠UUfg n ∩  If (2) happens, then 

( ) ( ) ( ( ) ( ) ( ) ( )) ( ) ,12 Φ≠××=××+ UUUfgUfgfUUUUF nnn ∩∩  

thus we have ( ) ( ) .Φ≠UUfg n ∩  In both cases, ( ).fgx Ω∈  On the 

other hand, let ( ).fgx Ω∈  For any open set 21 UU ×  containing ( ),, xx  

let .21 UUU ∩=  Then U is an open set and .Ux ∈  Since ( ),fgx Ω∈  

there exists a positive integer n such that ( ) ( ) .Φ≠UUfg n ∩  Then 

(( ) ( ) ( ) ( )) ( ) .Φ≠×× UUUfgUfg nn ∩  Since 21 UUUU ×⊂×  and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),21 UfgUfgUfgUfg nnnn ×⊂×  

(( ) ( ) ( ) ( )) ( ) .2121 Φ≠×× UUUfgUfg nn ∩  

Thus ( ) ( ) ( )( )., fgfgxx ×Ω∈  And jointly with ( ) ( ),2 fgfgF ×=  

we obtain ( ) ( )., 2Fxx Ω∈  Additionally, ( ) ( ),2 FF Ω⊂Ω  thus ( ) ( )., Fxx Ω∈  

Corollary 3.2 [4, Lemma 3.5]. Let ( ) ( )( )xfyyxF ,, =  be an anti-
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triangular map defined on .2I  Let .Ix ∈  Then ( )fgAx ∈  if and only if 

( ) ( ),, FAxx ∈  where ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.,,,,, ••Ω•ω•••∈• CRRAPPA  

In [5], the author studied the relation between ( )FPer  and ( ),fgPer  

and have proved ( ) ( )gfPerfgPer =  and ( ) ℘=FPer  or ( ) =FPer  

{ },2∪℘  where ( ) { }( ) ( ){ }.1,oddis:12 ≥∈−=℘ kkfgPerkfgPer ∪  

In [4], Balibrea et al. have proved that if ( )FPer  is of type ,2∞  then the 

following result is right: 

Lemma 3.3 [4, Lemma 3.4]. Let ( ) ( ) ( )( )xfygyxF ,, =  be an anti-

triangular map such that ( ) { { }}.0:2 ∪NnFPer n ∈⊂  Assume ( )FP  is 

closed. If ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ },,,,,,, ••Ω•ω•••∈•• CRURAPPBA  then the 

following two statements hold: 

(1) ( ) ( );FBFA =  

(2) ( ) ( ) ( ),gfAfgAFA ×=  and ( ) ( ).2 FF Ω=Ω  

Lemma 3.4. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. Assume ( )FP  

( ).FP=  Then ( ) ( ).FCRFP =  

Proof. First, we prove ( ) ( ).FFP Ω=  Obviously, ( ) ( ).FFP Ω⊂  

Now we prove ( ) ( ).FPF ⊂Ω  

Since ( ) ( ) ( ),gffgPFP ×=  ( ) ( ) ( ).gfPfgPFP ×=  So ( )FP  

( )FP=  implies ( ) ( )fgPfgP =  and ( ) ( ).gfPgfP =  According 

to [6], ( ) ( ),fgfgP Ω=  ( ) ( ).gfgfP Ω=  Therefore, ( ) ⊂Ω F  

( ) ( ) ( ) ( ) ( ).FPgfPfgPgffg =×⊂Ω×Ω  By [1, Proposition 6.36], 

( ) ( ),fgCRfgP =  and ( ) ( ).gfCRgfP =  According to Lemma 

2.1, ( ) ( ) ( ) ( ) ( ) ( ).FPgfPfgPgfCRfgCRFCR =×=×=  
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Theorem 3.5. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. If ( ) ( ),FPFP =  

then the following three statements hold: 

(1) ( ) ( ) ( ) ( ) ( ) ( ) ( );FCRFFFRFURFAPFP =Ω=ω====  

(2) ( ) ( ) ( ) ( ) ( ) ( );; gfRfgRFRgfURfgURFUR ×=×=  

 ( ) ( ) ( ) ( ) ( ) ( );; gffgFgffgF Ω×Ω=Ωω×ω=ω  

(3) ( ) ( ).2 FF Ω=Ω  

Proof. (1) It is obvious according to Lemma 3.4 and (1.3). 

(2) From the proof of Lemma 3.4, ( ) ( ),fgfgP Ω=  and ( ) =gfP  

( ).gfΩ  By Lemma 2.1, 

( ) ( ) ( ) ( ) ( ) ( )gffggfURfgURFUPFP Ω×Ω⊂×⊂⊂  

( ) ( ) ( ).FPgfPfgP =×=  

Therefore, ( ) ( ) ( ).gfURfgURFUP ×=  

Another three equalities can be proved similarly. 

(3) Obviously, from ( ) ( ) ( ) ( ),2 FPFFFP =Ω⊂Ω⊂  we end the proof. 

Corollary 3.6. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. If ( ) ( ),FPFP =  

then the following statements hold: 

(1) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFP
n

==∃=  

(2) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFAP
n

==∃=  

(3) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFUR
n

==∃=  
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(4) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFR
n

==∃=  

(5) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxF
n

==∃=ω  

(6) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxF
n

==∃=Ω  

(7) ( ) {( ) ( ) ( ) ( )}.,,..,,:, 2 yxyxFtsyxnnyxFCR
n

==∃=  

Proof. It is necessary to prove (1). The others can be obtained by 
Theorem 3.5 and (1). 

Now we prove (1). 

Since ( ) ( ),FPFP =  we have ( ) ( ).fgPfgP =  By [1, Proposition 

6.36], fg  is strong non-chaotic. So we have 

( ) { ( ) ( ) ( ) ( )}.s.t.,: 2 xxfgxnnxfgP
n

==∃=  

Thus ( ) {( ) ( ) ( ) ( )}.,,.s.t,,:, 2 yxyxFyxnnyxFP
n

==∃=  

Lemma 3.7. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. If ( ) ( ),FAPFP =  

then ( ) ( ).FPFP =  

Proof. Since ( ) ( ) ( ),gfPfgPFP ×=  ( ) ( ) ( )gfAPfgAPFAP ×=  

and ( ) ( ),FAPFP =  we obtain that ( ) ( ) ( ) ×=× fgAPgfPfgP  

( ).gfAP  So we have ( ) ( )fgAPfgP =  and ( ) ( ).gfAPgfP =  

By Lemma 2.1, 

( ) ( ) ( ) ( ) ( ) ( )gfCRfgCRFCRFFPFP ×=⊂Ω⊂⊂  

( ) ( ) ( ).FPgfPfgP =×=  

Therefore, ( ) ( ).FPFP =  
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Lemma 3.8. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. If one of the following 

conditions holds, then ( ) ( ):FPFP =  

(1) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFAP
n

==∃=  

(2) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFUR
n

==∃=  

(3) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxFR
n

==∃=  

(4) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxF
n

==∃=ω  

(5) ( ) {( ) ( ) ( ) ( )};,,..,,:, 2 yxyxFtsyxnnyxF
n

==∃=Ω  

(6) ( ) {( ) ( ) ( ) ( )}.,,..,,:, 2 yxyxFtsyxnnyxFCR
n

==∃=  

Proof. Since (6) ⇒ (5) ⇒ (4) ⇒ (3) ⇒ (2) ⇒ (1), it is necessary to 

prove that when (1) holds, ( ) ( ).FPFP =  

If (1) holds, then by Lemma 2.1, 

( ) { ( ) ( ) ( ) };.s.t,: 2 xxfgxnnxfgAP
n

==∃=  

( ) { ( ) ( ) ( ) }.s.t.,: 2 yygfynnygfAP
n

==∃=  

So fg  and gf  both are strong non-chaotic. According to [1, Proposition 

6.10], 

( ) ( ),fgPfgP =    ( ) ( ).gfPgfP =  

Therefore, 

( ) ( ) ( ) ( ) ( ) ( ).FPgfPfgPgfPfgPFP =×=×=  

From Theorem 3.5, Corollary 3.6, Lemmas 3.7-3.8, the following result 
holds: 
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Theorem 3.9. Let [ ]1,0=I  be a compact metric space, ( ),, 0 ICgf ∈  

and ( ) ( ) ( )( )xfygyxF ,, =  be an anti-triangular map. Then the following 

three conditions are equivalent: 

(1) ( ) ( );FPFP =  

(2) ( ) ( );FCRFP =  

(3) ( ) {( ) ( ) ( ) ( )}.,,..,,:, 2 yxyxFtsyxnnyxFCR
n

==∃=  

References 

 [1] L. Block and W. A. Coppel, Dynamics in one dimension, Lecture Notes in 
Mathematics 1513, Springer-Verlag, New York, Berlin, Heidelberg, 1992. 

 [2] A. N. Sharkovsky, S. F. Kolyada, A. G. Sivak and V. V. Fedorenko, Dynamics of 
one dimensional maps, Mathematics and its Applications, Volume 407, Kluwer 
Academic Publishers, 1997. 

 [3] F. Balibrea and A. Linero, Some results on topological dynamics of antitriangular 
maps, Acta Math. Hungar. 88(1-2) (2000), 169-178. 

 [4] F. Balibrea, J. S. Cánovas and A. Linero, New results on topological dynamics of 
antitriangular maps, Appl. Gen. Topol. 2(1) (2001), 51-61. 

 [5] F. Balibrea and A. Linero, On the periodic structure of the anti-triangular maps on 
the unit square, Ann. Math. Sil. 13 (1999), 39-49. 

 [6] Z. Nitecki, Maps of the interval with closed periodic set, Proc. Amer. Math. Soc. 
85(3) (1982), 451-456. 


