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Abstract

The notions of intuitionistic irresolute mappings, intuitionistic pre-semi-
open mappings, intuitionistic almost-open mappings, intuitionistic
weakly continuous mappings, intuitionistic H. almost continuous
mappings and intuitionistic W. almost open mappings are introduced,
and their relations are investigated. A characterization of intuitionistic
fuzzy irresolute mappings is also given.

1. Introduction

After the introduction of fuzzy sets by Zadeh, there have been a
number of generalizations of this fundamental concept. The notion of
intuitionistic fuzzy sets introduced by Atanassov is one among them.
Using the notion of intuitionistic fuzzy sets, Coker [5] introduced the
notions of intuitionistic fuzzy topological spaces. In this paper, we

introduce the notions of intuitionistic fuzzy irresolute mappings,
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intuitionistic fuzzy pre-semi-open mappings, intuitionistic fuzzy almost-
open mappings, Iintuitionistic fuzzy weakly continuous mappings,
intuitionistic fuzzy H. almost continuous mappings and intuitionistic
fuzzy W. almost open mappings. We show that (1) every intuitionistic
fuzzy irresolute mapping is intuitionistic fuzzy semi-continuous, (2) every
intuitionistic fuzzy continuous mapping is an intuitionistic fuzzy weakly
continuous mapping, and (3) every intuitionistic fuzzy pre-semi-open
mapping is an intuitionistic fuzzy semi-open mapping. We provide a
characterization of an intuitionistic fuzzy irresolute mapping and an
intuitionistic fuzzy weakly continuous mapping. We give examples to
show that an intuitionistic fuzzy H. almost continuous mapping is
neither intuitionistic fuzzy weakly continuous nor intuitionistic fuzzy

semi-continuous.

2. Preliminaries

Definition 2.1 [1]. An intuitionistic fuzzy set (IFS for short) A in X is
an object having the form

A= {<x’ “A(x)’ 'YA(JC»IDC € X}’

where the mappings py : X - [0,1] and y4 : X — [0, 1] denote the
degree of membership (namely, p4(x)) and the degree of nonmembership
(namely, y4(x)) of each element x € X to the set A, respectively, and
0 <pyx)+ya(x) <1 foreach x € X.

Definition 2.2 [1]. Let A and B be IFSs of the form
A ={{x, pa(x), va(x))|x € X} and B = {(x, pp(x), yp(x))|x € X}. Then

e Ac B if and only if py(x) <pg(x) and ya(x) = yg(x) for all
x e X,

e A=Bifandonlyif A c B and B c A,
o A ={(x,y4(x) palx))|x € X},
e ANB = {{x, pa(x) Applx), valx)vypx)|x e X},

e AUB = {(x, pa(x) v up(x), valx) A vypx))|x e X}.
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For the sake of simplicity, we use the notation A = (X, u4, v4)
instead of A = {(x, py(x), ya(x))|x € X}. A constant fuzzy set taking
value a € [0, 1] will be denoted by a. The IFSs 0. and 1. are defined to
be 0. = (X, 0,1) and 1. = (X, 1, 0), respectively. Let a, B € [0, 1] with
o + B < 1. An intuitionistic fuzzy point (IFP for short), written D(q,B)> 1s

defined to be an IFS in X given by

(x) = {(“’ P it x = b
Pla, p)\*) = (0,1) otherwise,

that is,

B if x = p,

o if x = p, (x) =
Vp(o,p)\¥) = 1  otherwise.

Hp(a, B)x) = {0

otherwise,

If A=(X,p4,v4) is an IFS in X and P(a,p) 1s an IFP in X, then

D(o,p) € A means o < pa(x) and B > y4(x) forall x e X.

Let fbe a mapping from a set X to a set Y. If
B ={(y, ug() v(y) : y € Y}

is an IFS in Y, then the preimage of B under f, denoted by f~(B), is the
IFS in X defined by

7B = {x, fHp) @), [ rp) () s x € X}
and the image of A under f, denoted by f(A), is an IFS of Y defined by

fA) =Y, fua) f(va)),

where

sup palx) if f7(y) = @,
f(“A)(y) = {xefl(y)
0 otherwise,
and

in x) 1 -1 ,
f(ra)(y) = {xef-f(y)“( ) i )+ 2

1 otherwise,
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for each y € Y. Coker [5] generalized the concept of fuzzy topological

space, first initiated by Chang [4], to the case of intuitionistic fuzzy sets

as follows.

Definition 2.3 [5, Definition 3.1]. An intuitionistic fuzzy topology
(IFT for short) on X is a family t of IFSs in X satisfying the following

axioms:

e (0_,1. €1,
e G; NGy € 1 forany Gy, Gy € 1,
e UG; € 1 for any family {G;|i € J} < t.

In this case the pair (X, 1) is called an intuitionistic fuzzy topological

space (IFTS for short) and any IFS in 1 is known as an intuitionistic fuzzy

open set (IFOS for short) in X. The complement A of an IFOS A in IFTS
(X, 1) is called an intuitionistic fuzzy closed set (IFCS for short) in X.

Definition 2.4 [5, Definition 3.13]. Let (X, 1) be an IFTS and
A =(X,pa,v4) be an IFS in X. Then the intuitionistic fuzzy interior

and intuitionistic fuzzy closure of A are defined by
int(A) = U{G|G is an TFOS in X and G < A},
cl(A) = N{K|K is an IFCS in X and A c K}.

Note that for any IFS A in (X, 1), we have
cl(A) = int(A) and int(A) = cl(A).
Definition 2.5 [9]. Let f be a mapping from an IFTS (X, 1) to an
IFTS (Y, k). Then fis called

e an intuitionistic fuzzy open mapping if f(A) is an IFOS in Y for
every IFOS A in X.

e an intuitionistic fuzzy semiopen mapping if f(A) is an IFSOS in Y
for every IFOS A in X.

Definition 2.6 [6, 7]. Let f be a mapping from an IFTS (X, 1) to an
IFTS (Y, k). Then fis said to be
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e intuitionistic fuzzy continuous if f1(B) is an IFOS in X for every

IFOS Bin Y.

e intuitionistic fuzzy semicontinuous if f~(B) is an IFSOS in X for

every IFOS Bin Y.

e intuitionistic fuzzy almost continuous if f_1 (B) is an IFOS in X for

every IFROS Bin Y.
3. Intuitionistic Fuzzy Irresolute and Continuous Mappings

Definition 3.1. Let A be an IFS in an IFTS (X, 1). Then the

intuitionistic fuzzy semi-interior and intuitionistic fuzzy semi-closure of A
are defined by

int,(A) = WG|G is an TFSOS in X and G C A},
clg(A) = {K|K is an IFSCS in X and A c K},

respectively.

Example 3.2. Let X = {x, y} and t = {0-, 1., G}, where

_ S [ (O
G= <X’ (0.2’ 0.3)’(0.7’ 0.7j>‘
Then (X, t) is an IFTS and

IFSOS(X) = {0-, 1., Al m) 1y ) < 0.2, 0.7,

ly, mg €[0.3,0.7], L +m; <1,i=1,2},

where Aa(clljvml)’(l2’m2) = <X, LA ) >.Taking an IFS
’ holp J{m my

in X, we get
inty(B) = 0. U{al P©2:82) 1o, e 0.2, 0.4], 0, € [0.3, 0.7],
B]_ € [06, 07], 62 € [03, 07], o; + Bi <1, 1= 1, 2}
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_ S I
- <X (0.4’ 0.7)’ (0.6’ 0.3)> < b
Note that 1. is the only IFSCS in X containing B. Thus cl (B) = 1..

Obviously, cli(A) is the smallest IFSCS which contains A, and
int (A) is the largest IFSOS which is contained in A. Furthermore, we

have
A c clg(A) c cl(A) and int(A) < inty(A) < A.

If A and B are IFSs in an IFTS (X, 1), then
e A is intuitionistic fuzzy semi-open if and only if A = int(A).
e A is intuitionistic fuzzy semi-closed if and only if A = cl,(A).
e Ac B = cl,(A) c cly(B), inty(A) c inty(B).
Definition 3.3. Let f be a mapping from an IFTS (X, 1) to an IFTS

(Y, k). Then fis called

e an intuitionistic fuzzy irresolute mapping if f_l(B) is an IFSOS in
X for every IFSOS Bin Y.

e an intuitionistic fuzzy pre-semi-open mapping if f(A) is an IFSOS
in Y for every IFSOS A in X.

e an intuitionistic fuzzy almost-open mapping if f(A) is an IFOS in Y
for every IFROS A in X.

Example 3.4. (1) Let X = {x, y, 2}, Y = {a, b} and

Then ©=1{0.,1.,G} and x={0.,1., H} are IFTs on X and Y,
respectively. It is easy to check that a mapping f : X — Y defined by
f(x)=a and f(y)=/f(z)=b is an intuitionistic fuzzy irresolute

mapping.
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(2) Let X = {x, y}, Y = {a, b} and
ENETIEN]
A

Then ©=1{0.,1.,G} and x={0-.,1., H} are IFTs on X and Y,
respectively, and a mapping f: X — Y defined by f(x)=a and

w

f(y) = b is not an intuitionistic fuzzy irresolute mapping. Because,

_ly (e b)\(fa b
b= <Y’ (0.8’ 0.7)’ (0.1’ 0.1)>

is an IFSOS in Y, but
8 = (X (g o (o ) £ @ = lline(r ™ (B).
@) Let X = {a, b, ¢}, Y = {x, y, 2} and
(x(5 o5 55 ) ($ o o))
ol e

Then ©=1{0.,1.,G} and x={0_,1., H} are IFTs on X and Y,
respectively. Let f:X — Y be defined by f(a)==x, f(b)=y and

G

3

H

b—l|§<

0.1

=
—

f(c) = z. Then f1is an intuitionistic fuzzy pre-semi-open mapping.

4)Let X ={a, b, ¢}, Y = {x, y} and

Then t=1{0.,1.,G} and x ={0-.,1., H} are IFTs on X and Y,
respectively. It is routine to check that a mapping f : X — Y given by
fl@)=x and f(b)=f(c)=y is an intuitionistic fuzzy almost-open

mapping.



208 YOUNG BAE JUN, JUNG OK KANG and SEOK ZUN SONG

In general, an intuitionistic fuzzy irresolute mapping may not be
intuitionistic fuzzy continuous. For example, the mapping f in Example

3.4 (2) 1s not intuitionistic fuzzy continuous. But, we have the following
result.

Theorem 3.5. Let (X, t) and (Y, x) be IFTSs. Ifamap f: X - Y

is intuitionistic fuzzy irresolute, then f is intuitionistic fuzzy semi-
continuous.

Proof. Let G be an IFOS in Y. Then G is an IFSOS in Y. Since f is
intuitionistic fuzzy irresolute, it follows that f~*(G) is an IFSOS in X.

Hence f is intuitionistic fuzzy semi-continuous.

The converse of Theorem 3.5 is not true in general as is seen in the
following example.

Example 3.6. Let X = {a, b, ¢}, Y = {x, v, z} and
B b c b c

G—<X( ' 04’ M ' 0.6 —)>
- J Z Y E

H‘<Y( 040)( ' 06 J>

Then t=1{0.,1.,G} and x ={0-.,1., H} are IFTs on X and Y,
respectively. Let f : X — Y be defined by f(a)=x, f(b)=y and f(c) = z.

ol@

N C>|
»—*|Q
o

n—l|%<

o|§<
»

Then f is intuitionistic fuzzy semi-continuous, but it is not intuitionistic
fuzzy irresolute since

_ L A I A A
V‘<Y’(1’0.7’ .7)’(0’ 0.2’ .3)>EIFSOS(Y)’

f‘l(V):<X, (%%%) (g 0b2 003)>eIFSOS(X).

Lemma 3.7. Let A be an IFS in an IFTS (X, ). Then A is an

but

intuitionistic fuzzy semi-open set if and only if for every IFP P(a,p) which

is contained in A, there exists Votp) € IFSOS(X) such that pp) €

Vp(u,[s) c A.
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Proof. If A is an intuitionistic fuzzy semi-open set, then we may take

Vp(a, B) = A for every P(a,p) € A Conversely, we have

U {p,p)t = U Vit <4

P(o,p)eA P(o,p)eA
and so A = U Vp( " This shows that A is an intuitionistic fuzzy

P(o,p)cA

semi-open set.

Theorem 3.8. Let f be a mapping from an IFTS (X, t) into an IFTS
(Y, ). Then f is intuitionistic fuzzy irresolute if and only if for every IFP
P(a,p) in X and for every V e IFSOS(Y) such that f(p(a, B)) eV, there

exists V* e IFSOS(X) such that p g € V' < FLw).

Proof. Assume that f is intuitionistic fuzzy irresolute. Let D(a,B) be
an IFP in X and let V € IFSOS(Y) such that f(p,p)) € V. Since f is
intuitionistic fuzzy irresolute, we have f~1(V)e IFSOS(X) and P(a,p) €
A V)=vV* <1 (V). Conversely, let V e IFSOS(Y) and P(,B) €
f71(V). Then f(Da,p)) € F(f (V) ¢ V. It follows from the hypothesis
that there exists V™ e IFSOS(X) such that py, p) € V' < fH(V) and

hence from Lemma 3.7 that /! (V) is an intuitionistic fuzzy semi-open

set. Thus fis an intuitionistic fuzzy irresolute mapping.

The following example shows that an intuitionistic fuzzy continuous

mapping need not be an intuitionistic fuzzy irresolute mapping.

Example 3.9. Let X ={a, b, ¢}, Y = {x, y, z} and

@
Il
/><\
N\
O|Q
o
Sl
o
ol
\T/
N\
o
5l
o
2l
o|ﬁ
fop)
N
S



210 YOUNG BAE JUN, JUNG OK KANG and SEOK ZUN SONG

Consider IFTSs 1 ={0.,1., G} and x; = {0~,1., H} in X and Y
respectively. It is easy to check that a mapping f : X — Y defined by
f(@)=x and f(b)=f(c) =y is an intuitionistic fuzzy continuous mapping.

But it is not an intuitionistic fuzzy irresolute mapping since
= S ST I 2
4= <Y’ (0.1’ 0.9’ .8} (0.7’ 0.1’ 0.1j> € IFSOS(Y),

=) : a b c a b c
f(A)= <X , (ﬁ’ 09" j} (W’ e —1J> ¢ IFSOS(X).

The following example shows that an intuitionistic fuzzy irresolute
mapping is neither an intuitionistic fuzzy weakly continuous mapping

nor an intuitionistic fuzzy almost continuous mapping.

Example 3.10. Let X = {a, b, ¢}, Y = {x, y, z} and

B a b ¢ b
G‘<X’(6’ﬁ’@)’(1’7’ )>

_ Xy A2 \(x Y _E
H = <Y’ [0’ 0.4’ 0.2)’ (1 ' 0.6’ 0.6)>‘
Consider IFTSs 1, = {0.,1., G} and x; = {0.,1., H} in X and Y
respectively. Let f : X — Y be a mapping defined by f(a) = x, f(b) = y,

|2
|n

o

.6

and f(c) = z. Then fis an intuitionistic fuzzy irresolute mapping. But fis

not an intuitionistic fuzzy weakly continuous mapping since

= (x5 o5 o3 ) (T o6 o)) € = @)

Note that H is an IFROS in Y, but f*(H) is not an IFOS in X. Hence f

1s not an intuitionistic fuzzy almost continuous mapping.

Definition 3.11. Let (X, t) and (Y, x) be IFTSs. Amap f: X - Y

1s said to be intuitionistic fuzzy weakly continuous if it satisfies:
(VG € TFOS(Y)) (f1(G) < int(f~(cl(G)))).

Example 3.12. Let X = {a, b, ¢}, Y = {x, y, 2} and
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a b c a b c
G=(x (6 04 o_)’(T’ﬁ’T»’
= L N
H‘<Y’(o’o.4’ .2)’(1 0.6’ 07J>'

Then t©={0.,1.,G} and x={0-.,1.,H} are IFTs on X and Y,
respectively. Let f:X — Y be defined by f(a)==x, f(b)=y and

f(c) = z. Then fis an intuitionistic fuzzy weakly continuous mapping.

Example 3.13. Let X = {a, b, ¢}, Y = {x, y, 2} and

Then t=1{0.,1.,G} and x ={0.,1., H} are IFTs on X and Y,
respectively. Define a mapping f: X - Y by f(a)==x, f(b) =y and
f(c) = z. Then f is intuitionistic fuzzy irresolute, but it is not an
intuitionistic fuzzy weakly continuous mapping since fﬁl(H )&
int(f L (cl(H))).

Theorem 3.14. Let (X, 1) and (Y, ) be IFTSs. A mapping f: X —»Y
is intuitionistic fuzzy weakly continuous if and only if it satisfies:

(VB e IFCS(Y)) (cl(f ' (int(B))) c f~'(B)).

Proof. Assume that f:X — Y 1is intuitionistic fuzzy weakly
continuous and let B € IFCS(Y). Then B e IFOS(Y), and so f*(B) <
int(f 1 (cl(B))). It follows that

f71(B) c int (" (int(B))) = cl(f~" (int(B)))
so that cl(f (int(B))) < f~(B). Similarly, we have the converse.

Theorem 3.15. Every intuitionistic fuzzy continuous map is an
intuitionistic fuzzy weakly continuous map.
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Proof. Let f : X — Y be an intuitionistic fuzzy continuous map and
let G be an IFOS in Y. Then f}(G) is an IFOS in X because f is
intuitionistic fuzzy continuous, and G c cl(G). It follows that f1(G)
fHcl(@)) and f71(G) is an IFOS in X so that /~1(G) c int(f 1 (cl(G))).
Therefore f is an intuitionistic fuzzy weakly continuous map.

The converse of Theorem 3.15 is not true in general as is seen in the
following example.

Example 3.16. The intuitionistic fuzzy weakly continuous mapping f

in Example 3.12 is not an intuitionistic fuzzy continuous mapping since

Ty (x. (2 b c\fa b c
[(H) = <X[0 04’ 0.2}[1 0.6 o.7j>$ IFOS(X).
Theorem 3.17. Every intuitionistic fuzzy pre-semi-open map is an
intuitionistic fuzzy semi-open map.
Proof. Let f: (X, 1) > (Y, x) be an intuitionistic fuzzy pre-semi-

open map and let G be an IFOS in X. Then G is an IFSOS in X (see [9]).
Since f is an intuitionistic fuzzy pre-semi-open map, it follows that f(G)

is an IFSOS in Y so that fis an intuitionistic fuzzy semi-open map.

The following example shows that the converse of Theorem 3.17 may
not be true.

Example 3.18. Let X = {x, y, 2}, Y = {a, b, ¢} and

- E2r A [ I
G = <X’(1 7 0.4° 0.2)’(0’ 0.6° 0.6)>’
_ a b c a b c
H = <Y’(O’ 0.4° 0.2}(1 > 0.6° 0.6)>'

Consider IFTSs t1; ={0.,1.,G} and x; ={0.,1.,H} in X and Y
respectively. Let f : X — Y be a mapping defined by f(x) = a, f(y) = b
and f(z) = c. Then f is an intuitionistic fuzzy semi-open mapping. Note
that
IFSOS (X) = {0-, 1., ALLLtmGma) |y 0.4,1], 4, € [0.2,1],
my mg € [0, 0.6]},
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TFSOS(Y) = {0, 1., Béag’fl)’(az’ﬁz)’(%’%)| o, By €[0,1],

g, Ba €[0.4, 0.6, ag, B3 €[0.2, 0.6]},
where
(1,0), (4, m), (Ig, mg) _ x Yy
A (3 (34

BB, (02, B2), c3,B) _ <Y a b cifa b < >
a,b,¢ oy Tag oy BT By By
For

—_—
»
VR
=R
o
'm|‘<
o
2
N~—o
N\
olR

vz
& 0.2j>e IFSOS(X),

a b c a b c
f(V) = <Y, (T’ o5 —2) (6’ 03 ﬁ) ¢ IFSOS(Y).

This shows that f is not an intuitionistic fuzzy pre-semi-open map.

Definition 38.19. Let (X,t) and (Y,x) be IFTSs. A mapping
f: X —>Y issaid to be

e intuitionistic fuzzy H. almost continuous if it satisfies:

(VU e IFOS(Y))(f ' (U) < int(el(f(©)))).

e intuitionistic fuzzy W. almost open if it satisfies:

(VU € TFOS(Y)) (f 1 (cl(U)) < cl(f 1 U))).
Note that every intuitionistic fuzzy continuous mapping is
intuitionistic fuzzy H. almost continuous. The following example shows

that an intuitionistic fuzzy H. almost continuous mapping may not be
intuitionistic fuzzy weakly continuous.

Example 3.20. Let X = {a, b, ¢}, Y = {x, y, z} and



214 YOUNG BAE JUN, JUNG OK KANG and SEOK ZUN SONG

_ I N T S
= <Y’ (0.1’ 0.2’ 0.1} (0.6’ 0.5’ 0.4)>‘
Then t=1{0.,1.,G} and x={0-.,1., H} are IFTs on X and Y,
respectively. If we define a mapping f: X — Y by f(a)=x, f(b) =y
and f(c) = z, then f is intuitionistic fuzzy H. almost continuous but not

intuitionistic fuzzy weakly continuous since
FUE) = (x (i b cifa b L) ¢« 0. = int(f L (c(H))).
’10.1°0.2°0.1)(0.6°0.5° 0.4 -

Example 3.21. An intuitionistic fuzzy H. almost continuous mapping
need not be an intuitionistic fuzzy semi-continuous mapping. In fact, the
intuitionistic fuzzy H. almost continuous mapping f described in Example
3.20 is not intuitionistic fuzzy semi-continuous since

Ly (x (2 b c)fa b c
frH) = <X (0.1’ 0.2’ 0.1)’ (0.6’ 0.5° 0.4)>eE TFSOS(X).

Example 3.22. An intuitionistic fuzzy semi-continuous mapping need
not be an intuitionistic fuzzy H. almost continuous mapping. In fact, let
X ={x,y,2 and Y = {a, b, ¢}, and

Then ©=1{0.,1.,G} and x={0-.,1., H} are IFTs on X and Y,

respectively. We know that
IFSOS(X) = {0-, 1., Al m)la,ma)Us:ms) |1 - 0.1, 0.7],

X, Y2

lg, my € [03, 06], 13, mg € [04, 06]},

(i, my), (g, mg), (I3, mg) _ x Yy 2\ |x Yy
Anz <X (11 Tl ) (m1 T mg’ mg )>

It is easily check that a mapping f: X — Y defined by f(x) = a, f(y) = b

where

and f(z) = ¢ is intuitionistic fuzzy semi-continuous, but not intuitionistic
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fuzzy H. almost continuous since

A =(X (g5 i o1 Mo o og ) € € = intlell (D))

Examples 3.21 and 3.22 establish the following theorem.

Theorem 3.23. Intuitionistic fuzzy semi-continuity and intuitionistic

fuzzy H. almost continuity are independent notions.
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