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Abstract 

Let ( ) Axxf =  of .nC  Then f has the ergodic shadowing property if 

and only if the matrix A is hyperbolic. 

1. Introduction 

Let ( )dX ,  be a compact metric space with a metric d, and XXf →:  

be a homeomorphism. The notion of the shadowing property is one of the 
most important notions in dynamical systems [1]. For ,0>δ  a sequence 

{ }∞=0iix  is called a δ-pseudo orbit of f if ( )( ) δ<+1, ii xxfd  for .Z∈i  We 

say that f has the shadowing property if for every ,0>ε  there is 0>δ  such 

that for any δ-pseudo orbit { }b aiix =  of ( ),∞≤<≤∞− baf  there is a point 
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My ∈  such that ( ( ) ) ε<i
i xyfd ,  for all .1−≤≤ bia  The notion of 

pseudo orbits often appears in several methods of the modern theory of 
dynamical system ([4]). Moreover, the pseudo orbit shadowing property 
usually plays an important role in the investigation of stability theory and 
ergodic theory. The notion of ergodic shadowing property for continuous 
onto maps over compact metric spaces was defined by Fakhari and Ghane in 
[2]. For any ,0>δ  a sequence { } Z∈=ξ iix  is δ-ergodic pseudo orbit of f if 

for 

( ) ( )( ){ } { }1...,,1,0,:,, 1 −δ≥=δξ +
+ nxxfdifNp iin ∩  

and 

( ) { ( ( ) ) } { },0,1...,,1,:,, 1
1 −+−δ≥−=δξ −−−
−− nxxfdifNp iin ∩  

( ) 0,,lim =
δξ+

∞→ n
fNpn

n

#  and ( ) .0,,lim =
δξ−

−∞→ n
fNpn

n

#  

We say that f has the ergodic shadowing property if for any ,0>ε  there is a 

0>δ  such that for every δ-ergodic pseudo orbit { } Z∈=ξ iix  of f, there is a 

point Mz ∈  satisfying that whenever 

( ) { ( ( ) ) } { }1...,,1,0,:,,, −ε≥=εξ+ nxzfdizfNs i
i

n ∩  

and 

( ) { ( ( ) ) } { },0,1...,,1,:,,, −+−ε≥−=εξ −
−− nxzfdizfNs i

i
n ∩  

( ) 0,,,lim =
εξ+

∞→ N
zfNsn

n

#   and ( ) .0,,,lim =
εξ−

−∞→ N
zfNsn

n

#  

In [2], the authors showed that the ergodic shadowing property has the 
shadowing property, and studied chaotic behavior and specification for maps 
having ergodic shadowing property. In this paper, we study the ergodic 
shadowing property in linear dynamical systems. The following is the main 
result of the paper. 
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Theorem 1.1. Let ( ) Axxf =  of nC  be a linear dynamical system. If f 

has the ergodic shadowing property, then the matrix A is hyperbolic. 

2. Proof of Theorem 1.1 

Let ( )dX ,  be as before, and let XXf →:  be a homeomorphism. Let 

A be a nonsingular matrix ,nC  and let ( ) Axxf =  of .nC  We say that the 

matrix A is called hyperbolic if the spectrum does not intersect the circle 
{ }.1: =λλ  

Lemma 2.1. Let XXgf →:,  be homeomorphisms, and there exists a 

homeomorphism XXh →:  such that .ghhf DD =  Then f has the 

ergodic shadowing property if and only if g has the ergodic shadowing 
property. 

Proof. For ,0>δ  let { } Z∈=ξ iix  be a δ-ergodic pseudo orbit of f. Then 

( ) ( )( ){ }.,:, 1 δ≥=δξ +ii xxfdiNp  Therefore, 

( ) ( )( ){ } { }1...,,1,0,:,, 1 −δ≥=δξ +
+ nxxfdifNp iin ∩  

and 

( ) { ( ( ) ) } { }.0,1...,,1,:,, 1
1 −+−δ≥−=δξ −−−
−− nxxfdifNp iin ∩  

Thus 

( ) 0,,lim =
δξ+

∞→ n
fNpn

n

#  and ( ) ,0,,lim =
δξ−

−∞→ n
fNpn

n

#  

where #  denotes the number of the elements in the set. Since =f  

,1−hgh DD  

( )( ) ( ( ) ) ( ( ( ) ( ))).,,, 1
11

1
1

1 +
−−

+
−

+ == iiiiii xhxhgdxxhghdxxfd DD  

Thus 

( ) ( )( ){ } { ( ( ( ) ( ))) }.,:,:, 1
11

1 δ≥=δ≥=δξ +
−−

+ iiii xhxhgdixxfdiNp  
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Then 

( ) ( )( ){ } { }1...,,1,0,:,, 1 −δ≥=δξ +
+ nxxfdifNp iin ∩  

{ ( ( ( ) ( ))) } { }1...,,1,0,: 1
11 −δ≥= +
−− nxhxhgdi ii ∩  

( )δξ′= + ,, gNpn  

and 

( ) { ( ( ) ) } { }0,1...,,1,:,, 1
1 −+−δ≥−=δξ −−−
−− nxxfdifNp iin ∩  

{ ( ( ( ) ( )) } { }0,1...,,1,: 1
11 −+−δ≥−= +
−− nxhxhgdi ii ∩  

( ),,, δξ′= − gNpn  

where { ( )} .1
Z∈

−=ξ′ iixh  Thus we see that 

( ) ( ) 0,,lim,,lim =
δξ′

=
δξ +

∞→

+

∞→ n
gNp

n
fNp n

n
n

n

##  

and 

( ) ( ) .0,,lim,,lim =
δξ′

=
δξ −

−∞→

−

−∞→ n
gNp

n
fNp n

n
n

n

##  

Therefore, { ( )} Z∈
−

iixh 1  is a δ-ergodic pseudo orbit of g. Since f has the 

ergodic shadowing property, there is a point My ∈  such that 

( ) { ( ( ) ) } { },1...,,1,0,:,,, −ε≥=εξ+ nxyfdiyfNs i
i

n ∩  

( ) { ( ( ) ) } { }0,1...,,1,:,,, −+−ε≥−=εξ −
−− nxyfdiyfNs i

i
n ∩  

and 

( ) 0,,,lim =
εξ+

∞→ n
yfNsn

n

#  and ( ) .0,,,lim =
εξ−

−∞→ n
yfNsn

n

#  
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Since ,ghhf DD =  

( ) { ( ( ) ) } { }1...,,1,0,:,,, −ε≥=εξ+ nxyfdiyfNs i
i

n ∩  

{ ( ( ) ( ) ( )) } { },1...,,1,0,: 11 −ε≥= −− nxhyhgdi i
i ∩  

( ) { ( ( ) ) } { }0,1...,,1,:,,, −+−ε≥−=εξ −
−− nxyfdiyfNs i

i
n ∩  

{ ( ( ) ( ) ( )) } { }0,1...,,1,: 11 −+−ε≥= −− nxhyhgdi i
i ∩  

and 

( ) ( ( ) ) 0,,,lim,,,lim
1

=
εξ′

=
εξ −+

∞→

+

∞→ n
yhgNs

n
yfNs n

n
n

n

##  

and 

( ) ( ( ) ) .0,,,lim,,,lim
1

=
εξ′

=
εξ −−

−∞→

−

−∞→ n
yhgNs

n
yfNs n

n
n

n

##  

Thus g has the ergodic shadowing property.  

Note that f has the ergodic shadowing property if and only if nf  has the 

ergodic shadowing property for Z∈n  (see [2]). 

Lemma 2.2 [4]. Let A be a nonhyperbolic matrix, and λ be an 
eigenvalue of A with .1=λ  Then there is a nonsingular matrix T such that 

ATTJ 1−=  is a Jordan form of A and the matrix J has the form ,







DO
OB

 

where B is the hyperbolic matrix, and D is the nonsingular mm ×  complex 

matrix with the form .

100

001
000



















λ

λ
λ

"
##%##

"
"

 

Lemma 2.3. Let ( ) Axxf =  of .nC  If ( ) Axxf =  has the ergodic 

shadowing property, then the matrix A is hyperbolic. 
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Proof. We will derive a contradiction. Suppose that the matrix A is 
nonhyperbolic. Then by Lemma 2.2, there is the nonsingular matrix T such 

that .1ATTJ −=  Let ( ) Jxxg =  of .nC  Then as in the proof of Theorem 

3.2.1 in [4], g does not have the shadowing property. Thus g does not have 
the ergodic shadowing property.  

Remark 2.4 [2]. Let XXf →:  be a homeomorphism. For the 

dynamical systems ( ),, fX  f has the ergodic shadowing property if and only 

if f has the pseudo-orbital specification property. 

Note that the pseudo-orbital specification property is a kind of 
shadowing property. If the matrix A is hyperbolic, then f has the shadowing 
property. However, the converse of Theorem 1.1 is not true. Indeed, we can 

construct an automorphism σ of the n-dimensional torus nT  which satisfies 
the specification property but is not hyperbolic (see [3]). 
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