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Abstract

'

In this paper, the (%j -expansion method is employed to solve the

generalized Ito equation and Benjamin-Bona-Mahony-Burgers
(BBMB) equation. New exact travelling wave solutions are obtained.
The travelling wave solutions are expressed by hyperbolic functions,
the trigonometric functions and the rational functions.

1. Introduction

The investigation of the exact travelling wave solutions of nonlinear
evolutions equations plays an important role in the study of nonlinear
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physical phenomena. In recent years, both mathematicians and physicists
have devoted considerable effort to the study of exact solutions of the
nonlinear ordinary or partial differential equations corresponding to the
nonlinear problems. Many powerful methods have been presented. For
instance, inverse scattering method [1], Baklund/Darboux transformation [2,
3], bilinear transformation [4], Exp-function method [5, 6], the sine-cosine
method [7, 8], the Jacobi elliptic function method [9, 10], F-expansion
method [11, 12], auxiliary equation method [13, 14] and bifurcation method
of planar dynamical systems [15-18].

!

In [19], Wang et al. introduced the (%j -expansion method for a reliable

!

. . G .
treatment of the nonlinear wave equations. The useful (EJ-expanswn

method is widely used by many authors in [20-25].

’

2. Description of the (%j -expansion Method

!

Wang et al. summarized the main steps for using (%)-expansion

method, as follows:
Step 1. Suppose a nonlinear PDE
P(U, Ui, Uy, Ug, UgtlUyy, -..) = 0, (2.1)
can be converted to an ODE
O(op, —c¢', ¢, 2", —co’, ¢, .)=0, (2.2)
using a travelling wave variable u(x, t) = ¢(§), & = x —ct.

Step 2. Suppose that the solution of the ODE (2.2) can be expressed by a

.. (G
polynomial in (—) as follows:

G
u= Zn:oci(%)i, (2.3)
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where G = G(&) satisfies the second order LODE in the form

G"+AG" +uG =0, (2.4)
where o (i=0,1, 2,..,n), A and p are constants to be determined later,
o, # 0, the unwritten part in (2.3) is also a polynomial in (%j but the

degree of which is generally equal to or less than n —1, the positive integer n

can be determined by considering the homogeneous balance between the
highest order derivatives and nonlinear terms appearing in ODE (2.2).

Step 3. By substituting (2.3) into equation (2.2) and using second order

LODE (2.4), collecting all terms with the same order of (%) together, the

left-hand side of equation (2.2) is converted into another polynomial in

G

algebraic equations for ag, oy, ..., a,, ¢, A and p.

(Ej Equating each coefficient of this polynomial to zero, yields a set of

Step 4. Assuming that the constants o, o4, ..., ap, C, A and p can be

obtained by solving the algebraic equations in Step 3, since the general
solutions of the second order LODE (2.4) have been well known for us, then
substituting og, a4, ..., an, ¢ and the general solutions of equation (2.4)

into (2.3), we have more travelling wave solutions of the nonlinear evolution
equation (2.1).

3. Application to the Generalized (1 +1)-dimensional Ito Equation

!

In this section, we apply the %-expansion method to the (1+1)-

dimensional Ito equation [26, 27],
X
Ut + Uyyxt + 3(2UyUp + Uyt ) + 3UXXI updx’ = 0, (3.2)
—0

that can be reduced to
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Vitx + Vaoxxt + 6VxxVxt + 3VxVyxt + VyyxVt = 0, (3.2)
upon using the potential u = v.

We introduce the travelling wave variable v(x, t) = ¢(&), & = x — ct into
(3.2) to find

" — C(p(5) - 60((p”)2 - 6co'¢" = 0. (3.3)

Integrating (3.3) twice and letting the integral constants be zero, we have

co' — 9" —3(¢')? =0, (3.4)

Considering the homogeneous balance between ¢ and ((p’)2 in equation
(3.4) gives

n+3=2n+2, (3.5

so that
n=1 (3.6)

We suppose that the solutions ¢(&) of equation (3.4) is of the form

(P(‘:) = al(%) +0p, Q1 # 0. (3.7)

By using equation (2.4), from equation (3.7), we have

, G’ 2 G,
¢ = —(11(3) - 0@(3) — o, (3.8)
" G’ 4 GV 3 2 GV 2
0" = —60‘1(3) - 12&1}(6) — (Boyp + 7oy )(E)
3,(G’ 2 2
— (BagAp + aq )(Ej - (2oqp” + 2041 p). (3.9)

By substituting equations (3.8) and (3.9) into equation (3.4) and

collecting all terms with the same power of (%) together, the left-hand side

!

of equation (3.4) is converted into another polynomial in (%) Equating



New Exact Travelling Wave Solutions ... 55

each coefficient of this polynomial to zero, yields a set of simultaneous
algebraic equations for a4, ¢, A and p as follows:

G

(Ej - oy (~6 + 3ay) = 0, (3.10)
a3

(Ej - oy (<12) + 6hoy) = 0, (3.12)
G2 , ,

(E) Do (=7A° = 8u + 3\ 0y + 6uay) =0, (3.12)
Gl ,

(E) Sog(eh — 23 — 8hp + 33%ay + 6pay) =0, (3.13)
G"Y’ 2 2 2

(E) Dag(cp — Ap —2p° + 3u“0y) = 0. (3.14)

Solving the algebraic equations above, yields
o =2, ¢=22—4p, (3.15)
where A and p are arbitrary constants.

By using (3.15), expression (3.7) can be written as
G!
®(&) = 2(6) + 0, (3.16)

where & = x — (kz —4p)t, ag is arbitrary constant.

Substituting the general solutions of equation (2.4) into (3.16) we have
three types of travelling wave solutions of equation (3.4) as follows:

When 32 - 4p > 0,

s C, sinh %\/73 _auE + C, cosh%\/kz Sa)
(P = — “ —_—
Croosh 242 - dug + Cosinn 22 — dug | 2

+ 0p-

(3.17)
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Recall that u(x,t) =vy(x, t)=(§). Consequently, we obtain the

travelling wave solution

22— ap (ct _Cg)(COShZ%mi—SinhZ%ng
2 )
(Cl cosh %M§ + Cy sinh %\/;ﬁ - 4%)

u(x, t) =

(3.18)
where £ = x — (kz —4u)t, C; and C, are arbitrary constant.
When 22 — 4p = 0,
. 2C, A

Recall that u(x,t) =vy(x, t)= (). Consequently, we obtain the
travelling wave solution
2C3

)=,
ey

(3.20)

where & = x, C; and C, are arbitrary constant.

When 32 — 41 < 0,

v —Clsin%\/4u —W%e+Cy COS%\Mp -2 |
(P = M— —_—
Clcos%\/4p—k2<§+Czsin%\Mu—?;& 2

+ Q-

(3.21)

Recall that u(x, t)=vy(x, t)=@(&). Consequently, we obtain the

travelling wave solution
A2 — 4y c?+C2

2 2’
(cl cos%\/4u —22E+C, sin%\/4u - 73@)

where & = x — (32 — 4u)t, C; and C, are arbitrary constant.

ux, t) = (3.22)
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Remark 1. We note that the solutions (3.20) and (3.22) do not appear in
[26, 27].

4. Application to the Generalized (2 + 1)-dimensional Ito Equation

!

In this section, we apply the %—expansion method to the (2 +1)-

dimensional Ito equation [26, 27],
X
Ut + Uyyxt + 3(2UyUp + Uyt ) + 3UXXI UpdX’ + auyy +buy =0,  (4.1)
—00

that can be reduced to
Vit + Voot + 6VxxVxt + 3VyxVyxt + VoVt + @Vypp + DYy =0, (4.2)
upon using the potential u = vy, where a and b are arbitrary constants.

We introduce the wave variable v(x, y,t) = @(€), E = x+ y —ct into
(4.2) to find

Cz(p!/! _ C(p(5) _ 6C((P”)2 _ 6C(P/(p!/! _ aC(p!H _ bc(p!/! — 0. (4.3)

Integrating (4.3) twice and letting the integral constants be zero, we have
! nr ! 2

(c-(a+b)e’ - ¢" -3(¢)" =0. (4.4)

Considering the homogeneous balance between ¢ and ((p’)2 in
equation (4.4) gives
n+3=2n+2, (4.5)
so that
n=1 (4.6)

We suppose that the solutions ¢(&) of equation (4.4) is of the form

(&) = al(%) +ag, oag #0. 4.7)
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By using equation (2.4), from equation (4.7), we have

, G/ 2 G!

¢ = —011(3) - 0@(3) — o, (4.8)
- GV 4 GV 3 2 Gl 2

0" = —60(1(6) - 120(17{6) — (8o + 7ok )(Ej

— (Bohp + apﬁ)(%j — (204p? + 2040%p). (4.9)

By substituting equations (4.8) and (4.9) into equation (4.4) and

collecting all terms with the same power of (%) together, the left-hand side

!

of equation (4.4) is converted into another polynomial in (%) Equating

each coefficient of this polynomial to zero, yields a set of simultaneous
algebraic equations for o4, ¢, A and p as follows:

G’ 4

(Ej : 0g(—6 + 3a7) = 0, (4.10)
G’ 3

(E) Loy (<122 + 6oy ) = 0, (4.11)
G\ 2 2

(E) Doy (=7A° = 8u + 3\ 0y + 6uay) = 0, (4.12)
G’ 1

(Ej cog((c—(a+b)h—23 -8+ 3%ay +6uoy) =0,  (4.13)
G’ 0

(Ej oy((c - (a+b))p — 2%u — 2p? + 3uay) = 0. (4.14)

Solving the algebraic equations above, yields
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;=2 Cc=a+b+22 -4y, (4.15)

where A and p are arbitrary constants.

By using (4.16), expression (4.7) can be written as
GV
0(&) = 2(6) + oy, (4.16)

where E=x+y—(a+b+ 22— 4u)t, ag is arbitrary constant.

Substituting the general solutions of equation (2.4) into (4.16) we have
three types of travelling wave solutions of equation (4.3) as follows:

When 22 — 4p > 0,

S Clsinh%\/xz —4pE + C, cosh%\/kz —aug|
9(&) = V2% — 4n S £ = -5
ClcoshE\/k —4p§+Czsinh§\/k —4ué

+ Q-

(4.17)

Recall that u(x, y, t) = vy(X, Y, t) = ¢(&). Consequently, we obtain the
travelling wave solution

1 o1
3 — 4p (Cf - CZZ)(COShZ 5 VA? — 4k —sinh? 2437 - 4“@
ux, y, t) = |
2 2
(Cl COSh% A% — 4ug + Cy sinh %«/7@ - 4Mg)

(4.18)

where E = x+y—(a+b+ 22— 4u)t, ag, Cq and C, are arbitrary constant.
When 22 — 4p = 0,

2C, A

(p(é) = m — E + Q. (419)
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Recall that u(x, y, t) = vy (X, Yy, t) = ¢(§). Consequently, we obtain the
travelling wave solution

2
ux, y )= -2 5 (4.20)
(C1 +C¢)
where & = x + y — (a +b)t, C; and C, are arbitrary constant.
When 32 — 4p < 0,
5 —Clsin%\Mu —22E+Cy cos%\/4u—k2&, N
¢(&) = Vap - 1 > 1 =— |~ 5 * %

o] 0035\/4}1 —-A°E+Cysin E\Mu -\°€

(4.21)

Recall that u(x, y, t) = vy (X, Yy, t) = ¢(§). Consequently, we obtain the
travelling wave solution

22— 4y c?+C2

2 2’
(cl COS%\MH —22E+Cy sin%\/4u - ng)

where & = x+ y —(a+b+ 2% —4u)t, C; and C, are arbitrary constant.

ux, y, t) = (4.22)

Remark 2. We note that the solutions (4.20) and (4.22) do not appear in
[26, 27].

5. Application to the Benjamin-Bona-Mahony-Burgers (BBMB)
Equation

!

In this section, we apply the GE-expansion method to the Benjamin-

Bona-Mahony-Burgers (BBMB) equation [28],

Ut — Uyyt + Uy +UUy =0. (5.1)
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We introduce the wave variable u(x, t) = ¢(§), & = x —ct into (5.1) to
find

e

—o' +co"" + ¢ + ¢’ = 0. (5.2)

Integrating (5.2) once and letting the integral constant be zero, we have

—CQ + @+ Co + %(p2 = 0. (5.3)

Considering the homogeneous balance between ¢" and (p2 in equation
(5.3) gives

n+2=2n, (5.4)
so that
n=2. (5.5)

We suppose that the solutions ¢(&) of equation (5.3) is of the form

o(&) = az(%’)z + ocl(%) +og, oy #0. (5.6)

By using equation (2.4), from equation (5.6), we have
N N N2 '
2 _ 2(G G 2 G G 2
o = 0(2(6) + 20(10(2(6) + (0(1 + ZQZGO)(EJ + 2(11(10(6) + aq,

(5.7)

!

4 ~N3 N2
¢ = 6&2(%) + (204 + loazk)(%) (8otppt + 3oy + 40(27»2)(%j

+ (Bophp + 2aqu + alkz)(%) + 20,12 + oA (5.8)

By substituting equations (5.6)-(5.8) into equation (5.3) and collecting all

terms with the same power of (%) together, the left-hand side of equation
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!

(5.3) is converted into another polynomial in (%) Equating each

coefficient of this polynomial to zero, yields a set of simultaneous algebraic
equations for ap, o4, ag, ¢, A and p as follows:

!

4 1
—) : 6coy + Eag =0, (5.9)

Qap + 2COL]_ + 10C7u(12 =0, (510)

2 1

N2
(G ) : laz + 0y —Cap + ooty + 3Chay + 4Ck2a2 +8cua, =0, (5.11)
( j S0 —Coy + ooy + Ckzocl — 2cpoy + 6Chpo, =0, (5.12)

sog —Cag + %0(8 + CApoy + ZCuZ(xz =0. (5.13)

Solving the algebraic equations above, yields

- 12 - 123
2 — T T 5 1— =" 5
1-32 +4p 1-32 + 4p
g = —122—“, c= + (5.14)
1-2°+4pu 1-2°+4p
or
- 12 " - 123,
2__—1 1__—1
1+ 2% - 4y 1422 — 4y
0g = —122—“, c= + (5.15)
1+22 -4y 1+22 -4y

By using (5.14) and (5.15), expression (5.6) can be written as
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12 G"\? 2% (G 12
(P(§)=—2—(E) _2—(6)_2—“' (5.16)
1-2" +4u 1-2" +4u 1+A° +4p
1
where&:x—z—t or
1+A° +4p
12 A% 12, (G 12
wo--— 2 (S (o)
1-2° —4u 1-2°—4u 1+A° —4u
where & = x —+t.
1+2% —4p

Substituting the general solutions of equation (2.4) into (5.16) and (5.17),
we have three types of travelling wave solutions of equation (5.1) as follows:

When 32 — 4p > 0,

2
1 1
(&) = 6\/%2 . m Cysinh 5\/7»2 —4ug +Cy coshE,/}@ — 4uE
T 2
1-2A° +4p Clcosh%w/}b2 —4uE+Cy sinh% [,2 e

-l (5.18)
1-22 +4p

where & = x + t, C; and C, are arbitrary constant or

1-22 +4p

2
.1 [ 1 [2
6 ,7»2—4u ClslnhE\/x —4u<§+02cosh§ A° —4pg

0(€) = 5
1+2° —4u| ¢, cosh%\/xz —4nE+C, sinh%\/xz — 4pk
Ll (5.19)
1+A° —4u

where § = x + t, C, and C, are arbitrary constant.

1+32 —4p
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When 22 — 4p = 0,

12C3

oo == (Cy +Cp8)?

+3h — 12y, (5.20)

where & = x +t, C; and C, are arbitrary constant.

When 32 — 4 < 0,

2
o(€) = 64y - 3° _Clsmf 4“_7”2E-'+C200$§ 4 — 0%
RTRY:
e ClCOS% 4“_X2§+C25in% 4n—22¢

N 3n —12u

L (5.21)
1-22 + 4

where § = x + t, C; and C, are arbitrary constant or

1-22 +4p

2
6 ,4H—7»2 —ClsmE\Mp—k £E+Cy cosE\Mu—k S

(p(E_,)Z— 2
1+2° -4 Clcos%\Mu—x2§+023in%\/4p—k2§
_,_37‘;—12“, (5.22)
1+A° —4p

where § = x + t, C, and C, are arbitrary constant.

1+32 —4p

Remark 3. We note that the solutions (5.18)-(5.22) do not appear in
[28].

6. Conclusions

’

The %-expansion method was successfully used to establish travelling

!

wave solutions. Comparing the other methods in the literature, the %

expansion method appears to be easier and faster by means of a symbolic
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computation system. This paper confirms that the method is direct, concise
and effective. The method can be used for many other nonlinear partial
differential equations of mathematical physics.
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