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Abstract 

In this paper, the ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G -expansion method is employed to solve the 

generalized Ito equation and Benjamin-Bona-Mahony-Burgers 
(BBMB) equation. New exact travelling wave solutions are obtained. 
The travelling wave solutions are expressed by hyperbolic functions, 
the trigonometric functions and the rational functions. 

1. Introduction 

The investigation of the exact travelling wave solutions of nonlinear 
evolutions equations plays an important role in the study of nonlinear 
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physical phenomena. In recent years, both mathematicians and physicists 
have devoted considerable effort to the study of exact solutions of the 
nonlinear ordinary or partial differential equations corresponding to the 
nonlinear problems. Many powerful methods have been presented. For 
instance, inverse scattering method [1], Baklund/Darboux transformation [2, 
3], bilinear transformation [4], Exp-function method [5, 6], the sine-cosine 
method [7, 8], the Jacobi elliptic function method [9, 10], F-expansion 
method [11, 12], auxiliary equation method [13, 14] and bifurcation method 
of planar dynamical systems [15-18]. 

In [19], Wang et al. introduced the ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G -expansion method for a reliable 

treatment of the nonlinear wave equations. The useful ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G -expansion 

method is widely used by many authors in [20-25]. 

2. Description of the ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion Method 

Wang et al. summarized the main steps for using ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G -expansion 

method, as follows: 

Step 1. Suppose a nonlinear PDE 

 ( ) ,0...,,,,, =xxxtttxt uuuuuuP  (2.1) 

can be converted to an ODE 

 ( ) ,0...,,,,,, 2 =ϕ′′ϕ ′′−ϕ′′ϕ′ϕ′−ϕ cccO  (2.2) 

using a travelling wave variable ( ) ( ) .,, ctxtxu −=ξξϕ=  

Step 2. Suppose that the solution of the ODE (2.2) can be expressed by a 

polynomial in ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G  as follows: 

 ∑
=

⎟
⎠
⎞⎜

⎝
⎛ ′

α=
n

i

i
i G

Gu
0

,  (2.3) 
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where ( )ξ= GG  satisfies the second order LODE in the form 

 ,0=μ+′λ+′′ GGG  (2.4) 

where ( ),...,,2,1,0 nii =α  λ and μ are constants to be determined later, 

,0≠αn  the unwritten part in (2.3) is also a polynomial in ,⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  but the 

degree of which is generally equal to or less than ,1−n  the positive integer n 
can be determined by considering the homogeneous balance between the 
highest order derivatives and nonlinear terms appearing in ODE (2.2). 

Step 3. By substituting (2.3) into equation (2.2) and using second order 

LODE (2.4), collecting all terms with the same order of ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G  together, the 

left-hand side of equation (2.2) is converted into another polynomial in 

.⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  Equating each coefficient of this polynomial to zero, yields a set of 

algebraic equations for λααα ,,...,,, 10 cn  and μ. 

Step 4. Assuming that the constants λααα ,,...,,, 10 cn  and μ can be 

obtained by solving the algebraic equations in Step 3, since the general 
solutions of the second order LODE (2.4) have been well known for us, then 
substituting cn ,...,,, 10 ααα  and the general solutions of equation (2.4) 

into (2.3), we have more travelling wave solutions of the nonlinear evolution 
equation (2.1). 

3. Application to the Generalized ( )11 + -dimensional Ito Equation 

In this section, we apply the G
G′ -expansion method to the ( )11 + -

dimensional Ito equation [26, 27], 

 ( ) ∫ ∞−
=′++++

x
txxxttxxxxttt xduuuuuuuu ,0323  (3.1) 

that can be reduced to 
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 ,0336 =++++ txxxxxtxxtxxxxxxtttx vvvvvvvv  (3.2) 

upon using the potential .xvu =  

We introduce the travelling wave variable ( ) ( ),, ξϕ=txv  ctx −=ξ  into 

(3.2) to find 

 ( ) ( ) .066 252 =ϕ ′′′ϕ′−ϕ′′−ϕ−ϕ ′′′ cccc  (3.3) 

Integrating (3.3) twice and letting the integral constants be zero, we have 

 ( ) .03 2 =ϕ′−ϕ ′′′−ϕ′c  (3.4) 

Considering the homogeneous balance between ϕ ′′′  and ( )2ϕ′  in equation 

(3.4) gives 
 ,223 +=+ nn  (3.5) 

so that 
 .1=n  (3.6) 

We suppose that the solutions ( )ξϕ  of equation (3.4) is of the form 

 ( ) .0, 101 ≠αα+⎟
⎠
⎞⎜

⎝
⎛ ′

α=ξϕ G
G  (3.7) 

By using equation (2.4), from equation (3.7), we have 

,11
2

1 μα−⎟
⎠
⎞⎜

⎝
⎛ ′

λα−⎟
⎠
⎞⎜

⎝
⎛ ′

α−=ϕ′ G
G

G
G  (3.8) 

( )
2

2
11

3
1

4
1 78126 ⎟

⎠
⎞⎜

⎝
⎛ ′

λα+μα−⎟
⎠
⎞⎜

⎝
⎛ ′

λα−⎟
⎠
⎞⎜

⎝
⎛ ′

α−=ϕ ′′′
G
G

G
G

G
G  

( ) ( ).228 2
1

2
1

3
11 μλα+μα−⎟

⎠
⎞⎜

⎝
⎛ ′

λα+λμα− G
G  (3.9) 

By substituting equations (3.8) and (3.9) into equation (3.4) and 

collecting all terms with the same power of ⎟
⎠
⎞

⎜
⎝
⎛ ′

G
G  together, the left-hand side 

of equation (3.4) is converted into another polynomial in .⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  Equating 
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each coefficient of this polynomial to zero, yields a set of simultaneous 
algebraic equations for λα ,,1 c  and μ as follows: 

( ) ,036: 11
4

=α+−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (3.10) 

( ) ,0612: 11
3

=λα+λ−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (3.11) 

( ) ,06387: 11
22

1
2

=μα+αλ+μ−λ−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (3.12) 

( ) ,0638: 11
23

1
1

=μα+αλ+λμ−λ−λα⎟
⎠
⎞⎜

⎝
⎛ ′ cG

G  (3.13) 

( ) .032: 1
222

1
0

=αμ+μ−μλ−μα⎟
⎠
⎞⎜

⎝
⎛ ′ cG

G  (3.14) 

Solving the algebraic equations above, yields 

 ,4,2 2
1 μ−λ==α c  (3.15) 

where λ and μ are arbitrary constants. 

By using (3.15), expression (3.7) can be written as 

 ( ) ,2 0α+⎟
⎠
⎞⎜

⎝
⎛ ′

=ξϕ G
G  (3.16) 

where ( ) ,42 tx μ−λ−=ξ  0α  is arbitrary constant. 

Substituting the general solutions of equation (2.4) into (3.16) we have 
three types of travelling wave solutions of equation (3.4) as follows: 

When ,042 >μ−λ  

( ) .242
1sinh42

1cosh

42
1cosh42

1sinh
4 02

2
2

1

2
2

2
12 α+λ−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ
μ−λ=ξϕ

CC

CC
 

 (3.17) 



Ming Song, Jianshe Zhou and Jun Cao 56 

Recall that ( ) ( ) ( ).,, ξϕ== txvtxu x  Consequently, we obtain the 

travelling wave solution 

( )
( )

,
42

1sinh42
1cosh

42
1sinh42

1cosh

2
4, 2

2
2

2
1

22222
2

2
12

⎟
⎠
⎞⎜

⎝
⎛ μξ−λ+ξμ−λ

⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ−ξμ−λ−

μ−λ=

CC

CC
txu  

 (3.18) 

where ( ) ,42 tx μ−λ−=ξ  1C  and 2C  are arbitrary constant. 

When ,042 =μ−λ  

 ( ) .2
2

0
21

2 α+λ−
ξ+

=ξϕ CC
C  (3.19) 

Recall that ( ) ( ) ( ).,, ξϕ== txvtxu x  Consequently, we obtain the 

travelling wave solution 

 ( )
( )

,2, 2
21

2
2

ξ+
−=

CC
Ctxu  (3.20) 

where ,x=ξ  1C  and 2C  are arbitrary constant. 

When ,042 <μ−λ  

( ) .242
1sin42

1cos

42
1cos42

1sin
4 02

2
2

1

2
2

2
12 α+λ−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−
λ−μ=ξϕ

CC

CC
 

 (3.21) 

Recall that ( ) ( ) ( ).,, ξϕ== txvtxu x  Consequently, we obtain the 

travelling wave solution 

( ) ,
42

1sin42
1cos

2
4, 2

2
2

2
1

2
2

2
1

2

⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ+ξλ−μ

+μ−λ=

CC

CCtxu  (3.22) 

where ( ) ,42 tx μ−λ−=ξ  1C  and 2C  are arbitrary constant. 
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Remark 1. We note that the solutions (3.20) and (3.22) do not appear in 
[26, 27]. 

4. Application to the Generalized ( )12 + -dimensional Ito Equation 

In this section, we apply the G
G′ -expansion method to the ( )12 + -

dimensional Ito equation [26, 27], 

( ) ∫ ∞−
=++′++++

x
xtyttxxxttxxxxttt buauxduuuuuuuu ,0323  (4.1) 

that can be reduced to 

,0336 =++++++ xxtxyttxxxxxtxxtxxxxxxtttx bvavvvvvvvvv  (4.2) 

upon using the potential ,xvu =  where a and b are arbitrary constants. 

We introduce the wave variable ( ) ( ) ctyxtyxv −+=ξξϕ= ,,,  into 

(4.2) to find 

 ( ) ( ) .066 252 =ϕ ′′′−ϕ ′′′−ϕ ′′′ϕ′−ϕ′′−ϕ−ϕ ′′′ bcaccccc  (4.3) 

Integrating (4.3) twice and letting the integral constants be zero, we have 

 ( )( ) ( ) .03 2 =ϕ′−ϕ ′′′−ϕ′+− bac  (4.4) 

Considering the homogeneous balance between ϕ ′′′  and ( )2ϕ′  in 

equation (4.4) gives 

 ,223 +=+ nn  (4.5) 

so that 

 .1=n  (4.6) 

We suppose that the solutions ( )ξϕ  of equation (4.4) is of the form 

 ( ) .0, 101 ≠αα+⎟
⎠
⎞⎜

⎝
⎛ ′

α=ξϕ G
G  (4.7) 
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By using equation (2.4), from equation (4.7), we have 

,11
2

1 μα−⎟
⎠
⎞⎜

⎝
⎛ ′

λα−⎟
⎠
⎞⎜

⎝
⎛ ′

α−=ϕ′ G
G

G
G  (4.8) 

( )
2

2
11

3
1

4
1 78126 ⎟

⎠
⎞⎜

⎝
⎛ ′

λα+μα−⎟
⎠
⎞⎜

⎝
⎛ ′

λα−⎟
⎠
⎞⎜

⎝
⎛ ′

α−=ϕ ′′′
G
G

G
G

G
G  

( ) ( ).228 2
1

2
1

3
11 μλα+μα−⎟

⎠
⎞⎜

⎝
⎛ ′

λα+λμα− G
G  (4.9) 

By substituting equations (4.8) and (4.9) into equation (4.4) and 

collecting all terms with the same power of ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  together, the left-hand side 

of equation (4.4) is converted into another polynomial in .⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  Equating 

each coefficient of this polynomial to zero, yields a set of simultaneous 
algebraic equations for λα ,,1 c  and μ as follows: 

( ) ,036: 11
4

=α+−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (4.10) 

( ) ,0612: 11
3

=λα+λ−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (4.11) 

( ) ,06387: 11
22

1
2

=μα+αλ+μ−λ−α⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  (4.12) 

( ( )( ) ) ,0638: 11
23

1
1

=μα+αλ+λμ−λ−λ+−α⎟
⎠
⎞⎜

⎝
⎛ ′ bacG

G  (4.13) 

( ( )( ) ) .032: 1
222

1
0

=αμ+μ−μλ−μ+−α⎟
⎠
⎞⎜

⎝
⎛ ′ bacG

G  (4.14) 

Solving the algebraic equations above, yields 
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 ,4,2 2
1 μ−λ++==α bac  (4.15) 

where λ and μ are arbitrary constants. 

By using (4.16), expression (4.7) can be written as 

 ( ) ,2 0α+⎟
⎠
⎞⎜

⎝
⎛ ′

=ξϕ G
G  (4.16) 

where ( ) ,42 tbayx μ−λ++−+=ξ  0α  is arbitrary constant. 

Substituting the general solutions of equation (2.4) into (4.16) we have 
three types of travelling wave solutions of equation (4.3) as follows: 

When ,042 >μ−λ  

( ) .242
1sinh42

1cosh

42
1cosh42

1sinh
4 02

2
2

1

2
2

2
12 α+λ−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ
μ−λ=ξϕ

CC

CC
 

 (4.17) 

Recall that ( ) ( ) ( ).,,,, ξϕ== tyxvtyxu x  Consequently, we obtain the 

travelling wave solution 

( )
( )

,
42

1sinh42
1cosh

42
1sinh42

1cosh

2
4,, 2

2
2

2
1

22222
2

2
12

⎟
⎠
⎞⎜

⎝
⎛ μξ−λ+ξμ−λ

⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ−ξμ−λ−

μ−λ=

CC

CC
tyxu  

 (4.18) 

where ( ) 10
2 ,,4 Ctbayx αμ−λ++−+=ξ  and 2C  are arbitrary constant. 

When ,042 =μ−λ  

 ( ) .2
2

0
21

2 α+λ−
+

=ξϕ xCC
C  (4.19) 
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Recall that ( ) ( ) ( ).,,,, ξϕ== tyxvtyxu x  Consequently, we obtain the 

travelling wave solution 

 ( )
( )

,2,, 2
21

2
2

ξ+
−=

CC
Ctyxu  (4.20) 

where ( ) ,tbayx +−+=ξ  1C  and 2C  are arbitrary constant. 

When ,042 <μ−λ  

( ) .242
1sin42

1cos

42
1cos42

1sin
4 02

2
2

1

2
2

2
12 α+λ−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−
λ−μ=ξϕ

CC

CC
 

 (4.21) 

Recall that ( ) ( ) ( ).,,,, ξϕ== tyxvtyxu x  Consequently, we obtain the 

travelling wave solution 

( ) ,
42

1sin42
1cos

2
4,, 2

2
2

2
1

2
2

2
1

2

⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ+ξλ−μ

+μ−λ=

CC

CCtyxu  (4.22) 

where ( ) ,42 tbayx μ−λ++−+=ξ  1C  and 2C  are arbitrary constant. 

Remark 2. We note that the solutions (4.20) and (4.22) do not appear in 
[26, 27]. 

5. Application to the Benjamin-Bona-Mahony-Burgers (BBMB) 
Equation 

In this section, we apply the G
G′ -expansion method to the Benjamin-

Bona-Mahony-Burgers (BBMB) equation [28], 

 .0=++− xxxxtt uuuuu  (5.1) 
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We introduce the wave variable ( ) ( ) ctxtxu −=ξξϕ= ,,  into (5.1) to 

find 

 .0=ϕ′ϕ+ϕ′+ϕ ′′′+ϕ′− cc  (5.2) 

Integrating (5.2) once and letting the integral constant be zero, we have 

 .02
1 2 =ϕ+ϕ ′′+ϕ+ϕ− cc  (5.3) 

Considering the homogeneous balance between ϕ′′  and 2ϕ  in equation 

(5.3) gives 

 ,22 nn =+  (5.4) 

so that 

 .2=n  (5.5) 

We suppose that the solutions ( )ξϕ  of equation (5.3) is of the form 

 ( ) .0, 201
2

2 ≠αα+⎟
⎠
⎞⎜

⎝
⎛ ′

α+⎟
⎠
⎞⎜

⎝
⎛ ′

α=ξϕ G
G

G
G  (5.6) 

By using equation (2.4), from equation (5.6), we have 

( ) ,222 2
001

2
02

2
1

3
21

4
2
2

2 α+⎟
⎠
⎞⎜

⎝
⎛ ′

αα+⎟
⎠
⎞⎜

⎝
⎛ ′

αα+α+⎟
⎠
⎞⎜

⎝
⎛ ′

αα+⎟
⎠
⎞⎜

⎝
⎛ ′

α=ϕ G
G

G
G

G
G

G
G  

 (5.7) 

( ) ( )
2

2
212

3
21

4
2 4381026 ⎟

⎠
⎞⎜

⎝
⎛ ′

λα+λα+μα⎟
⎠
⎞⎜

⎝
⎛ ′

λα+α+⎟
⎠
⎞⎜

⎝
⎛ ′

α=ϕ′′ G
G

G
G

G
G  

( ) .226 1
2

2
2

112 λμα+μα+⎟
⎠
⎞

⎜
⎝
⎛ ′

λα+μα+λμα+ G
G  (5.8) 

By substituting equations (5.6)-(5.8) into equation (5.3) and collecting all 

terms with the same power of ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  together, the left-hand side of equation 
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(5.3) is converted into another polynomial in .⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  Equating each 

coefficient of this polynomial to zero, yields a set of simultaneous algebraic 
equations for λααα ,,,, 012 c  and μ as follows: 

,02
16: 2

22
4

=α+α⎟
⎠
⎞⎜

⎝
⎛ ′ cG

G  (5.9) 

,0102: 2121
3

=λα+α+αα⎟
⎠
⎞⎜

⎝
⎛ ′ ccG

G  (5.10) 

,08432
1: 22

2
12022

2
1

2
=μα+αλ+λα+αα+α−α+α⎟

⎠
⎞⎜

⎝
⎛ ′ ccccG

G  (5.11) 

,062: 211
2

1011
1

=λμα+μα−αλ+αα+α−α⎟
⎠
⎞⎜

⎝
⎛ ′ ccccG

G  (5.12) 

.022
1: 2

2
1

2
000

0
=αμ+λμα+α+α−α⎟

⎠
⎞⎜

⎝
⎛ ′ cccG

G  (5.13) 

Solving the algebraic equations above, yields 

,
41

12,
41

12
2122

μ+λ−

λ−=α
μ+λ−

−=α  

μ+λ−
=

μ+λ−

μ−=α
41

1,
41

12
220 c  (5.14) 

or 

,
41

12,
41

12
2122

μ−λ+

λ−=α
μ−λ+

−=α  

.
41

1,
41

12
220

μ−λ+
=

μ−λ+

μ−=α c  (5.15) 

By using (5.14) and (5.15), expression (5.6) can be written as 
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( ) ,
41

12
41

12
41

12
22

2

2 μ+λ+

μ−⎟
⎠
⎞⎜

⎝
⎛ ′

μ+λ−

λ−⎟
⎠
⎞⎜

⎝
⎛ ′

μ+λ−
−=ξϕ G

G
G
G  (5.16) 

where tx
μ+λ+

−=ξ
41

1
2  or 

( ) ,
41

12
41

12
41

12
22

2

2 μ−λ+

μ−⎟
⎠
⎞⎜

⎝
⎛ ′

μ−λ−

λ−⎟
⎠
⎞⎜

⎝
⎛ ′

μ−λ−
−=ξϕ G

G
G
G  (5.17) 

where .
41

1
2 tx

μ−λ+
−=ξ  

Substituting the general solutions of equation (2.4) into (5.16) and (5.17), 
we have three types of travelling wave solutions of equation (5.1) as follows: 

When ,042 >μ−λ  

( )

2

2
2

2
1

2
2

2
1

2

2

42
1sinh42

1cosh

42
1cosh42

1sinh

41
46

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ

μ+λ−

μ−λ−=ξϕ
CC

CC
 

,
41

123
2 μ+λ−

μ−λ+  (5.18) 

where ,
41

1
2 tx

μ+λ−
+=ξ  1C  and 2C  are arbitrary constant or 

( )

2

2
2

2
1

2
2

2
1

2

2

42
1sinh42

1cosh

42
1cosh42

1sinh

41
46

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ

μ−λ+

μ−λ−=ξϕ
CC

CC
 

,
41

123
2 μ−λ+

μ−λ+  (5.19) 

where ,
41

1
2 tx

μ−λ+
+=ξ  1C  and 2C  are arbitrary constant. 
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When ,042 =μ−λ  

( )
( )

,12312
2

21

2
2 μ−λ+
ξ+

−=ξϕ
CC
C  (5.20) 

where ,tx +=ξ  1C  and 2C  are arbitrary constant. 

When ,042 <μ−λ  

( )

2

2
2

2
1

2
2

2
1

2

2

42
1sin42

1cos

42
1cos42

1sin

41
46

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−

μ+λ−

λ−μ−=ξϕ
CC

CC
 

,
41

123
2 μ+λ−

μ−λ+  (5.21) 

where ,
41

1
2 tx

μ+λ−
+=ξ  1C  and 2C  are arbitrary constant or 

( )

2

2
2

2
1

2
2

2
1

2

2

42
1sin42

1cos

42
1cos42

1sin

41
46

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−

μ−λ+

λ−μ−=ξϕ
CC

CC
 

,
41

123
2 μ−λ+

μ−λ+  (5.22) 

where ,
41

1
2 tx

μ−λ+
+=ξ  1C  and 2C  are arbitrary constant. 

Remark 3. We note that the solutions (5.18)-(5.22) do not appear in 
[28]. 

6. Conclusions 

The G
G′ -expansion method was successfully used to establish travelling 

wave solutions. Comparing the other methods in the literature, the G
G′ -

expansion method appears to be easier and faster by means of a symbolic 
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computation system. This paper confirms that the method is direct, concise 
and effective. The method can be used for many other nonlinear partial 
differential equations of mathematical physics. 
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