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Abstract 

In [4], Faudree et al. showed that if a 2-connected graph contains no 

3,1K  and 3Z  as an induced subgraph, then the graph is Hamiltonian 

(except for specified graphs). In this paper, we consider the extension 
of this result to cycles passing through specified vertices. We define 
the families of graphs which are extension of the forbidden pair 3,1K  

and ,6Z  and consider that the forbidden families imply the existence 

of cycles passing through specified vertices. 

1. Introduction 

In this paper, we only consider finite undirected graphs without loops or 
multiple edges. For standard graph-theoretic terminology not explained in 
this paper, we refer the reader to [3]. 

For a family { }kHHH ...,,, 21=F  of graphs, a graph G is called an 

F -free graph if G contains no induced subgraph isomorphic to any iH  with 
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....,,2,1 ki =  A path or a cycle that includes all vertices of the graph is 

called a hamiltonian path or a hamiltonian cycle, respectively. A hamiltonian 
graph is one that contains a hamiltonian cycle, and a traceable graph is one 
that contains a hamiltonian path. 

There are a lot of results on the existence of a hamiltonian path or cycle 
in graphs. As the generalizations of such research, some studies on the 
existence of a path or a cycle passing through specified vertices have been 
done ([1], [2] and [5]). Though forbidden subgraphs are major tool to find a 
hamiltonian path or cycle, there are few results using the condition on 
forbidden subgraphs to find a cycle passing through specified vertices. (The 
result in [5] uses degree condition in addition to the condition on forbidden 
subgraphs.) Our main results shown later use only the condition on forbidden 
subgraphs. 

 

Figure 1. 1H  and .2H  

 

Figure 2. C and .3Z  
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In 1995, Faudree et al. gave the following result. The graphs 1H  and 

2H  are shown in Figure 1. 

Theorem 1 (Faudree et al. [4]). Let G be a 2-connected graph. If G is a 

3CZ -free graph, then G is either hamiltonian or isomorphic to 1H  or .2H  

In this section, we consider the generalization of Theorem 1, for the 
existence of cycles passing through specified vertices. We propose the 
following problem. 

Problem 2. Let G be a 2-connected graph and ( ).GVS ⊆  If G is a 

( )SCZ3 -free graph, then G contains a cycle D such that ( )DVS ⊆  (except 

for some graphs). 

For the definition of ( )SCZ3 -free graphs, we define families of graphs. 

Let G be a graph and ( ).GVS ⊆  In [6], ( )SC  is defined. 

 

Figure 3. A graph G′  and .S ′  

We define a family of graphs ( )SZ3  whose members are the graphs F ′  

satisfying the following properties: 

(1) F ′  contains a triangle T with ( ) { }321 ,, xxxTV =  (we call ix  a root 

of ,)F ′  

(2) there exists a path 1P  such that 1x  is an end vertex of ( )11, PVP  

4≥  and ( ) ( ) ( ),1 TVPVFV ∪=′  
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(3) the end vertex of 1P  which is not 1x  is a vertex of S (we call such a 

vertex of 1P  a leaf of ,)F ′  

(4) internal vertices of 1P  (except  for )2
11 , ++ xx  are contained in 

( ) SGV \  and 

(5) ( ) ( ) ( ).1 TEPEFE ∪=′  

If there exists no induced subgraph which is a member of ( )SC  and 

( )SZ3  in G, then we call G a ( )SCZ3 -free graph. It is clear that a 

( )( )GVCZ3 -free graph is a 3CZ -free graph, and a 3CZ -free graph is a 

( )SCZ3 -free graph for every subset S of ( ).GV  

Theorem 1 implies that there exists an exception of Problem 2 for the 
case ( ).GVS =  Now we consider the exceptions of Problem 2. By the 

definition of ( )SCZ3 -free, 1H  and 2H  are also exceptions of Problem 2 

( ( )1if HVS =  or ( )).2HV  But the graph G′  with ( )GVS ′⊆′  (see Figure 3) 

shows the existence of more exceptions. 

We define several families of graphs which will be parts of the 
exceptions of Problem 2. First, we define a family A  to be the set of graphs 
A satisfying the following properties: 

(1) A contains a triangle T ( ) { }( ),,, 321 aaaTV =  

(2) A does not contain triangles other than T, and 

(3) A is 2-connected. 

We define a family A′  to be the set of graphs A′  satisfying the 
following properties: 

(1) A′  contains a triangle T ( ) { }( ),,, 321 aaaTV =  

(2) for any triangle T ′  in { } ( )TVaaA ′∈′ 21,,  (we call 21, aa  bases of 

,)A′  and 

(3) A′  is 2-connected. 
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We define a family B  to be the set of graphs B satisfying the following 
properties: 

(1) B contains a ( ) { } ( ) ( )( ),1and,, 213212,1 === bdbdbbbRVRK RR  

(2) B does not contain triangles, and 

(3) 21bbB +  is 2-connected. 

We define a family B′  to be the set of graphs B′  satisfying the 
following properties: 

(1) B′  contains a ( ) { } ( ) ( )( ),1and,, 213212,1 === bdbdbbbRVRK RR  

(2) B′  does not contain triangles, 

(3) 21bbB +′  is 2-connected, and 

(4) every induced 21-bb  path has length at most 2. 

We define a family C  to be the set of graphs D satisfying the following 
properties: 

(1) D contains an edge 21cc  (we call 21, cc  bases of D), 

(2) D contains an independent set of vertices ( ),2≥MM  

(3) D contains a vertex 3c  (we call 3c  the root of D), 

(4) for each { } ici ,3,2,1∈  is adjacent to all vertices of M, 

(5) MD\  is disconnected, 

(6) D is 2-connected, and 

(7) every triangle of D contains both 1c  and .2c  

Now we define six families of exceptions. 

Let 1G  be a family of pairs of graphs and their subsets of vertices 

( )1, SG  satisfying the following properties: 
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(1) G contains three subgraphs 321 ,, AAA  such that for each 

{ },3,2,1∈i  iA  is isomorphic to a member of A′  containing a 

unique triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  ( ia1  and ia2  are bases 

of ),iA  

(2) G contains two subgraphs 54, AA  such that for each { } iAi ,5,4∈  is 

isomorphic to a member of A  containing a unique triangle iT  with 

( ) { },,, 321
iii

i aaaTV =  

(3) 321 ,, AAA  are pairwise disjoint, and ,54 ∅=AA ∩  

(4) for each { } { } { } { } { },,,3,2,1 5
25

4
14 j

j
jj

j
j aaAAaaAAj ====∈ ∩∩  

and 

(5) ( )GVS ⊆1  satisfies { } { ,,,,,,,, 2
3

2
2

2
1

1
3

1
2

1
11

3
3

2
3

1
3 aaaaaaSaaa ⊆⊆  

}.,, 3
3

3
2

3
1 aaa  

 

Figure 4. Example .C∈D  
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Figure 5. A graph .1G∈G  

 

Figure 6. A graph .2G∈G  

Let 2G  be a family of pairs of graphs and their subsets of vertices 

( )2, SG  satisfying the following properties: 
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(1) G consists of five subgraphs ,,,, 5421 AAAA  B such that for each 

{ } iAi ,2,1∈  is isomorphic to a member of A′  containing a unique 

triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  ( ia1  and ia2  are bases of ),iA  

for each { } iAi ,5,4∈  is isomorphic to a member of A  containing a 

unique triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  and B is isomorphic to 

a member of B  containing a unique path 3T  with ( ) { ,, 3
2

3
13 aaTV =  

},3
3a  ( ) { },, 3231

jjjj
j aaaaTE =  

(2) ,, 21 AA  B are pairwise disjoint, and ,54 ∅=AA ∩  

(3) for each { } { } { } { } { },,,2,1 5
25

4
14 j

j
jj

j
j aaAAaaAAj ====∈ ∩∩  

(4) { } { } { } { },, 5
3

3
25

4
3

3
14 aaABaaAB ==== ∩∩  and 

(5) ( )GVS ⊆2  satisfies { } { }.,,,,,,,, 3
3

2
3

2
2

2
1

1
3

1
2

1
32

3
3

2
3

1
3 aaaaaaaSaaa ⊆⊆  

Let 2G′  be a family of pairs of graphs and their subsets of vertices 

( )2, SG ′  satisfying the following properties: 

(1) G consists of five subgraphs ,,,, 5421 AAAA  B such that for each 

{ } iAi ,2,1∈  is isomorphic to a member of A′  containing a unique 

triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  ( ia1  and ia2  are bases of ),iA  

for each { } iAi ,5,4∈  is isomorphic to a member of A  containing a 

unique triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  and B′  is isomorphic to 

a member of B′  containing a unique path 3T  with ( ) { ,, 3
2

3
13 aaTV =  

},3
3a  ( ) { },, 3231

jjjj
j aaaaTE =  

(2) ,, 21 AA  B are pairwise disjoint, and ,54 ∅=AA ∩  

(3) for each { } { } { } { } { },,,2,1 5
25

4
14 j

j
jj

j
j aaAAaaAAj ====∈ ∩∩  
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(4) { } { } { } { },, 5
3

3
25

4
3

3
14 aaABaaAB ==′==′ ∩∩  and 

(5) ( )GVS ⊆′2  satisfies { } { ,,,,,,,, 2
3

2
2

2
1

1
3

1
2

1
33

3
3

2
3

1
3 aaaaaaSaaa ⊆′⊆  

}.,, 3
3

3
2

3
1 aaa  

 

Figure 7. A graph .3G∈G  

Let 3G  be a family of pairs of graphs and their subsets of vertices 

( )3, SG  satisfying the following properties: 

(1) G consists of five subgraphs 32541 ,,,, BBAAA  such that 1A  is 

isomorphic to a member of A′  containing a unique triangle iT  with 

( ) { }1
3

1
2

1
1 ,, aaaTV i =  ( 1

1a  and 1
2a  are bases of ),iA  for each ∈i  

{ },5,4  iA  is isomorphic to a member of A  containing a unique 

triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  and for each { } jBj ,3,2∈  is 

isomorphic to a member of B  containing a unique path jT  with 

( ) { } ( ) { },,,,, 3231321
jjjj

j
jjj

j aaaaTEaaaTV ==  

(2) 321 ,, BBA  are pairwise disjoint, and ,54 ∅=AA ∩  

(3) { } { } { } { },, 5
1

1
251

4
1

1
141 aaAAaaAA ==== ∩∩  
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(4) for each { } { } { } { } { },,,3,2 5
25

4
14 j

j
jj

j
j aaABaaABj ====∈ ∩∩  

and 

(5) ( )GVS ⊆3  satisfies { } { }.,,,,,, 3
3

2
3

1
3

1
2

1
33

3
3

2
3

1
3 aaaaaSaaa ⊆⊆  

Let 4G  be a family of pairs of graphs and their subsets of vertices 

( )4, SG  satisfying the following properties: 

 

Figure 8. A graph .4G∈G  

 

Figure 9. A graph .5G∈G  

(1) G consists of five subgraphs 54321 ,,,, AABBB  such that for each 

{ } iAi ,5,4∈  is isomorphic to a member of A  containing a unique 

triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  and for each { } jBj ,3,2,1∈  
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is isomorphic to a member of B  containing a unique path jT  with 

( ) { } ( ) { },,,,, 3231321
jjjj

j
jjj

j aaaaTEaaaTV ==  

(2) 321 ,, BBB  are pairwise disjoint, and ,54 ∅=AA ∩  

(3) for each { } { } { } { } { },,,3,2,1 5
25

4
14 i

i
ii

i
i aaABaaABi ====∈ ∩∩  

and 

(4) ( )GVS ⊆4  satisfies { }.,, 3
3

2
3

1
34 aaaS =  

Let 5G  be a family of pairs of graphs and their subsets of vertices 

( )5, SG  satisfying the following properties: 

 
Figure 10. ( )., SG  

(1) G consists of five subgraphs ,,,, 5421 AABB  D such that for each 

{ } iAi ,5,4∈  is isomorphic to a member of A  containing a unique 

triangle iT  with ( ) { },,, 321
iii

i aaaTV =  for each { } jBj ,2,1∈  is 

isomorphic to a member of B  containing a unique path jT  with 

( ) { } ( ) { },,,,, 3231321
jjjj

j
jjj

j aaaaTEaaaTV ==  and D is isomorphic 

to a member of C  containing a graph X ( ( ) { ,,,, 4321 xxxxXV =  

} ( ) { }),,,,,,,, 545342324131215 xxxxxxxxxxxxxxXEx =  
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(2) ,, 21 BB  D are pairwise disjoint, and ,54 ∅=AA ∩  

(3) for each { } { } { } { } { },,,2,1 5
25

4
14 i

i
ii

i
i aaABaaABi ====∈ ∩∩  

(4) { } { } { } { },, 5
325

4
314 axADaxAD ==== ∩∩  and 

(5) ( )GVS ⊆5  satisfies { } { } { },,,,,,,,, 5
2
3

1
34

2
3

1
33

2
3

1
35 xaaxaaxaaS =  

{ }53
2
3

1
3 ,,, xxaa  or { }.,,, 54

2
3

1
3 xxaa  

Let SG  be a set of pairs of a graph G and a subset of ( )GV  such that 

.543221 GGGGGGG ∪∪∪∪∪ ′=S  

Proposition 3. If ( ) ,, SSG G∈  then G is a 2-conncected ( )SCZ3 -free 

graph. 

Proof. We suppose ( ) ., 1G∈SG  We assume that ( )SG,  satisfies the 

following properties: 

(1) G contains three subgraphs 321 ,, AAA  such that for each ∈i  

{ },3,2,1  iA  is isomorphic to a member of A′  containing a unique 

triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  ( ia1  and ia2  are bases of ),iA  

(2) G contains two subgraphs 54, AA  such that for each { } iAi ,5,4∈  

is isomorphic to a member of A  containing a unique triangle iT  with 

( ) { },,, 321
iii

i aaaTV =  

(3) 321 ,, AAA  are pairwise disjoint, and ,54 ∅=AA ∩  

(4) for each { } { } { } { } { },,,3,2,1 5
25

4
14 j

j
jj

j
j aaAAaaAAj ====∈ ∩∩  

and 

(5) { } { }.,,,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1

3
3

2
3

1
3 aaaaaaaaaSaaa ⊆⊆  

First, we assume { }.,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1 aaaaaaaaaS =  Assume to 

the contrary, suppose that G contains an induced subgraph F which is a 
member of ( )SC  or ( ).3 SZ  
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Case 1. F is a member of ( ).SC  

By the definition of ( ),SC  F contains three independent vertices in S 

such that these vertices are leaves of F. 

Subclaim 1.1. { } ( )FVaaa ⊆3
3

2
3

1
3 ,,  and these vertices are leaves of F. 

Since F is a connected graph and { } { }( )3,2,1, 21 ∈iaa ii  is a cut set in G, 

F contains three vertices 21 , jh aa  and ( ),2or1,,3 =kjhak  If ,1,, =kjh  

then 3
1

2
1

1
1 ,, aaa  is isomorphic to .3K  But F contains no ,3K  a 

contradiction. By the same argument, if ,2,, =kjh  then we can lead a 

contradiction. If 1, =jh  and ,2=k  then F does not contain .3
1a  On the 

other hand, by the definition of ,1G  for any 3
2

2
3 -aa  path P, P contains 2

2
1
2, aa  

or .3
1a  Hence F contains 1

2a  or .2
2a  Since F is an induced subgraph in G, we 

obtain a ( ) 21
3 ≥adF  or ( ) .22

3 ≥adF  But 1
3a  and 2

3a  are leaves of F, a 

contradiction. Similarly, we can prove the proposition for the other cases. 

Subclaim 1.2. { }kji aaa 233 ,,  or { } ( )FVaaa kji ⊆133 ,,  ({ } { })3,2,1,, =kji  

and these vertices are leaves of F. 

We suppose { } ( )FVaaa ⊆3
2

2
3

1
3 ,,  and these three vertices are leaves of 

F. By the same argument in Case 1, F contains three vertices 21 , jh aa  and 3
ka  

( ).2or1,, =kjh  If ,kjh ==  then we can find a triangle in F, a 

contradiction. By ( ) 1
2

3
2 , aFVa ∈  or 2

2a  are not contained in ( ).FV  Without 

loss of generality, we may assume ( ).2
2 FVa ∉  Hence ( )FV  contains a vertex 

.2
1a  For any 3

2
2
1 -aa  path P which does not contain ,2

2a  P contains { }3
1a  or 

{ }., 1
2

1
1 aa  If { } ( ),, 1

2
1
1 FVaa ⊆  then ( ) ,21

3 ≥adF  a contradiction. Hence 

( ).3
1 FVa ∈  Since F contains no triangle, ( ),1

1 FVa ∉  otherwise we can find 
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a triangle in F. We obtain ( ).1
2 FVa ∈  But since F is an induced subgraph in 

G and ( ),, 3
2

3
1

3
2

1
2 GEaaaa ∈  we obtain ( ) ,23

2 ≥adF  a contradiction. By a 

similar argument, we can prove the proposition for the other cases. 

Subclaim 1.3. { } ( )FVaaa kji ⊆321 ,,  ({ } { })3,2,1,, =kji  and these 

vertices are leaves of F. 

We suppose { } ( )FVaaa ⊆3
3

2
2

1
1 ,,  and these vertices are leaves of F. 

Since { }3
2

3
1 , aa  is a two cut in G, F contains 3

1a  or .3
2a  Without loss of 

generality, we assume ( ).3
1 FVa ∈  Since 1

1a  is a leaf of F, F is an induced 

subgraph in G and ( ),, 1
2

1
1

3
1

1
1 GEaaaa ∈  we obtain ( ).1

2 FVa ∉  Similarly, we 

obtain ( ).3
2 FVa ∉  Since { }3

2
2
1

1
2 ,, aaa  is a minimal three cut in G, F contains 

a vertex .2
1a  But { }3

1
2
1

1
1 ,, aaa  is a triangle. Hence we can find a triangle in 

F, a contradiction. By a similar argument, we can prove the proposition for 
the other cases. 

Case 2. F is a member of ( ).3 SZ  

By the definition of ( ),3 SZ  F contains a triangle T and a vertex .Sx ∈  

By the definition of G,1G  contains only five triangles { } { ,,,, 2
1

1
3

1
2

1
1 aaaa  

} { } { }3
1

2
1

1
1

3
3

3
2

3
1

2
3

2
2 ,,,,,,, aaaaaaaa  and { } .,, 3

2
2
2

1
2 aaa  

Subclaim 2.1. F contains { } ,,, 1
3

1
2

1
1 aaa  { }2

3
2
2

2
1 ,, aaa  or { } .,, 3

3
3
2

3
1 aaa  

We assume that F contains { } .,, 1
3

1
2

1
1 aaa  By ∈3

2
1
2

2
2

1
2

3
1

1
1

2
1

1
1 ,,, aaaaaaaa  

( ) { }.,,,, 3
2

3
1

2
2

2
1 aaaaxGE ∉  Hence { }., 3

3
2
3 aax∈  We suppose .2

3ax =  Since 

{ }2
2

2
1 , aa  is a cut set in G, F contains 2

1a  or .2
2a  But ( )., 2

2
1
2

2
1

1
1 GEaaaa ∈  

Hence, a ( )TVv-  path P in F has length 2. But it contradicts the definition of 

( ).3 SZ  By a similar argument, we can prove the proposition for the other 

cases. 
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Subclaim 2.2. F contains { }3
1

2
1

1
1 ,, aaa  or { } .,, 3

2
2
2

1
2 aaa  

We assume that F contains { } .,, 3
1

2
1

1
1 aaa  By the definition of ( ),3 SZ  

( ).\ TVSx ∈  By ( ) ( ) { }( )xTVEGEaaaaaaaaaaaa ,,,,,,, 3
3

3
1

3
2

3
1

2
3

2
1

2
2

2
1

1
3

1
1

1
2

1
1 ∈  

,∅≠  a contradiction. By a similar argument, we can prove the proposition 

for the other cases. 

By a similar argument, we can prove the proposition for 

{ }.,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1 aaaaaaaaaS ⊊  

In the case ( ) ,\, 1GGSSG ∈  by a similar argument, we can show that G 

is a 2-connetcted ( )SCZ3 -free graph.  

Easily, we can prove the following proposition. 

Proposition 4. Let ( ) ., SSG G∈  Then G contains no cycle D such that 

( ).DVS ⊆  

By Propositions 3 and 4, every member of SG  is an exception of 

Problem 2. The following proposition says that the class SG  is a maximal in 

a sense as an exceptional class of Problem 2. 

Proposition 5. Let G be a graph and ( )GVS ⊆  such that ( ) ., SSG G∈  

Let PGH ∪=  be a graph obtained from G by adding a path P so that P is 

a ( ) ( )GVGV -  path in H. Then H satisfies one of the following statements: 

(1) H is not ( )SCZ3 -free, 

(2) H contains a cycle passing through all vertices of S, or 

(3) ( ) ., SSH G∈  

Proof. We suppose ( ) ., 1G∈SG  We assume ( )SG,  satisfies the 

following properties: 
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(1) G contains three subgraphs 321 ,, AAA  such that for each 

{ },3,2,1∈i  iA  is isomorphic to a member of A′  containing a 

unique triangle iT  with ( ) { }iii
i aaaTV 321 ,,=  ( ia1  and ia2  are bases 

of ),iA  

(2) G contains two subgraphs 54, AA  such that for each { },5,4∈i  iA  

is isomorphic to a member of A  containing a unique triangle iT  

with ( ) { },,, 321
iii

i aaaTV =  

(3) 321 ,, AAA  are pairwise disjoint, and ,54 ∅=AA ∩  

(4) for each { } { } { } { } { }5
25

4
14 ,,3,2,1 j

j
jj

j
j aaAAaaAAj ====∈ ∩∩  

and 

(5) { } { }.,,,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1

3
3

2
3

1
3 aaaaaaaaaSaaa ⊆⊆  

First, we assume { }.,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1 aaaaaaaaaS =  

Let { } .,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1 aaaaaaaaaG =′  If for any j

j
i
i aa ′′,  such 

that ( )GEaa j
j

i
i ∉′′  ( { } { }) { } { }j

j
i
i aaGHjiji ′′′∈′′∈ ,\,3,2,1,,5,4,3,2,1, ∪  

contains an j
j

i
i aa ′′-  path, then we can find a cycle D such that ( )DVS ⊆  in 

H. Hence there exists i such that P is an ii AA -  path { }( ).5,4,3,2,1∈i  

Case 1. { }.5,4∈i  

We suppose .4=i  If for any triangle T in ( ) ( ) ,,4 ∅=TEPEA ∩  then 

.4 A∈A  By the definition of ( ) .,, 1GA ∈SH  Hence there exists a triangle 

T such that ( ) ( ) .∅≠TEPE ∩  Let P′  be a ( ( ) { })-,,\ 3
1

2
1

1
1 aaaTV  

{ }3
1

2
1

1
1 ,, aaa  path such that ( )PV ′  is as small as possible. Without loss of 

generality, we may assume { } { } ( ).,, 3
1

2
1

1
1

1
1 PVaaaa ′⊆ ∩  Let ( ).1

1
1
1 aNa P′=
−

 

If ( ) { } ,2,, 3
1

2
1

1
1

1
1 ≥
−

aaaaNH ∩  then there exists { }3,2∈k  such that ∈ka1  
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( ) { }.,, 3
1

2
1

1
1

1
1 aaaaNH ∩
−

 In this case, { }hhk aaaaaa 32
1
21

1
1

1
1 ,,,,,
−

 is a 

member of ( )SZ3  { }( ).,1 kh ∉  Hence H is not ( )SCZ3 -free. By the 

above  argument, for any ( ) { },,,\ 3
1

2
1

1
14 aaaAVx ∈  we obtain ( ) ∩xNH  

{ } .1,, 3
1

2
1

1
1 ≤aaa  Hence ( ) { } .1,, 3

1
2
1

1
1 ≤aaaTV ∩  We obtain ( )

−1
1aNH  

{ } { }.,, 1
1

3
1

2
1

1
1 aaaa =∩  If there exists a vertex ( ) { }

−
∈′ 1

1\ aTVa  such that 

( ),1
1 GEaa ∈′  then { ,, 1

1
−

′ aa  }2
3

2
2

1
2

1
1 ,,, aaaa  is a member of ( ).3 SZ  By 

the above argument, there exists { }3,2∈k  such that ( ) ( )PVTV ′∪  

{ }kk aaa 32
1
2 ,,∪  contains a member of ( ).3 SZ  We obtain H is not ( )SCZ3 -

free. 

By a similar argument, we can prove the proposition for .5=i  

Case 2. { }.3,2,1∈i  

We suppose .1=i  If for any triangle T in ( ) ( ) ,,1 ∅=TEPEA ∩  then 

.1 A′∈A  Hence by the definition of ( ) .,, 1GA ∈′ SH  There exists a triangle 

T such that ( ) ( ) .∅≠TEPE ∩  Let P′  be a ( ( ) { }) { }1
3

1
2

1
1

1
3

1
2

1
1 ,,-,,\ aaaaaaTV  

path such that ( )PV ′  is as small as possible. We suppose { } { ,, 1
2

1
1

1
3 aaa ⊆  

} ( ).1
3 PVa ′∩  Let ( ).1

3
1
3 aNa P′=
−

 If ( ) { } ,2,, 1
3

1
2

1
1

1
3 ≥
−

aaaaNH ∩  then 

without loss of generality, we may assume { } ( ) { ,, 1
1

1
3

1
3

1
1 aaNaa H ∩

−
⊆  

}., 1
3

1
2 aa  { }3

2
2
2

2
1

1
3

1
1

1
3 ,,,,, aaaaaa
−

 is a member of ( ).3 SZ  Hence { } =1
3a  

( ) { }.,, 1
3

1
2

1
1

1
3 aaaaNH ∩
−

 If ( ( ) { }) { } ,,,\ 1
3

1
2

1
1

1
3 ∅=
−

aaaaTVNG ∩  ( ) ∪TV  

( ) { }2
3

2
2

1
2 ,, aaaPV ∪′  contains a member of ( ).3 SZ  If there exists { }2,1∈i  

such that ( ( ) { }) ,2, 1 =iaTVE  then ( ) { }3221 ,,, jjii aaaaFV ∪  contains a 

member of ( ) { } { }( ).\2,13 ijSZ ∈  If for any { },2,1∈i  ( ( ) { }) ,0, 1 =iaTVE  
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then there exists a vertex ( ) { }
−

∈′ 1
3\ aTVa  such that ( ).1

3 GEaa ∈′  By the 

choice of ( )., 1
3 TVaP ∈′
−

 { }2
3

2
1

1
1

1
3

1
3 ,,,,, aaaaaa
−

′  contains a member of 

( ).3 SZ  Hence for any { },2,1∈i  ( ( ) { }) 1, 1 ≤iaTVE  and there exists 

{ }2,1∈i  such that ( ( ) { }) .1, 1 =iaTVE  But ( ) { }3221 ,,, jjii aaaaTV ∪  

contains a member of ( )SZ3  { } { }( ).\2,1 ij ∈  Therefore, we obtain 

{ }∩1
3

1
2

1
1

1
3 ,, aaaa ∉ ( ).PV ′  Without loss of generality, we can assume 

{ } ( ).,, 1
3

1
2

1
1

1
1 PVaaaa ′∈ ∩  If ( ( ) { }) ,,,, 1

3
1
2

1
1 ∅=aaaTVE  then ( ) ( )PVTV ′∪   

{ }3
2

2
2

2
1 ,, aaa∪  contains a member of ( ).3 SZ  Hence ( ( ) { })1

3
1
2

1
1 ,,, aaaTVE  

.∅≠  By the choice of ,P′  ( ( ) { }) ., 1
1 ∅≠aTVE  If ( ( ) { } { }) ,2,\ 1

1
1
2 ≥aaTVE  

let ( ) { }1
2\, aTVaa ∈′′′  such that ∈′′′ 1

1
1
1, aaaa  ( ).GE  But { ,,,, 2

1
1
1 aaaa ′′′  

}3
3

3
2

2
2 ,, aaa  contains a member of ( ).3 SZ  Hence ( ( ) { } { }) .1,\ 1

1
1
2 =aaTVE  

Let ( ) { }1
2\ aTVa ∈′  such that ( ).1

1 GEaa ∈′  If ( ) { },,, 1
2

1
1 aaaTV ′=  then 

( )SH ,  is also a member of .1G  Suppose ( ) { }.,, 1
3

1
1 aaaTV ′≠  If ( ) =TV   

{ },,, 1
3

1
1 aaa′  then { ,,, 1

3
1
1 aaa′  }3

2
2
2

2
1 ,, aaa  contains a member of ( ).3 SZ  

Other cases, ( ) ( ) ∪∪ PVTV ′ { }3
2

2
3

2
1

1
1 ,,, aaaa  contain a member of ( ).3 SZ  

By a similar argument, we can prove the proposition for { }.3,2∈i  

Similarly, we can prove the proposition for 

{ }.,,,,,,,, 3
3

3
2

3
1

2
3

2
2

2
1

1
3

1
2

1
1 aaaaaaaaaS ⊊  

By a similar argument, we can also prove the proposition for the case 
( ) .\, 1GGSSG ∈   

Finally in this section, we propose the following conjecture. 

Conjecture 6. Let G be a connected graph and ( ).GVS ⊆  If G is a 
( )SCZ3 -free graph, then G contains a cycle D such that ( )DVS ⊆  or 

( ) ., SSG G∈  
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