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Abstract 

In this paper, we use Bernstein polynomial to approximate the 
analytical solution of a system of third-order nonlinear boundary 
problems associated with obstacle, unilateral and contact problems. A 
new approach is illustrated to provide the solution in the form of 
Bernstein polynomial, which dramatically reduces the size of work. 
An example is given to illustrate the efficiency of the method. 

1. Introduction 

In recent years, much attention has been given to solving the system of 
high order boundary problems, see [1-10]. In this paper, we consider the 
following systems of third-order nonlinear boundary value problems: 
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with boundary conditions: 

( ) ( ) ( ) γ=β=′α= buauau ,,  (1.2) 

or 

( ) ( ) ( ) ,,, γ=′β=α= bubuau  

and continuity conditions of ( ) ( ) ( )xuxuxu ′′′ ,,  at internal points c and d of 

the interval [ ]., ba  

Here ,α  ,β  γ  are real constants, and ( ),xri  3,2,1=i  are continuous 

functions on corresponding intervals. Such type of problems arise in the 
study of obstacle, contact, unilateral and equilibrium problems in economics, 
transportation, nonlinear optimization, fluid flow through porous media and 
some other branches of pure and applied sciences. Some techniques have 
been used to solve this type of problem. Noor and Tirmizi [7] applied finite 
difference method for unilateral problems, Al-Said et al. [2] used finite-
difference method for obstacle problems, Momani et al. [5] used 
decomposition method for solving a system of obstacle problems, and Gao 
and Chi [3] applied quadric B-spline method for third-order obstacle 
problems. Noor et al. [8] used modified variation of parameters for solving a 
system of third-order boundary problems. These authors mainly considered 
the case ( ) const== ii rxr  and .31 rr =  Some of these methods are 

numerical and require huge computational work. Here, we consider Bernstein 
polynomial technique. In the literature, some scholars employ Bernstein 
polynomials to numerically solve ODE and PDE (see [11]). The advantage of 
Bernstein polynomials is that this is a kind of tool that is easy to manipulate 
especially when it comes to approximating piecewise smooth function (say 
the solution associated with obstacle problems). The main idea is to 
approximate the solution with Bernstein polynomials piece by piece and at 
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the same time connect the piecewise Bernstein polynomials at the joint points 
with some degree of smoothness. An important advantage of Bernstein 
polynomial technique is that by using Bernstein polynomials, we can void 
discretization in computing. In this paper, we illustrate a Bernstein 
polynomial method to solve the system of third-order boundary problems 
(1.1) with boundary conditions (1.2). It proves that this technique makes the 
solution procedure simple while still maintaining the higher accuracy. Also, 
the suggested technique is applied without any discretization, perturbation, 
decomposition, without any need to memorize special polynomials (Adomian 
polynomials, Hermite polynomials, etc.). An example is given to illustrate 
the proposed technique. We arrange our results as below. In Section 2, we 
introduce some basics for Bernstein polynomial. In Section 3, we put forward 
our method based on Bernstein polynomial and carry out a numerical test. 
And finally, Section 4 is our conclusion. 

2. Some Basics for Bernstein Polynomial 

We list below some basics for Bernstein basis polynomials. The 1+n  
Bernstein basis polynomials of degree n are defined as 

( ) ( ) ,...,,1,0,1, nixx
i
n

xB ini
ni =−⎟

⎠
⎞

⎜
⎝
⎛= −  

where ⎟
⎠
⎞

⎜
⎝
⎛

i
n

 is a binomial coefficient. The Bernstein basis polynomials of 

degree n form a basis for the vector space of polynomials of degree n. A 
linear combination of Bernstein basis polynomials 

( ) ( )∑
=

β=
n

i
nii xBxB

0
,  

is called a Bernstein polynomial or polynomial in Bernstein form of degree n. 
The coefficients iβ  are called Bernstein coefficients. 

The Bernstein basis polynomials have the following properties: 

( ) ( ) ( )xBxBxB ninnini ,,, 1,0 −=−≥  for [ ].1,0∈x  
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The derivative can be written as a combination of two polynomials of 
lower degree: 

( ) ( ( ) ( )).1,1,1, xBxBnxB ninini −−− −=′  (2.1) 

For Bernstein polynomials ( ) ( )∑
=
β=

n

i
nii xBxB

0
, ,  based on (2.1), we can 

easily find that ( ) ( ) ( )∑
−

=
−+ β−β=′

1

0
1,1 .

n

i
niii xBnxB  Therefore, 

( ) ( ) ( ) ( ) ( )01201 210,0 β+β−β−=′′β−β=′ nnBnB  (2.2) 

and 

( ) ( ) ( ) ( ) ( ),211,1 211 −−− β+β−β−=′′β−β=′ nnnnn nnBnB  (2.3) 

which are actually also Bernstein polynomials of lower degree. This property 
is very useful when Bernstein polynomial is used to solve ODE because 
discretization of the corresponding interval can be voided by using this 
property. The Bernstein basis polynomials of degree n form a partition of 
unity: 

( ) ( )∑ ∑
= =

− =−⎟
⎠
⎞

⎜
⎝
⎛=

n

i

n

i

ini
ni xx

i
n

xB
0 0

, .11  

Bernstein basis polynomials are often used to approximate continuous 
functions: Let f be a continuous function on the interval [ ].1,0  Consider the 

Bernstein polynomial 

( ) ( ) ( )∑
=

⎟
⎠
⎞⎜

⎝
⎛=

n

i
nin xBn

ifxfB
0

, .  

It can be shown that 

( ) ( ) ( ) ( ) ( ) ( )11,00 ffBffB nn ==  
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and 

( ) ( ) ( )xfxfBnn
=

∞→
lim   and  ( ) ( )( ) ....,1,0,0lim =→−

∞→
kfBf k

n
k

n
 

In many cases, Bernstein basis polynomials 

( )
( )

( ) ( ) ini
nni xbax

i
n

ab
xB −−−⎟

⎠
⎞

⎜
⎝
⎛

−
= 1

,  (2.4) 

defined on interval [ ]ba,  are preferred than that defined on [ ].1,0  In these 

cases, the Bernstein basis polynomials have the properties mentioned above 
accordingly too. In many cases, Bernstein polynomials are good tools to 
approximate the solution of differential equations because Bernstein 
polynomials are easy to manipulate, in particular, when it comes to 
approximate piecewise function which has certain continuity at the joint 
points. 

3. Bernstein Polynomial Technique for Solving System of  
Third-order Obstacle Boundary Value Problems 

We use Bernstein polynomials to approximate the solution of (1.1) with 
boundary conditions (1.2) numerically. Let 

( )

( )

( )

( )⎪
⎩

⎪
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⎧

≤≤

≤≤

≤≤

=

bxdxu

dxcxu

cxaxu
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be the solution of (1.1) with boundary conditions (1.2), where 

( ) ( ) ( ) ( )∑ ∑
= =

==
n

i

n

i
niinii xBqxuxBpxu

0 0

2
,2

1
,1 ,   and 

( ) ( )∑
=

=
n

i
nii xBwxu

0

3
,3 ,  (3.1) 
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( ) ( )xBxB nini
2
,

1
, ,  and ( ) nixB ni ...,,1,0,3

, =  are Bernstein basis polynomials 

defined on [ ] [ ] [ ],,,,,, bddcca  respectively, and iii wqp ,,  are coefficients 

which are to be defined to identify ( ).xu  

Substituting (3.1) into (1.1) and utilizing the boundary and continuity 
conditions, we can get a linear system of unknowns of ,ip  iq  and ,iw  

....,,1,0 ni =  Solving this system, we can identify ii qp ,  and ,iw  and thus 

get the approximation to the analytic solution of (1.1) in the form of 
Bernstein polynomials. 

To illustrate the method clearly, we use 4 degree Bernstein polynomial to 
solve the below typical third-order obstacle boundary value problems: 

( ) ( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨
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where 

( ) ( ) ( ) ( )∑ ∑
= =

==
4

0

4

0

2
,2

1
,1 ,

i i
niinii xBqxuxBpxu  and ( ) ( )∑

=
=

4

0

3
,3

i
nii xBwxu  

are Bernstein polynomials defined on ,4
1,0 ⎥⎦
⎤

⎢⎣
⎡  ⎥⎦

⎤
⎢⎣
⎡

4
3,4

1  and ,1,4
3

⎥⎦
⎤

⎢⎣
⎡  

respectively. From (2.4), we can easily identify that 
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( ) ( ) ( ) ....,,1,0,4434
4 43

, nixx
i

xB ii
ni =−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= −  

By the use of (2.1), (2.2) and (2.3), we differentiate ( )xu1  in interval ⎥⎦
⎤

⎢⎣
⎡

4
1,0  

for three times, and we get 

( ) ( ) ( )xppppxu 4133244 0123
3

1 −−+−⋅=′′′  

( ) ( ).433244 1234
3 xpppp −+−⋅+  

Actually, ( )xu1′′′  is a Bernstein polynomial of degree 1, and we have 

( ) ( )0123
3

1 332440 ppppu −+−⋅=′′′  and 

( ).332444
1

1234
3

1 ppppu −+−⋅=⎟
⎠
⎞⎜

⎝
⎛′′′  (3.2) 

Similarly, we have 

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ −−+−⋅=′′′ xqqqqxu 2

2
333242 0123

3
2  

( ) ,2
1233242 1234

3 ⎟
⎠
⎞⎜

⎝
⎛ −−+−⋅+ xqqqq  

( ),332424
1

0123
3

2 qqqqu −+−⋅=⎟
⎠
⎞⎜

⎝
⎛′′′  

( )1234
3

2 332424
3 qqqqu −+−⋅=⎟
⎠
⎞⎜

⎝
⎛′′′  (3.3) 

and 

( ) ( ) ( )xwwwwxu 4433244 0123
3

3 −−+−⋅=′′′  

( ) ( ),3433244 1234
3 −−+−⋅+ xwwww  
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( ),332444
3

0123
3

3 wwwwu −+−⋅=⎟
⎠
⎞⎜

⎝
⎛′′′  

( ) ( ).332441 1234
3

3 wwwwu −+−⋅=′′′  (3.4) 

From the boundary conditions ( ) ,00 =u  ( ) ,00 =′u  ( ) ,01 =′u  we get 

( ) ( ) ( ) .01,00,00 311 =′=′= uuu  By using the differentiation approach in 

(2.1) and (2.2), we have 

⎪
⎩

⎪
⎨

⎧

=+−

=−

=

.0
,0

,0

43

10

0

ww
pp

p
 (3.5) 

Because ,0=′′′u  we have 01 =′′′u  in the interval ,
4
1,0 ⎥⎦
⎤

⎢⎣
⎡  in particular, ( )01u ′′′  

.0
4
1,0 1 =⎟
⎠
⎞

⎜
⎝
⎛′′′= u  Substituting into (3.2), we get 

⎩
⎨
⎧

=+−+−

=+−+−

.033
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4321

3210

pppp

pppp
 (3.6) 

At the point ,
4
1=x  we consider the continuity condition: 
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By using the differentiation approach in (2.1) and (2.2), we get 

( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

+−=+−

−=−

=

.224
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012234
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 (3.7) 
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In the interval ,
4
3,

4
1

⎥⎦
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⎡  we have ,22 uu =′′′  in particular, ,

4
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⎝
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⎠
⎞⎜

⎝
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( )⎪⎩

⎪
⎨
⎧

−=−+−⋅

−=−+−⋅

.133242

,133242

41234
3

00123
3

qqqqq

qqqqq
 (3.8) 

At the point ,
4
3=x  we consider the continuity condition: 
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and get 

⎪
⎩

⎪
⎨

⎧

=−+−+−

=−++−

=−

.04842
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,0

210432

1043

04

wwwqqq

wwqq
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 (3.9) 

From the conditions ( ) 01,0
4
1

33 =′′′=⎟
⎠
⎞

⎜
⎝
⎛′′′ uu  and (3.4), we have 

⎩
⎨
⎧

=−+−

=−+−

.033

,033

1234

0123

wwww

wwww
 (3.10) 

We are now to determine ....,,1,0,,, niwqp iii =  It can be easily found 

010 == pp  and for the rest unknowns, we put (3.5)-(3.10) together and get 

the linear system ,bAX =  where 

( ) ,,,,,,,,,,,,, 4321043210432
TwwwwwqqqqqpppX =  

( )Tb 0,0,0,0,0,0,1,1,0,0,0,0,0 −−=  
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and 

.

1100000000000
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Solving this linear system, we get 

( ) ,37921
289,75842

289,74005
94,0,0,,,, 43210 ⎟

⎠
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⎛=ppppp  
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and thus the approximation solution ( )xu  to (1.1) with boundary conditions 

(1.2) is identified. The analytic solution to (1.1) with boundary conditions 
(1.2) is 
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where 

,71972113024082.0,20981452074236.0 21 −== aa  

,96432458576896.0,87327861008531.0 43 −=−= aa  

.76320476824177.0,48010586044043.0 65 == aa  

It can be easily found out that the observed error of our Bernstein polynomial 

method of degree 4 is .10 3−  Although this accuracy is not as good as the 
result obtained by finite difference method, we can get much better result if 
higher degree Bernstein polynomials are employed. 

4. Conclusion 

In this paper, we illustrate a Bernstein polynomial technique to solve a 
typical system of third-order nonlinear boundary value problems. It should 
be noted that the technique used, in this paper, is a simple technique and can 
be applied to much more general complicated physical problems in the form 
of (1.1). Generally speaking, more accuracy can be achieved if more higher 
degree Bernstein polynomials are employed. This method provides a good 
solution and is capable of reducing the volume of the computational work 
and at the same time, discretization of interval can be avoided. 
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