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Abstract

Applying monotone mapping theory, this paper studies the existence
of weak solutions of p(x)-biharmonic equation on variable
exponential space.

1. Introduction and Preliminaries

In the theory of elasticity, we often encounter with jQ| Du(x)|p(x)dx

and the integrals constructed from more general function with growth
conditions, where p(x) is the function defined on Q. These integrals reflect

an important physical phenomenon called “Anisotropy”.
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Fan and others have systematically investigated p(x)-Laplacian on
variable exponential space more than ten years. However, the results on
n (n > 2) order equations with non-standard growth conditions are fewer.
Applying pseudomonotone operator, Zhao and Fan [1] discussed the
existence of weak solutions of 2m order elliptic equations with p(x)-growth

condition. Moreover, applying calculus of variations, Zang discussed the
existence of solutions and multiplicity solutions in [2].

Deeply impressed by [3], we shall discuss the existence of solutions of
Navier boundary problem with monotone mapping theory. To be precise, we
show that

(p) —Azp(x)u = f(x) ae.on Q,
AuU=u=0 on 0Q,

where p(x) e C(Q), Q < R" is a bounded smooth domain and 1 < p_ =
. N
essinf, _5p(x) < p; = esssup, g P(x) < re

Let p(x) is log-Holder continuous, i.e., for the bounded exponent

p(x) >1 and Vx € Q, we have

||0(X)—|0(Y)|Sm X,yeQ,IX—y|£%, (1)
|p(X)—p(Y)|3m X, yeQ|y|=|x| (2)

When p(x) = p is constant, the existence and non-existence of the solutions
can be referred to [4, 5]. For x € Q, —Azp(x)u = A Au |p(X)_2Au) is called
p(x) -biharmonic operator.

In order to study boundary value problem (p), we first introduce some
notations and results in variable exponent Sobolev space W k, p(x) [6].

We use S(Q) to denote the set of all real measurable functions defined
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on Q. For x, y € S(Q), x, y are considered as the same element if they

equal almost everywhere. Set
LY (Q) = {p(x) € LG, essinfop(x) = p~ >1}.
For p e LY (Q), we further denote

LPO(Q) = {u e S(w): J lu P dx < oo}.

The corresponding norms are

_ u [P
|U|Lp(x)(Q) :|u|p(x) =infid > O:IQ‘I‘ dx <1¢,
WK PX(Q) = u e LPY(@Q): D% e LPY(Q), 1<|a|< K},

Il oy = bty = 3 | DU |uptoygy

| o |<K

Let|[ully p.0 = Dyl D% |LP(0) ) Where J is multiple index and | o

is differential order.

Let WOK' p(x)(Q) is the closure of CZ(Q) in WK P ().

Property 1.1 [6]. LP®(Q), WK PX(Q) and Wi PX(Q) are all

reflexive Banach space.

The norm of X =W’ PN w2 PX)(2) is defined as
lulf={u ||ng PO @)W PX)(@)
=[lu "1 p(x) T Ju ”2 p(x)

| o |=2



118 Yanyan Zhao

Set

o | NROOAN —Kp(O0) R0 < -
p(x) = N
0 p(x)zi.

Property 1.2 [7]. Let Q be a bounded region, p(x) be log-Holder
continuous and p* < % restricted in space W’ P)(@) nwg PC)(€2). Then
|1 and [ A, are equivalent norms.

Property 1.3 [8]. Let Q be a bounded region, p(x) € C(Q), q(x) > p(x)
ae. xeQ and essinf| p*(x)—q(x)|> 0. Then WX PX)(Q) compact
embedding in L),

Definition 1.1 [9]. Let E be a real Banach space and let E* be the dual
space of E. Then M < E x E™ is called monotone set if (y; — Yo, X — X»)
>0, for [x, Y1} [X2, y2] € M. And the monotone set M < E x E™ is called
maximal monotone if E x E* is not the real subset of any monotone set.

Definition 1.2 [9]. The multi-value map T : E — ZE* is monotonous if

its image G(T) = {(x, y): x € D, y = Tx} is a monotone set of E x E*. Tis
maximal monotonous if its image G(T) is a maximal monotone set of
ExE".

Definition 1.3 [9]. Let Dc E, map T:D — E* and xy € D. If
heE, t, >0, xg+t,heD, t, >0=T(xg+t,h) > T(xg), then T is
called semi-continuous in Xy. Moreover, T is called semi-continuous in D, if

T is semi-continuous in every point of D.

2. Main Results

Lemma 2.1 [9]. If T:E — E" is semi-continuous and monotonous,
then T must be maximal monotonous.
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Lemma2.2[2]. Themap T : X — X™ is defined as follows:
(v, Tu) = —JQ| AU |p(x)_2AuAde, vu, v e X.

Then T is defined everywhere and bounded and monotonous. Thus, T is
maximal monotonous.

Lemma 2.3 [9] (Minty-Browder). Let E be reflexive, map T : E — E*
is semi-continuous and monotonous. And let T be mandatory, i.e.,

(Tx, x)

LY Il +o0, Then T must be surjective, i.e., T(E) = E*.

Theorem 2.1. For f e Lp(x)(Q), the boundary value problem (p) have

solutions in the space W,” P ().
Proof. For u e WOZ’ ID(X)(Q) and u # 0, then

(v, Tu)

Tu [l 2 Py = sup Vw2 o
[ Tu w2 P )y [V w2 P

V?':O,VEWOZ' p(X)(Q)

—I | Au [P)=2 AuAvdx
= sup| —=

" v "2, p(x)

j | Au| PO dx
0o
~ vl e
-1
2 M ” u ”S, p(x)’
where M is a constant.

By Property 1.2, Vu eWOZ’ ID(X)(Q), when  [u|, p(x) =

[ Tu ||(W02, PX)(q)y > 0 1.8,

lim || Tu ||W2, PO () > %
ueWd P(Q), [uly, po— W™ ()
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Due to Minty-Browder theorem, we obtain
R(B) = (W& PM(Q))"

Meanwhile, Vf e LP®)(Q), we could derive from Property 1.1 and
Property 1.3 that

f e W2 PM@Q).
Therefore

Ju e WS PO@Q) st f=Tu

Consequently, Vo € Cq’(Q), it follows that

(o, T) —IQ| Au [PX)=2 AuAgdx

0 p(x)-2 _Qu
Z |:(P aXian [l AU | aXian Ji|

i=1 j=1

= (0. =K )

Obviously,

2
f =-A IO(X)u a.e. Xeu
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