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FIRST ORDER NONLINEAR FUNCTIONAL
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Abstract

We discuss the oscillations of first order nonlinear functional
differential equations and obtain the conditions that ensure all
solutions oscillate. These conditions are necessary and sufficient when
the coefficient function reduces to a constant.

1. Introduction

Oscillatory properties of first order linear differential equations of neutral
type are studied in [1-6]. In this paper, we discuss a nonlinear equation of
neutral type,
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Denote m = max{r, i, i =1, 2, ..., n}, and p(t) is not identically zero
on any closed subinterval of the interval [ty, +o). If n =1, then (1) reduces
to

%[x(t) — pO)X(t - 1] + gO)X(t - 5) = 0. ¥

As customary, a solution of (1) is called oscillatory if it has arbitrarily
large zeros. Equation (1) is said to be oscillatory if all its solutions are
oscillatory.

2. Main Result

In order to obtain main result, we need the following lemmas:

Lemma 1. Assume q is positive and q is bounded and nonnegative, and
there exists a t* > ty such that
pt* +nr)<1, n=012, .. (3)

Let x(t) be an eventually positive solution of equation (1) and set

2(t) = x(t) - p(t)x(t - r). @)

Then eventually z(t) > 0 and z'(t) < 0.
Proof. It follows from (1) that z'(t) < O eventually. It remains to show
that z(t) > 0 eventually. Otherwise, z(t) is eventually negative. Thus, there

exists a sufficiently large T such that z(t)<—d <0 for t > T, where d is a
positive constant. Hence

X(t) < —d + p(t)x(t—r) for t > T.

In particular, x[t* +(n+ N)r]<-nd +x[t" + (N -Dr], n=12, if

t* + Nr > T, hence x(t) cannot be eventually positive. This contradiction

proves the lemma.
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Lemma 2. Assume

o >0, qeC(tg, +»), (0, +x)), A e C([tg — o, +=), (0, +))

satisfying
t
liminf q(s)ds >0 (5)
to>+0o Jt-c
and
t
AMt) > q(t)epr x(s)dsj, t>tp. (6)
t-o
Then
t
liminf A(s)ds < +oo. (7

t>+wo Jt-o

Proof. Define Q(t)z.[tt q(s)ds, t>ty, (5) implies that lim Q(t)
0 t

—>+0
= +o0, and Q(t) is strictly increasing. Then Q7(t) is well defined, strictly

increasing, and lim Q7(t) = +w, (5) implies that there exist ¢ > 0 and
t—+o0

Ty > tg such that Q(t) — Q(t — o) > % for t > T; and thus
Q‘l(Q(t) - %j >t-o, t>Tp.

Set O(t) = exp(—jTt x(s)dsj, then

(6) implies that @'(t) < —q(t)®(t — o), t > tg,
[2] (5) implies the (7) is true.
We are now ready to prove the following result:

Theorem. In addition to the assumptions of Lemma 1, assume (5) holds,
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and either
Imm{mf [H pi(t - c,)q(?(t) 0 e+ q&t) exp[kzn:aiciﬂ} >0 (8)
i=1
or

Itlmﬂ {{Qfo hj p%i(t — oi)exp(xjtt_r q(s)ds]
1 oot
iy exp{x; o L_Gi q(s)dsﬂ} > 1. 9

Then every solution of (1) is oscillatory.

Proof. First, we assume (8) holds. Without loss of generality, assume
that equation (1) has an eventually positive solution x(t). Let x(t) >0,

X(t—m)>0, for t >T; >ty. Then by Lemma 1, z(t) >0, z'(t)<0 for
t > T;, where z(t) is defined by (4). From (1), we have

2(t) = -q) ] [x*(t-op)
i=1
= —q®) ] [ [zt - 0i) + p(t - o) x(t - o — )]
i=1

)| []2% o)+ [ et o) [ [t -o; - 1)
i=1 i=1 i1

— a0 [ - o)+ X )r)H pUt-o)Z(t-1).  (10)
i=1

Set A(t) = — Z ((t)) then (10) reduces to
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022 -0 20 H pUi(t - i)exp( [ :_Tx(s)dsj

+ q(t)exp[zn:aij:_ k(s)ds} (1)
i=1 Oi

It is obvious that A(t) > 0 for t > T;. From (11), we have

M) > q(t)exp(a Lt

k(s)dsj,

where 6, = min {cj}, o = max{a;}. Inview of Lemma 2, we have
1<i<n 1<i<n

t
I|m|nf A(s)ds < +o0
t—+o0 t—o,

which implies that lim inf A(t) < +oo. Now we show that lim inf A(t)
t—>+o0 t—>+o0

> 0.

In fact, if lim inf A(t) = O, then there exists a sequence {t,} such that
t—>+0

t, > Ty, nIl_r)nootn =+oo and A(t,) < A(t), for te[Ty, t,]. From (11), we

have
) 2 Mty s Hp“'(t ~ 01 )exp(t)1)
+q(ty )eXp(k(tn )Z QC;j j
i=1
Hence

q(‘j(t r)1‘[|o°"(tn oi)exp(A(ty )f)u(t ja(ty )exr{m )Za 0-}1

which contradicts (8), and therefore

0 < liminf A(t) = h < +o. (12)
t—-+o0
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From (8), there exists an a € (0, 1) such that

oliminf {mf {H pi(t - q(?(t) )e“ + @exp{ki (xicsiﬂ} > 1.
i=1

(13)
In view of (12), we assume that
AMt) > ah, t>T,. (14)

Substituting (14) into (11), we obtain

AMt) > ah q( ) H p%i(t - oj)exp(ahr) + q(t)exp[ochZoc GlJ

for t > T, + m. Hence

h > Imﬂ‘ {och qt )r) H p*(t — oj)exp(ahr) + q(t)exp(ochZoc GlJ}

Set A" = ah, then

A > ahgﬂ{ A" q(t)r)H p%i (t — i )exp(A'r) + Q(t)exp[k*éaici}

which contradicts (13) and completes the proof of this theorem under
condition (8).

If (9) holds, we let A(t)q(t) = —%. Then (10) becomes

ME) = At - r)H p%i(t - ci)epr:_rx(s)q(s)dsj
i=1

. exp(z uf

k(s)q(s)ds}. (15)

_GI
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By Lemma 2, we know that

t
liminf j 2(s)q(s)ds < +oo. (16)
t—>+0 Jt—-o

From (5) and (16), we conclude that liminf A(t) < +oo. From (15),

-+

AMt) =1, so 0 < liminf A(t) = h < +oo.
t—>+o0

From (9), there exists an o < (0, 1) such that
n t
N Gy
a Immj{irlf{g p™i(t c,)exp[xj.t_r q(s)dsj
—exp[kz J- (s)dsﬂ} > 1.

By a similar argument to the first part of the proof, we reach a contradiction.

Corollary. In addition to the assumptions of Lemma 1 assume (5) holds
and

im i q( ) ef l Ac
I{T,ﬂ {mf [H p(t - o6)—2— at - ) o q(t)e H > 1. (17)
Then every solution of (2) is oscillatory.
Example. Consider
%[x(t) _(2+sint)X(t—m)]+ @+ 2sint)x(t-1) =0, t>m (18)

It is easy to see that (17) holds. Therefore, every solution of (18) is
oscillatory. In fact, x(t) = sint is such a solution.
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