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Abstract

This paper discusses the oscillatory properties of a certain category of
second order nonlinear functional differential equations and concludes
with conditions in which oscillations occur.

1. Introduction

The oscillation of functional differential equations has important
applications across the ecosystem and the control theory. The studies on the
oscillation of solutions to functional differential equations are closely
followed by people that share the interest, and some compelling findings
have been made so far.

This paper examines the oscillation of the solutions to the second order
nonlinear functional differential equation
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B 5 02u(x, t
Zux )= a(t);%

Xi
+ Zs:ak(t)zn:azu(x'—tz_pk)— iqj(t)u(x’ t-oj) (1)
k=1 i=1 i =1

and obtains the necessary and sufficient condition, where (x, t) € Q x [0, +0)
= G, Q being the bounded domain of 0Q with piecewise smooth boundaries
in R".

In this paper, we agree that the following conditions are always satisfied:

(R)) mn,s,i, jykeN,and1<i<n 1< j<m1<k<s,

(R2) &, &, qj e C([0, +), [0, +w)),

(R3) Pk, o j is a nonnegative constant, and the boundary condition is

aug'il, H_p (x, t) € 6 x [0, +0), @)

N is the outward unit normal vector of the boundary o<.

The solution to equation (1), u(x, t) e C2(5, R), oscillates within G, if
for any positive number p exists a point (Xg, tg) € Q x [u, +o0) that satisfies
U(Xo, to) =0.

2. Main Findings

The following theorems are the main findings of this paper.

Theorem 1. The necessary and sufficient condition for each solution of
equation (1) to oscillate within G is the differential inequality

m
V(t)+ D gjvt- o)) <0, ©)
j=1
No final positive solution is attainable.

To verify the theorem, the result in [1] is cited.
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Lemma [1]. Equation

V(L) + qu(t)v(t -0j)=0. 4)

=

The necessary and sufficient condition to solve the oscillation is that (3)
returns no final positive solution.

To verify Theorem 1:

(i) Sufficiency. Suppose u(x, t) is one of the non-oscillatory solutions
of (1) on Qx [tg, +), tg > 0. Let t; >ty, when (X, t) € 6Q x [0, +x),
u(x, t) >0, u(x,t - py)>0 and u(x, t — o) > 0 are satisfied at the same
time.

With respect to the integral x on Q on either side of (1), we get

d 3 62u(x t)
U u(x, t)dxj a(t)j .le dx
+Zak(t)'[ Za u(x t IOI<)dx

m
—qu(t)IQU(x,t—cj)dx, t> 1 )
-1
Using the Green Formula and (Rs3), we get

82u(x t) au(x, t)
j .Z;' o jaQ i ds =0, t>, 6)

0 u(x t— py) ou(x, t = py)
dx — X7 ds =0, t=>t. 7
I Z o .[aQ oN S O

Substituting (6), (7) into (5) and let v(t) = jQu(x, t)dx, t >1t, we get

m
V(t)+ D gjv(t-cj) =0, t>t. ©)
j=1
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The foregoing expression shows that v(t) = fQu(x, t)dx > 0 is the solution

to (3), which contradicts the lemma.

(if) Necessity. Suppose (3) has a final positive solution. Then (4) has a
non-oscillatory solution as suggested by the lemma.

Let V(t) > 0 and t; >ty > 0 is a solution to (4). Based on (4), we get

m
V(t)=-> ajO)V(t-oj), t=t. 9)
=1
N 52y(t) L D% (t - py) _
Apparently, >’ >~ =0, and substituting Z—Zzo into (9),
i=1 OX i=1  OXi
we get
ov(t L o%(t) | N L ov(t - U _
W _any WS anY TP S g we- o)),
i1 X k=1 i1 O =1
t >t

This shows V(x, t) = V(t) >0 is a solution to (1), which contradicts the
condition. Theorem 1 is verified.

Based on Theorem 1 and the lemma, we get

Conclusion. The necessary and sufficient condition for each solution to
equation (1) to oscillate within G is that every solution to equation (4)
oscillates.

Using the deduction and [1], we get
Theorem 2. Suppose qj(t) 2 qj 2 0, j=12, ..., m, if

m 1 m m % 1
ZqJGJ >E or ZGJ[ZQJ} >E,
j=1 j=1 j=1

then each solution to equation (1) oscillates within G.
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For example,
2 3n
2 0 u(x, t— —j
ou(x, t):(1+et)a u(>;, t)+(2+e_t) . 2
ot ox ox

-3+ e_t)u(x, t— %) —@+ebu(x, t —n),

(x,t) € (0, m) x [0, +0)
and

ou(0, t)  ou(m t)
ox X

0, t=0.

This verifies easily that it meets conditions for Theorem 2. Therefore, the
solution to this equation oscillates within (0, wr) x [0, +o0). In fact, u(x, t) =

cos xsint is the oscillatory solution.
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