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Abstract 

Our main aim is to study pth moment exponential stability of 
stochastic delay differential equation driven by Lévy noise. The key 
tools such as Itô’s formula for general semimartingales and Lyapunov 
function are used in this paper. 

1. Introduction 

It is well known that stochastic delay differential equation can describe a 
number of different scientific and practical problems which appear in many 
different fields such as mathematics, physics, biology, mechanics and 
financial market. Stability is one of the most important problems of 
stochastic delay differential equation and many authors have studied about it 
such as Arnold, Kolmanovskii, Mao, Mohammed have devoted their interests 
to this area, but there are few results about stochastic delay differential 
equation driven by Lévy noise. 
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One of the most important tools in study of the stability problem is the 
Lyapunov function. However, it is generally much more difficult to construct 
the Lyapunov function in the case of delay than the Lyapunov function in the 
case of non-delay. Mao and Shah [4] compared the stochastic delay 
differential equation 

( ) ( ) ( )( ) ( ) ( )( ) ( )tdwtxtxtgdttxtxtftdx τ−+τ−= ,,,,  

with the corresponding non-delay equation 

( ) ( )( ) ( ) ( ) ( )( ) ( )tdwtxtxtgdttxtxtftdx ,,,, +=  

and assumed that the non-delay equation is exponentially stable. It is proved 
that the original stochastic delay differential equation remains exponentially 
stable provided the time lag τ is sufficiently small, and a bound for such τ is 
obtained. 

An extensive study of linear stochastic differential equation driven by 
Lévy noise has been carried our by Li et al. [3] while Grigoriu [2] has studied 
some special cases (both linear and non-linear) for stochastic differential 
equation driven by compound Poisson processes. Precisely, Applebaum and 
Siakalli [5] considered the stochastic differential equation driven by Lévy 
noise of the form 

( ) ( )( ) ( )( ) ( )tdwtxgdttxftdx −+−=  

( )( ) ( ) ,0,,~,∫ <
≥−+

cy
tdydtNytxH  (1.1) 

and found conditions under which the solutions to the stochastic differential 
equation driven by Lévy noise are stable in probability, almost surely and 
moment exponentially stable. However, the pth moment exponentially stable 
of stochastic delay differential equation driven by Lévy process has not been 
considered. 

The purpose of this paper is to extend Mao and Shah [4] and Applebaum 
and Siakalli [5] techniques to the case of non-linear stochastic delay 
differential equation driven by Lévy noise of the form 
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( ) ( )( ) ( )( ) ( )tdwtxgdttxftdx τ−+τ−=  

( )( ) ( )∫ <
≥+

cy
tdydtNytxH .0,,~,  

Compared the stochastic delay differential equation driven by Lévy noise 
with the corresponding (1.1) and assumed that the solution of (1.1) is 

ph moment exponentially. Let ( ) ,:, ++ →× RRR nxtV  and ( ) ∈xtV ,  

( ).;2,1
++ × RRR nC  By Itô’s formula for general semimartingales, we 

defined an operator L  associated to equation (1.1) which is given by 

( ) ( ) ( ) ( ) [ ( ) ( ) ( )]xgxtVxgtracexfxtVxtVxtV xx
T

xt ,2
1,,, ++=L  

( ) ( ) ( ) ( ) ( )[ ] ( )∫ <
ν−−++

cy x dyyxHxtVxtVyxHxtV .,,,,,  (1.2) 

Then, by using Itô’s formula for general semimartingales, applications of 
Brownian motion and the fundamental results about Lévy process, we find 
the conditions under which the solution of the stochastic differential equation 
with delay driven by Lévy are pth moment exponential stable. 

The content of this paper is arranged as follows: In Section 2, some 
necessary definitions, notation used in this paper are introduced and by 
establishing a lemma, some sufficient conditions about the pth exponential 
stability are derived. 

2. Preliminaries and Main Results 

In this section, we set some notations that will be used throughout the 
paper and study the exponential stability of the trivial solution of (2.1). 

Let ( )PF ,,Ω  be a probability space that is equipped with a filtration 

( )0, >ttF  which satisfies the usual hypotheses of right continuity and 

completeness. Assume that we give an m-dimensional tF -adapted Brownian 

motion ( )( )0, >= ttWW  with which 
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( ) ( ( ) ( ) ( ))twtwtwtW m...,,, 21=  

and an independent tF -adapted Poisson random measure N defined on 

( { })0−×+ mRR  with compensator N~  of the form ( ) ( )dydtNdydtN ,,~
=  

( )dtdyν−  and ( ) ( )
{ }∫ −

∞<ν∧
0

2 ,1m dyy
R

 where ν is a Lévy measure. 

We consider stochastic delay differential equation driven by Lévy noise of 
the form 

( ) ( )( ) ( )( ) ( )tdwtxgdttxftdx τ−+τ−=  

( )( ) ( )∫ <
≥+

cy
tdydtNytxH 0,,~,  (2.1) 

with initial value ( ) ( ) ( ).0≤≤τ−ξ= tttx  Here ( ){ }∈≤≤τ−ξ 0: tt  

([ ] ).;0,
0

npL Rτ−F  Denote by ([ ] )npL R;0,
0

τ−F  the family of nR -valued 

stochastic processes ( ) 0,, ≤≤τ−ωξ ts  such that ( )ωξ ,s  is [ ]( ) ×τ− 0,B  

0F -measurable and ( )∫ τ−
∞<ξ

0
.dssE p  Assume that the mappings nf R:  

,nR→  ,: mnng ×→ RR  nnnH RRR →×:  satisfy the usual global 

Lipschitz and growth conditions. ( ]∞∈ ,0c  is the maximum allowable jump 

size. We assume that ( ) ,00 =f  ( ) 00 =g  and ( ) 0,0 =yH  for all ,cy <  

then (2.1) has a unique solution ( ) 00; =tx  for all ,0≥t  which is called the 

trivial solution or simply solution of (2.1). The trivial solution of (2.1) is said 
to be pth moment exponential stable if there is a constant 0>C  and 0>λ  
such that 

[ ( ) ] ( )( )00 exp; ttxCtxE pp −λ−≤ξ  

for all ([ ] ).;0,,0
0

npLt Rτ−∈ξ≥ F  We call the quantity 

( ( ) )p

t
txEt ξ

∞→
;log1suplim  

the pth moment Lyapunov exponent. 
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Now, we will study the pth moment exponential stability of the trivial 
solution of (2.1). For this propose, we will provide some assumptions on 
( ) ( )xgxf ,  and ( )xtV ,  as following: 

(1) Let ( ) ( ).;, 2,1
++ ×∈ RRR nxtV C  Then there exist three constants 

0,, 321 >kkk  such that 

  (i) ( ) ,, 21
pp xkxtVxk ≤≤  

 (ii) ( ) ., 3
pxkxtV −≤L  

(2) For ,: nnf RR →  ,: mnng ×→ RR  there exist two constants 

0, 11 >αθ  such that 

(iii) ( ) ( ) ,1 yxyfxf −θ≤−  

(iv) { ( ) ( )[ ] ( ) ( )[ ]} .22
1 yxygxgygxgtrace T −α≤−−  

Lemma 2.1. Let 21,,, εεvu  be positive numbers. Then 

( ) ,1
1

1

11
−

−

ε
+

−ε
≤ p

pp
p

p
v

p
upvu  (2.2) 

( ) .22

2
2

2

222
−

−

ε

+−ε≤ p

pp
p

p

v
p

upvu  (2.3) 

This lemma can easily be proved. Here we omit the details. 

Lemma 2.2. Assume ( ),xf  ( )xg  satisfy the assumptions (1) and (2). 

Write ( ) ( )txtx =ξ;  simply. Then 

( ) ( ) ( )∫ ∫ εεε ητ+≤τ−−
t t pstps dssxEeecdssxsxEe
0 011  (2.4) 

for all ,0≥t  where 
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( ) ( ) ( )[ ]22
2

1
1

11 122
ppppp pp −τα+τθ=η

−−  

and 1c  is a constant larger than ( ) ( )∫
τ ε τ−−
0

.dssxsxEe ps  

The proof of this lemma is as Lemma 2.4 in Mao and Shah [4]. 

Theorem 2.3. Suppose that the assumptions (1) and (2) are satisfied. 
Then the trivial solution of (2.1) is pth moment exponentially stable if 

( ) ,2
4

1 2
321

12
32

1
ppp β−βθ+β

θ
<τ +  

where 

( ) ,1 2
12121 α−+θ=β ppkpk  

( )
( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

=α⎟
⎠
⎞

⎜
⎝
⎛

θ

≠α
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

α−

β−α−+β

=β

,0,

,0,
1

12

1
12

3

12
12

1
2
132

2
1

2
p

p

pk
k

ppk
ppkk

 

( )[ ]21
2

2

3 12
pp

p
pp −α=β

−
 

for all ., nyx R∈  

Proof. Note ( ) ( ),; txtx =ξ  by Itô’s formula for general semimartingales 

( )( ) ( )( ) ( )( ) ( )( )
⎩
⎨
⎧ τ−+= txftxtVtxtVtxtdV xt ,,,  

[ ( )( ) ( )( ) ( )( )] dttxgtxtVtxgtrace xx
T

⎭⎬
⎫τ−τ−+ ,2

1  

( )( ) ( )( ) ( ) [ ( ) ( )( )( )∫ <
++τ−+

cyx ytxHtxtVtdwtxgtxtV ,,,  
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( )( ) ( )( ) ( )( )] ( )dsdyytxHtxtVtxtV x ν−− ,,,  

[ ( ) ( )( )( ) ( )( )] ( ).,~,,,∫ <
−++

cy
dydsNtxtVytxHtxtV  (2.5) 

From the assumptions (i) and (iii), we have 

( )( ) ( )( )τ−txftxtVx ,  

( )( ) ( ) ( ) ( )( ) ( )( )txftxtVtxtxtxtV xx ,, 1 +τ−−θ≤  

( ) ( ) ( ) ( )( ) ( )( ).,12 txftxtVtxtxtxpk x
p +τ−−θ≤  (2.6) 

Also, note that ( ) ( ) ,, 21 gtgxgtgx =τ−=  from the assumptions (i) and 

(iv), we obtain 

[ ] {[ ( ) ] ( )[ ]}21121122 gggVgggtracegVgtrace xx
TT

xx
T −−−−=  

( ) [ ( )]21111 2 ggVgtracegVgtrace xx
T

xx
T −−=  

[( ) ( )]2121 ggVggtrace xx
T −−+  

( ) [( ) ( )]212111 ggggtraceVgVgtrace T
xxxx

T −−+≤  

{ ( ) [( ) ( )]}2
1

2121112 ggggtraceggtraceV TT
xx −−+  

( ) ( ) ( ) ( ) ( )τ−−α−+≤ − txtxtxkppgVgtrace p
xx

T 12
1211 12  

( ) ( ) ( ) ( ) .1 222
12 τ−−α−+ − txtxtxkpp p  (2.7) 

Then, combining (2.5), (2.6), (2.7) and using the linear operator L  defined in 
(1.2), we arrive at 

( )( )txtdV ,  

( )( ) ( ( ) ) ( ) ( ) ( )
⎩
⎨
⎧ τ−−α−+θ+≤ − txtxtxkpppktxtV p 12

1212 12,L  

( ) ( ) ( ) ( ) dttxtxtxkpp p
⎭
⎬
⎫τ−−α−+ − 222

1212
1  
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( )( ) ( )( ) ( )tdwtxgtxtVx τ−+ ,  

( ) ( )( )( ) ( )( )[ ] ( ).,~,,,∫ <
−++

cy
dydsNtxtVytxHtxtV  (2.8) 

Applying Lemma 2.1 and assumption (ii), we obtain 

( )( ) [( ) ( ) ( ) ( ) ]dttxtxtxktxtdV pp τ−−η+−η≤ 332,  

( )( ) ( )( ) ( )tdwtxgtxtVx τ−+ ,  

( ) ( )( )( ) ( )( )[ ] ( ),,~,,,∫ <
−++

cy
dydsNtxtVytxHtxtV  (2.9) 

where 

( ) [ ( ) )] ( ) ( )
p

ppkkpppkp
p

2
2111 2

1222
1212

1
2

−−αε+α−+θ−ε=η  

[ ( ) )] ( ) .111

2
2

2

2
122

12121
1

3 −−

ε

−α+α−+θ
ε

=η pp
p

ppkkpppk
p

 

From Theorem 41 in Protter [1, p. 30] and applications of Brownian 
motion. Fix the initial data ξ arbitrarily and write ( ) ( )txtx =ξ,  simply. For 

any 0>ε  by Lemma 2.2, we obtain 

[ ( )( )] ( )( ) ( ) ( )∫ εε −η+ε+ξ≤
t pst dssxEekkEVtxtVeE
03220,0,  

( ) ( )∫ τ−−η+ εt ps dssxsxEe
03  

( )( ) 310,0 η+ξ≤ cEV  

( ) ( ) .
031322 ∫ εετητη+−η+ε+
t ps dssxEeekk  (2.10) 

Assume τ~  is the root to the equation of τ, 

 .03231 =−η+ητη k  (2.11) 
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Actually, equation (2.11) is a parabolic equation of 2
p

τ  that is 

 ( ) ( )[ ] .0122 32221
2

2
22

13
1 =−η+τ−α+τθη

−
− kpp

ppp
pp

pp  (2.12) 

One can verify that 

( ) ppp 2
321

12
32

1
2

4
1~ β−βθ+β
θ

=τ +  

is the unique root on +R  to equation (2.12) and 231 η+ητη  is an increasing 

function on .~0 τ<τ<  Obviously, we can find an 0>ε  such that 

 .031322 =ητη+−η+ε ετekk  (2.13) 

Consequently, 

( ) ( )( )[ ] ,0,01
31

1
tp ecEVktxE ε−η+ξ≤  

that is 

 ( ( ) ) .;log1suplim ε−≤ξ
∞→

p

t
txEt  (2.14) 

This completes the proof. 
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