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Abstract

Our main aim is to study pth moment exponential stability of
stochastic delay differential equation driven by Lévy noise. The key
tools such as 1td’s formula for general semimartingales and Lyapunov
function are used in this paper.

1. Introduction

It is well known that stochastic delay differential equation can describe a
number of different scientific and practical problems which appear in many
different fields such as mathematics, physics, biology, mechanics and
financial market. Stability is one of the most important problems of
stochastic delay differential equation and many authors have studied about it
such as Arnold, Kolmanovskii, Mao, Mohammed have devoted their interests
to this area, but there are few results about stochastic delay differential
equation driven by Lévy noise.
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One of the most important tools in study of the stability problem is the
Lyapunov function. However, it is generally much more difficult to construct
the Lyapunov function in the case of delay than the Lyapunov function in the
case of non-delay. Mao and Shah [4] compared the stochastic delay
differential equation

dx(t) = f(t, x(t), x(t — ©))dt + g(t, x(t), x(t — 7))dw(t)
with the corresponding non-delay equation
dx(t) = f(t, x(t)), x(t)dt + g(t, x(t), x(t))dw(t)

and assumed that the non-delay equation is exponentially stable. It is proved
that the original stochastic delay differential equation remains exponentially
stable provided the time lag = is sufficiently small, and a bound for such t is
obtained.

An extensive study of linear stochastic differential equation driven by
Lévy noise has been carried our by Li et al. [3] while Grigoriu [2] has studied
some special cases (both linear and non-linear) for stochastic differential
equation driven by compound Poisson processes. Precisely, Applebaum and
Siakalli [5] considered the stochastic differential equation driven by Lévy
noise of the form

dx(t) = f(x(t-))dt + g(x(t—))dw(t)
+ j H(x(t=), y)N(dt, dy), t>0, (L.1)
|yl<c

and found conditions under which the solutions to the stochastic differential
equation driven by Lévy noise are stable in probability, almost surely and
moment exponentially stable. However, the pth moment exponentially stable
of stochastic delay differential equation driven by Lévy process has not been
considered.

The purpose of this paper is to extend Mao and Shah [4] and Applebaum
and Siakalli [5] techniques to the case of non-linear stochastic delay
differential equation driven by Lévy noise of the form
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dx(t) = f(x(t —t))dt + g(x(t — 7))dw(t)

+_[ H(x(t), Y)N(dt, dy), t>0.
ly|<c

Compared the stochastic delay differential equation driven by Lévy noise
with the corresponding (1.1) and assumed that the solution of (1.1) is

ph moment exponentially. Let V(t, x): R, xR" - R, and V(t, x) e

Cl’Z(R+ xR"; R,). By Itd’s formula for general semimartingales, we
defined an operator £ associated to equation (1.1) which is given by

LV (t, X) =V (t, X) + V (t, x)f(x)+%trace[gT(x)VXX(t, X)g(x)]

+.[ y‘<c[v(t' X)+H (X, y) =V (t, x) = Vy(t, ) H(x, y)]v(dy).(1.2)

Then, by using It6’s formula for general semimartingales, applications of
Brownian motion and the fundamental results about Lévy process, we find
the conditions under which the solution of the stochastic differential equation
with delay driven by Lévy are pth moment exponential stable.

The content of this paper is arranged as follows: In Section 2, some
necessary definitions, notation used in this paper are introduced and by
establishing a lemma, some sufficient conditions about the pth exponential
stability are derived.

2. Preliminaries and Main Results

In this section, we set some notations that will be used throughout the
paper and study the exponential stability of the trivial solution of (2.1).

Let (Q, F, P) be a probability space that is equipped with a filtration
(Ft, t > 0) which satisfies the usual hypotheses of right continuity and
completeness. Assume that we give an m-dimensional F -adapted Brownian
motion W = (W(t), t > 0) with which
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W(t) = (wy(t), Wa(t), ..., Win(t))
and an independent F;-adapted Poisson random measure N defined on
R* x (R™ - {0}) with compensator N of the form N(dt, dy) = N(dt, dy)
— v(dy)dt and ij_{O} (| y[> A1)v(dy) < o, where v is a Lévy measure.

We consider stochastic delay differential equation driven by Lévy noise of
the form

dx(t) = f(x(t — 7))dt + g(x(t — t))dw(t)
n j H(x(t), y)N(dt, dy), t>0 @.1)
lyl<c

with initial value x(t) =&(t) (-1 <t<0). Here {§(t):-t1<t<0}e
LE’EO ([-t, 0]; R™). Denote by L%O (-7, 0]; R™) the family of R"-valued
stochastic processes &(s, ), —t <t <0 such that &(s, o) is B([-t, 0]) x

F o-measurable and '[i E|&(s)|Pds < co. Assume that the mappings f : R"

> R", g:R" SR H:R"xR" 5 R" satisfy the usual global
Lipschitz and growth conditions. ¢ € (0, o] is the maximum allowable jump
size. We assume that f(0) =0, g(0)=0 and H(0, y) =0 forall |y|<c,
then (2.1) has a unique solution x(t; 0) = 0 for all t > 0, which is called the

trivial solution or simply solution of (2.1). The trivial solution of (2.1) is said
to be pth moment exponential stable if there is a constant C > 0 and A > 0
such that

E[ x(t: €)[P]< C| xo | exp(=A(t - to))

forall t >0, & e LE__O (-7, 0]; R™). We call the quantity

lim sup% log(E| x(t; &)|P)

t—owo

the pth moment Lyapunov exponent.
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Now, we will study the pth moment exponential stability of the trivial
solution of (2.1). For this propose, we will provide some assumptions on
f(x), g(x) and V(t, x) as following:

(1) Let V(t, X) e C*?(R, x R"; R,). Then there exist three constants
ki, kK, k3 > 0 such that

(i) ke x|P <V(t, x) < ko| x|P,
(i) LV(t, x) < —ka| x |P.

() For f:R" 5> R", g:R" 5> R™M there exist two constants

01, o4 > 0 such that
(i) [ £x) = f(y)[ <6 x =y,

(iv) trace{[g(x) — 9] [9(x) - g(y)]} < of | x -y [~

Lemma 2.1. Let u, v, g1, &, be positive numbers. Then

uPty < ap -t VP (2.2)
) Pﬁlp_l’ |
_ )P p
uP22 < E2(P p2)u + 2\;_2 : (2.3)
pey2

This lemma can easily be proved. Here we omit the details.

Lemma 2.2. Assume f(x), g(x) satisfy the assumptions (1) and (2).
Write x(t; £) = x(t) simply. Then

t t
Jo e®E| x(s) - x(s — 1) |Pds < ¢; + reatnljo e®E|x(s)|Pds (2.4

for all t > 0, where
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P(o0)P1 4 0P (20 2
m =67 (20)" " + oy (21) 2 [p(p - DI2
and ¢ is a constant larger than IgegsE| X(s) — x(s — 1) |Pds,

The proof of this lemma is as Lemma 2.4 in Mao and Shah [4].

Theorem 2.3. Suppose that the assumptions (1) and (2) are satisfied.
Then the trivial solution of (2.1) is pth moment exponentially stable if

1 2 1 2
: <E(J83 + 2P 10PB, — B3)p,

where

By = kopby + kyp(p —1)af,

p
\/512 + 2kokgp(p —Daf — By w20
2 ) 1 )

kop(p —1)ag

k3 )p
1 ~D ’ a1 = 05
( ko Py '

p-2

B3 =2 2 af[p(p—l)]g

B2

forall x, y e R".

Proof. Note x(t; &) = x(t), by 1td’s formula for general semimartingales
dv(t, x(t)) = {Vt(t, X(t)) + Vy (t, x(t)) f (x(t — 1))
+ 5 tracelg" (x(t - DVt X)g(x(t - D)t

#Valt XO)GXE - DO+ [V X0+ HO), )

y|<c
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=V (t, x(1) = Vx(t, x@®)H(x(t), y)]v(dy)ds
+ j | y‘<C[V(t, X(t) + H(x(t), )) =V (t, x(t))]N(ds, dy). (2.5)
From the assumptions (i) and (iii), we have
Vy(t, x(0) f(x(t - 1))
< Vy(t x(1))0q] x(t) — x(t — 1) [ + Vy (L, x(1)) f(x(1))
< ko POr| X(1) || x(t) = x(t = 7| + Vy (t, x(t) f (x(1)). (2.6)

Also, note that gx(t) = g;, gx(t — ©) = g5, from the assumptions (i) and

(iv), we obtain
trace[g3 Vyc0,] = trace{[g] - (91 - 92)" Vixl0n — (01 — 92)]}
= trace(g{ Vix01) — 2trace[g] Vy (91 — 92)]
+ trace[(91 - 92)" V(01 — 92)]
< trace(ngVXXgl) + || Vi [trace[(gq — gg)T (91— 92)]
+ 2| Vi | {trace(g{ gp)trace[(gq — 92)" (01 - 92)]}%

< trace(g1 Vye@1) + 2p(p —Dkoaf | x(1) [P x(t) - x(t - 7))

+ p(p —Dkyof] x(t) [P2[ x(t) - x(t - 7)*. 2.7

Then, combining (2.5), (2.6), (2.7) and using the linear operator £ defined in
(1.2), we arrive at

dv(t, x(t))

< {cva, X(t) + (ko pBy + 2p(p — Dkpo?)| x(t) [P x(t) - x(t - )|

3 PP Do X P x() = x(t =) ot
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+Vx(t, (1) g(x(t - 7)) dw(t)
+ I y‘<C[V(t, X(t) + H(X(t), y)) =V (&, x(t))]]N(ds, dy). (2.8)
Applying Lemma 2.1 and assumption (ii), we obtain
dV (t, x(t)) < [(nz2 —k3)| x(1)|? +ng| x(t) - x(t -~ 7)|"]dt

+Vy (&, x(1)) g(x(t — 7)) dw(t)
“f el (6 X+ HOC), y) =V x@)INGS, o), (29)

where

—1 koeoal(p —1)(p =2
z=—81(pp )[k2I091+ p(p - Lkyaf)] + Zgzal(pzp)(p )

1 koaf p(p —1
g = — 7 [kaPOs + P(P —1)k2012)]+%-
Pe] 7
pe,

From Theorem 41 in Protter [1, p. 30] and applications of Brownian
motion. Fix the initial data & arbitrarily and write x(t, £) = x(t) simply. For
any € > 0 by Lemma 2.2, we obtain

E[e"V (t, X(0)] < EV/(0, &(0) + (kpe + nz —Ks)| ; eE| x(s)|Pds

t
+ ”3J0 e®E| x(s) - x(s — 1) |Pds

< EV(0, (0)) + ¢ng
t
+ (k28 + M2 — k3 + Tn1n3egr)JO eSSEl X(S) |pdS. (210)

Assume T is the root to the equation of 1,

Tmms + N2 — k3 =0. (211)
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P
Actually, equation (2.11) is a parabolic equation of t2 that is

p

p_2 p £
al[p(p-DJ212 +mp k3 =0.  (2.12)

P
2P N300 (x2)? + 2

One can verify that
~ 1 2 p+1 p 2
Eayve (VB3 + 2776 B2 —B3)p
1

is the unique root on R, to equation (2.12) and tmym3 + ny is an increasing
function on 0 < t < 7. Obviously, we can find an & > 0 such that

k28 + Mo — k3 + ‘(31']]_1’]3@‘(;T =0. (213)

Consequently,
1 _
E[x(t) | < ¢-[EV(0, £0) + emale™,
that is

Iimsup%log(E| X(t; €)|P) < —e. (2.14)

t—oo

This completes the proof.
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