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Abstract 

In this paper, we study a class generalized KdV equation with 
generalized evolution by using sine-cosine method. As a result, more 
types of new exact solutions to the generalized KdV equation with 
generalized evolution are obtained, which include more general soliton 
solutions, compactons solutions and solitary patterns solutions. 

1. Introduction 

Studies of various physical structures of nonlinear dispersive equations 
had attracted much attention in connection with the important problems that 
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arise in scientific applications. Mathematically, these physical structures have 
been studied by using various analytical methods such as inverse scattering 
method [1], Darboux transformation method [2], Hirota bilinear method [3], 
Fan-expansion method [4] and so on. Practically, there is no unified 
technique that can be employed to handle all types of nonlinear differential 
equations. 

Recently, Ismail and Biswas [5] studied the following generalized 
Korteweg-de Vries equation with generalized evolution (the GKdV ( )n,1  

equation in short) 

 ( ) ( ) [ ( ) ] ( ) ,0=+++ xxx
n

xxx
n

x
n

t
l qcqqqbqaqq  (1.1) 

where a, b, c are arbitrary constants and obtained the topological 1-soliton 
solution by using the solitary wave ansätz method. More recently, Sturdevant 
and Biswas [6] studied equation (1.1) and the topological 1-soliton solution 
by using another solitary wave ansätz method. These equations with 1=l  
first appeared in 2004 [7]. It was studied by Wazwaz with 1=l  and a 
number of soliton solutions were obtained. 

In this paper, we will study equation (1.1) by using the sine-cosine 
method and the GKdV ( )n−− ,1  equation will be examined as well. The sine-

cosine method is one of most direct and effective algebraic methods for 
finding exact solutions of nonlinear diffusion equations (see [7, 8] and the 
references therein). The sine-cosine algorithm, that provides a systematic 
framework for many nonlinear dispersive equations, will be employed to 
back up our analysis to determine solitons, compactons and solitary patterns 
traveling wave solutions. 

In what follows, we highlight the main steps of the sine-cosine 
algorithm. 

2. The Sine-cosine Method 

(1) We introduce the wave variable ( )vtx −=ξ  into the nonlinear PDE 

 ( ) ,0...,,,,, =xxxxxxt qqqqqP  (2.1) 
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where ( )txq ,  is the traveling wave solution. This enables us to use the 

following changes: 

 .,,, 2

2

2

2

2

2
2

2

2

ξ
=

∂
∂

ξ
=

∂
∂=

∂
∂−=

∂
∂

d
d

xd
d

xdt
dv

tdt
dvt  (2.2) 

We can immediately reduce the nonlinear PDE (2.1) into a nonlinear 
ODE 

 ( ) .0...,,,, =′′′′′′ qqqqQ  (2.3) 

The ordinary differential equation (2.3) is then integrated as long as all terms 
contain derivatives, where we neglect integration constants. 

(2) The sine-cosine algorithm admits the use of the ansätz 

 ( ) ( )
⎪⎩

⎪
⎨
⎧ π≤ξξ=

,otherwise,0

,2,cos, BBAtxq
p

 (2.4) 

or the ansätz 

 ( ) ( )
⎪⎩

⎪
⎨
⎧ π≤ξξ=

,otherwise,0

,,sin, BBAtxq
p

 (2.5) 

where A, B and p are parameters that will be determined. 

(3) Substituting (2.4) or (2.5) into the reduced ODE obtained above after 
integrating (2.3) gives a trigonometric equation of cosine or sine terms. 

(4) The main task is to balance the exponents of the trigonometric 

functions cosine or sine. Collect all terms with same power in ( )ξBkcos  or 

( )ξBksin  and set to zero their coefficients to get a system of algebraic 

equations among the unknowns A, B and p. The problem is now completely 
reduced to an algebraic one. Having determined A, B and p by algebraic 
calculations or by using computerized symbolic calculations, the solutions 
proposed in (2.4) and in (2.5) follow immediately. The algorithm described 
above certainly works well for a large class of very interesting nonlinear 
equations. 
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3. Using the Sine-cosine Method 

3.1. For positive exponents 

We first consider the GKdV ( )n,1  equation 

 ( ) ( ) [ ( ) ] ( ) .,,0 +∈=+++ Znlqcqqqbqaqq xxx
n

xxx
n

x
n

t
l  (3.1) 

Using the wave variable vtx −=ξ  carries (3.1) into the ODE 

 ( ) ( ) [ ( ) ] ( ) .0=′′′+′″+′+′− nnnl qcqqqbqaqqv  (3.2) 

Substituting (2.4) into (3.2) gives 

( )ξ− BBlpvA lpl 1cos  

{ ( )[ ]} ( ) ( )ξ+++−+ −++ BcnnbpnBaBnpA pnn 112221 cos1  

( ){ ( )[ ] ( )} ( ) ( ) .0cos2211 3131 =ξ−+−+−− −++ BnpcpnbnpnpBA pnn  (3.3) 

Equation (3.3) is satisfied only if the following system of algebraic 
equations holds: 

( ) ,01,311 ≠−−+=− nppnlp  

{ ( )[ ]} ,012221 =+++−+ cnnbpnBaBnpAn  

( ){ ( )[ ] ( )} ,0221131 =−+−+−− + npcpnbnpnpBABlpvA nl  (3.4) 

or 

( ) ,111 −+=− pnlp  

( ) ( )[ ] ( ){ } ,0221131 =−+−+−− + npcpnbnpnpBAn  

{ ( )[ ]} .012221 =+++−+ + cnnbpnBaBnpABlpvA nl  (3.5) 

Solving the system (3.4) and (3.5) gives 



Sine-cosine Method for GKdVe with Generalized Evolution 121 

Case I. 

( )
( )

( )( )
( ) ,2

1,4
1,1

2 12
2

cnbbnl
cclbllnaAvcnbbnn

lnaBlnp
ln

++
−++−=

++
−+=

−+
=

−+
 

( ) ( ) .0,0,1 ≠=≠++−+≠+ AAbcnbncclblln  (3.6) 

Case II. 

( ) ( )[ ]( )
( )

,
4

1,2,1 22
2

cbn
bcnbnnvanBcnbbn

cbpnl
+

+++−=
++

+=+=  

( )[ ]( ) .0,01,01 ≠+≠++−+≠− cbbcnbnannvnp  (3.7) 

Case III. 

( ) ,1,1,1 2
bcnbn

nvanBnpnl
++
+−==+=  

( ) .0,0,01 ≠=≠++≠−+ AAbcnbnannv  (3.8) 

The results (3.6)-(3.8) can be easily obtained if we also use the sine 
method (2.5). Combining (3.6)-(3.8) with (2.4) and (2.5), we obtain the 
following compactons solutions: 

( )
( ) ( )
( )

( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

==>++
++−+

π<−<

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

−++−
−

++
−+

=

−+
−+

,otherwise,0

,,,0,10

,2
1

2
1cos

1
1
2

1 AAvvbcnbnabcnbnn
a

lnvtx

tbcnbnl
cclbllnaAxbcnbnn

alnA

q

ln
ln

 

 (3.9) 
( )

( )
( ) ( )[ ]( )( )

( )[ ]( )
( )[ ]( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+++−
π+

<−<>+++−

==⎥⎦
⎤

⎢⎣
⎡ −+++−

+

=

++
+

,otherwise,0

,
1

0,01

,,,1
2

1cos 1
2

2 bcnbnnvan
cb

vtxbcnbnnvan

vvAAvtxbcnbnnvan
cbn

A

q

cnnb
cb

 

 (3.10) 
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( ) ( ) ( )

( ) ( )( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>+−++==

+−
++π<−<⎥

⎦

⎤
⎢
⎣

⎡
−

++
+−

=

otherwise,0

,01,,

,120,1cos
1

3 nvanbcnbnvvAA

nvan
bcnbnvtxvtxbcnbn

nvanA

q

n

 (3.11) 

and 

( )
( ) ( )
( )

( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

==>++
++−+

π<−<

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

−++−
−

++
−+

=

−+
−+

,otherwise,0

,,,0,
1

20

,
2

1
2
1sin

1
1
2

4 AAvvbcnbna
bcnbnn

a
ln

vtx

t
bcnbnl

cclbllnaAx
bcnbnn

alnA

q

ln
ln

 

 (3.12) 

( )
( )

( ) ( )[ ]( )( )

( )[ ]( )
( )[ ]( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

>+++−
+++−

π+
<−<

==⎥⎦
⎤

⎢⎣
⎡ −+++−

+

=

++
+

,otherwise,0

,01,
1

2
0

,,,1
2

1sin 1
2

5 bcnbnnvan
bcnbnnvan
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vtx

AAvvvtxbcnbnnvan
cbn

A

q

cnnb
cb

 

 (3.13) 

( ) ( ) ( )

( ) ( )( )

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

>+−++==

+−
++π<−<⎥

⎦

⎤
⎢
⎣

⎡
−

++

+−

=

otherwise.,0

,01,,

,10,1sin

2

2

2

1

6 nvanbcnbnvvAA

nvan
bcnbnvtxvtx

bcnbn
nvanA

q

n

 (3.14) 

However, for ,02 <B  we obtain the following solitary patterns solutions: 
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lnAq −+= 1
2

7 cosh  

( )
( ) ( )
( ) ,2

1
2
1 1

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

−++−−
++

−−+⋅
−+

tbcnbnl
cclbllnaAxbcnbnn

aln ln
 

( ) ,0<++ bcnbna  (3.15) 

( )
( )

( ) ( )[ ]( )( ) ,12
1cosh 1

2

8 ⎥⎦
⎤

⎢⎣
⎡ −+++−

+
= ++

+

vtxbcnbnnvancbnAq cnnb
cb

 

( )[ ]( ) ,01 >+++− bcnbnnvan  (3.16) 

( ) ( ) ,1cosh
1

9 ⎥
⎦

⎤
⎢
⎣

⎡
−

++
−+= vtxbcnbn

annvAq n  

( )( ) ( ) ,01 >++−+ bcnbnannv  (3.17) 

and 

lnAq −+−= 1
2

10 sinh  

( )
( ) ( )
( ) ,2

1
2
1 1

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

−++−−
++

−−+⋅
−+

tbcnbnl
cclbllnaAxbcnbnn

aln ln
 

( ) ,0<++ bcnbna  (3.18) 

( )
( )

( ) ( )[ ]( )( ) ,12
1sinh 1

2

11 ⎥⎦
⎤

⎢⎣
⎡ −+++−

+
−= ++

+

vtxbcnbnnvancbnAq cnnb
cb

 

( )[ ]( ) .01 >+++− bcnbnnvan  (3.19) 

Remark 1. To the best of our knowledge, solutions (3.9)-(3.14) and 
(3.16)-(3.19) obtained for equation (1.1) have not been reported in literature. 

3.2. For negative exponents 

We consider the variant GKdV ( )n−− ,1  equation 

 ( ) ( ) [ ( ) ] ( ) .,,,0 +−−−− ∈=+++ Znlqcqqqbqaqq xxx
n

xxx
n

x
n

t
l  (3.20) 
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Using the wave variable vtx −=ξ  carries (3.20) into the ODE 

 ( ) ( ) [ ( ) ] ( ) .0=′′′+′″+′+′− −−−− nnnl qcqqqbqaqqv  (3.21) 

Substituting (2.4) into (3.21) gives 

( )ξ− −−− BBlpvA lpl 1cos  

{ ( )[ ]} ( ) ( )ξ−−++ −−− BcnnbpnBaBnpA pnn 112221 cos1  

( ){ ( )[ ] ( )} ( ) ( ) .0cos2121 3131 =ξ++−−++ −−− BnpcpnbnpnpBA pnn  (3.22) 

Equation (3.22) is satisfied only if the following system of algebraic 
equations holds: 

( ) ,01,311 ≠−−−−=−− nppnlp  

( ){ ( )[ ] ( )} ,0212131 =++−−++− −− npcpnbnpnpBABlpvA nl  

{ [ ]} ,02221 =−−+− cnbnbpnBaBnpA n  (3.23) 

or 

( ) ,111 −−=− pnlp  

{ ( )[ ]} ,012221 =−−++− −− cnnbpnBaBnpABlpvA nl  

( ){ ( )[ ] ( )} .0212131 =++−−+− npcpnbnpnpBA n  (3.24) 

Solving the system (3.23) and (3.24) gives 

Case I. 

( )
( )

( ) ( )
( ) ,2

1,4
1,1

2 12
2

cnbbnl
cclbllnaAvcnbbnn

nlaBnlp
nl

+−
++++

=
+−

−+=
−+

=
−+

 

( ) ( ) .0,0,1 ≠=≠+−++≠+ AAcnbbncclblnl  (3.25) 
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Case II. 

( ) ( )[ ]( )
( )

,
4
1,2,1 22

2

cbn
cnbbnnvanBcnbbn

cbpnl
+

+−−+
=

+−
+−==+  

( ) ( )[ ]( ) ( ) .011,0 ≠++−−+−≠= cbcnbbnnvannpAA  (3.26) 

Case III. 

( ) ,1,1,1 2
cnbbn
nvanBnpnl

+−
−+=−==+  

( )( ) ( ) .01,0 ≠+−−+≠= cnbbnnvanAA  (3.27) 

The results (3.25)-(3.27) can be easily obtained if we also use the sine 
method (2.5). Combining (3.25)-(3.27) with (2.4) and (2.5), we obtain the 
following compactons solutions: 

( )
( ) ( )
( )

( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

>+−+−
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⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−

++++
−

+−
−+

=

−+
−+

,otherwise,0

,0,10

,2
1

2
1cos

1
1
2

1 cnbbnaa
cnbbnn

nlvtx

tcnbbnl
cclbllnaAxcnbbnn

anlA

q

nl
nl

 

 (3.28) 

( )

( ) ( )[ ]( )( )

( )[ ]( )
( )[ ]( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+−−+
π+

<−<>+−−+

==⎥⎦
⎤

⎢⎣
⎡ −+−−+

+

=

+−
+−

,otherwise,0

,
1

0,01

,,,12
1cos

2

2 cnbbnnvan
cbnvtxcnbbnnvan

vvAAvtxcnbbnnvancbnA

q

cnbbn
cb

 

 (3.29) 
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( ) ( ) ( )

( ) ( )( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>−++−==

−+
+−π<−<⎥

⎦

⎤
⎢
⎣

⎡
−

+−
−+

=

−

otherwise,0

,01,,

,
12

0,1cos
1

3 nvancnbbnvvAA

nvan
cnbbnvtxvtx

cnbbn
nvanA

q

n

 (3.30) 

and 

( )
( ) ( )
( )

( ) ( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

>+−+−
−+
π<−<

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

++++
−

+−
−+

=

−+
−+

,otherwise,0

,0,
1
20

,
2

1
2
1sin

1
1
2

4 cnbbna
a

cnbbnn
nl

vtx

t
cnbbnl

cclbllnaAx
cnbbnn

anlA

q

nl
nl

 

 (3.31) 

( )

( ) ( )[ ]( )( )

( )[ ]( )
( )[ ]( )

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+−−+
π+

<−<>+−−+

==⎥⎦
⎤

⎢⎣
⎡ −+−−+

+

=

+−
+−

,otherwise,0

,
1
2

0,01

,,,1
2

1sin
2

5 cnbbnnvan
cbn

vtxcnbbnnvan

vvAAvtxcnbbnnvan
cbn

A

q

cnbbn
cb

 

 (3.32) 

( ) ( ) ( )

( ) ( )( )

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>−++−==

−+
+−π<−<⎥

⎦

⎤
⎢
⎣

⎡
−

+−
−+

=

−

otherwise.,0

,01,,

,
1

0,1sin
1

6 nvancnbbnvvAA

nvan
cnbbnvtxvtx

cnbbn
nvanA

q

n

 (3.33) 

However, for ,02 <B  we obtain the following solitary patterns solutions: 
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nlAq −+= 1
2

7 cosh  

( )
( ) ( )
( ) ,2

1
2
1 1

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

++++−
+−

−−+⋅
−+

tcnbbnl
cclbllnaAxcnbbnn

anl nl
 

( ) ,0<+− cnbbna  (3.34) 

( )

( ) ( )[ ]( )( ) ,12
1cosh

2

8 ⎥⎦
⎤

⎢⎣
⎡ −+−−+−

+
= +−

+−
vtxcnbbnnvancbnAq cnbbn

cb
 

( )[ ]( ) ,01 <+−−+ cnbbnnvan  (3.35) 

( ) ( ) ,1cosh
1

9 ⎥
⎦

⎤
⎢
⎣

⎡
−

+−
−+−=

−
vtxcnbbn

nvanAq n  

( )( ) ( ) 01 >+−−+ cnbbnnvan  (3.36) 

and 

nlAq −+−= 1
2

10 sinh  

( )
( ) ( )
( ) ,2

1
2
1 1

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

++++−
+−

−−+⋅
−+

tcnbbnl
cclbllnaAxcnbbnn

anl nl
 

( ) ,0<+− cnbbna  (3.37) 

( )

( ) ( )[ ]( )( ) ,12
1sinh

2

11 ⎥⎦
⎤

⎢⎣
⎡ −+−−+−

+
−= +−

+−
vtxcnbbnnvancbnAq cnbbn

cb
 

( )[ ]( ) .01 <+−−+ cnbbnnvan  (3.38) 

4. Discussion 

The solitary wave solutions and compactons for the GKdV ( )n,1  

equation and the GKdV ( )n−− ,1  equation are obtained analytically by using 
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the sine-cosine method. The obtained results in this work clearly demonstrate 
the effect of the purely nonlinear dispersion and the qualitative change made      
in the genuinely nonlinear phenomenon. This approach may be applied to     
seek traveling wave solutions for other types of nonlinear dispersion partial 
differential equations which satisfy certain restrictions. 
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