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Abstract 

In this paper, we prove a common fixed point theorem for two maps 
defined on a G-cone metric space, satisfying generalized contractive 
condition of integral type. 

1. Introduction 

In 2005, Mustafa and Sims introduced a new structure of generalized 
metric spaces [9], which is called a G-metric space as generalization of a 
metric space ( )dX ,  to develop and introduce a new fixed point theory for 
various mappings in this new structure. 

In 2007, Huang and Zhang introduced a cone metric space by 
substituting an ordered Banach space for the real numbers and proved some 
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fixed point theorems in this space [8]. Many authors have studied this subject 
and many fixed point theorems have been proved. 

In 2010, Beg et al. introduced a G-cone metric space that is an extension 
of cone metric space, and obtained a common fixed point theorem for 
mappings defined on a G-cone metric space satisfying a generalized 
contraction condition [2]. 

In this paper, we introduce a contraction condition of integral type on a 
G-cone metric space and present a common fixed point theorem for two 
maps defined on a G-cone metric space with this contraction condition. 

Definition 1 [8]. Let E be real Banach space. A subset P of E is called a 
cone if and only if the following hold: 

(a) P is closed, nonempty, and { };0≠P  

(b) ,0,,, ≥∈ baba R  and Pyx ∈,  imply that ;Pbyax ∈+  

(c) Px ∈  and Px ∈−  imply that .0=x  

Given a cone ,EP ⊂  we define a partial ordering ≤ with respect to P 
by yx ≤  if and only if .Pxy ∈−  We will write yx <  to indicate that 

yx ≤  but ,yx ≠  while yx  will stand for ,DPxy ∈−  where DP  

denotes the interior of P. The cone P is called normal if there is a constant 
0>K  such that yx ≤≤0  implies yKx ≤  for all ., Eyx ∈  This 

positive number K is called the normal constant. 

We suppose that E is a real Banach space, P is a cone in E with ∅≠DP  
and ≤ is partial ordering with respect to P. 

Definition 2 [8]. Let X be a nonempty set. A function XXXd →×:  
is called a cone metric on X if it satisfies the following conditions: 

(a) ( ) 0, ≥yxd  for all Xyx ∈,  and ( ) 0, =yxd  if and only if ;yx =  

(b) ( ) ( )xydyxd ,, =  for all ;, Xyx ∈  

(c) ( ) ( ) ( )zydzxdyxd ,,, +≤  for all .,, Xzyx ∈  
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In 2010, Beg et al. in [2] introduced a G-cone metric space that is an 
extension of cone metric space. 

Definition 3 [2]. Let X be a nonempty set. Suppose that the mapping 
EXXXG →××:  satisfies: 

(a) ( )zyxG ,,0 ≤  for all Xzyx ∈,,  and ( ) 0,, =zyxG  if and only 

if ;zyx ==  

(b) ( )yxxG ,,0 <  for all Xyx ∈,  with ;yx ≠  

(c) ( ) ( )zyxGyxxG ,,,, ≤  for all Xzyx ∈,,  with ;zy ≠  

(d) ( ) ( ) ( ) "=== xzyGyzxGzyxG ,,,,,,  for all ,,, Xzyx ∈  

(symmetric in all three variables); 

(e) ( ) ( ) ( )zyaGaaxGzyxG ,,,,,, +≤  for all ,,,, Xazyx ∈   

(rectangle inequality). 

Then G is called a generalized cone metric on X and ( )GX ,  is called a 

G-cone metric space. The concept of a G-cone metric space is more general 
than that of G-metric spaces and cone metric spaces. 

Definition 4 [2]. A G-cone metric space X is said to be symmetric if 
( ) ( )xxyGyyxG ,,,, =  for all ., Xyx ∈  

Definition 5 [3]. Let ( )GX ,  be a G-cone metric space. A sequence { }nx  

in X is said to be 

(a) Cauchy sequence if for every Ec ∈  with ,0 c  there is N∈N  

such that for all ( ) .,,,,, cxxxGNlmn lmn>  

(b) Convergent sequence if for every Ec ∈  with ,0 c  there is 

N∈N  such that for all ,, Nmn >  ( ) cxxxG mn ,,  for some 

fixed .Xx ∈  Here, x is called the limit of a sequence { }nx  and is 

denoted by .lim xxnn =∞→  
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A G-cone metric space X is said to be complete if every Cauchy sequence in 
X is convergent in X. 

Remark 1. Let ( )GX ,  be G-cone metric space. For ,,, Xzyx ∈  

(a) if ,zyx  then .zx  

(b) if ,zyx ≤  then .zx  

(c) if ,zyx ≤  then .zx  

(d) if E is a real Banach space with cone P and if ,aa λ≤  where Pa ∈  

and [ ),1,0∈λ  then .0=a  

Lemma 1 [2]. Let X be a G-cone metric space. Then the following 
statements are equivalent. 

(a) { }nx  is convergent to x. 

(b) ( ) ,,, cxxxG nn  as .∞→n  

(c) ( ) ,,, cxxxG n  as .∞→n  

(d) ( ) ,,, cxxxG mn  as ., ∞→nm  

Lemma 2 [2]. Let X be a G-cone metric space. 

(a) If { },nx  { }my  and { }lz  are sequences in X such that ,xxn →  

yym →  and ,zzl →  then ( ) ( )zyxGzyxG lmn ,,,, →  as n, m, 

.∞→l  

(b) If { }nx  is a sequence in X and ,, Xyx ∈  such that { }nx  converges 

to x, y, then .yx =  

(c) If { }nx  is a sequence in X, Xx ∈  and { }nx  converges to x, then 

( ) ,0,, →xxxG nm  as ., ∞→nm  

(d) If { }nx  is a sequence in X, Xx ∈  and { }nx  converges to ,Xx ∈  

then { }nx  is Cauchy sequence. 
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(e) If { }nx  is a Cauchy sequence in X, then ( ) ,0,, →lmn xxxG  as 

n, ., ∞→lm  

Definition 6. Let X be a G-cone metric space and f, g be self mappings 
on X. If gxfxy ==  for some ,, Xyx ∈  then x is called a coincidence 

point of f and g, and y is called a point of coincidence of f and g. 

Definition 7. Let ( )GX ,  be a G-cone metric space. The self mappings f 

and g defined on X are said to be compatible if 

( ) 00,,lim =−−
∞→

nnnn
n

gfxfgxgfxfgxG  

or equivalently for all Ec ∈  and ,0 c  there exists an N∈N  such that 

for all ,Nn >  

( ) ,0,, cgfxfgxgfxfgxG nnnn −−  

where { } N∈nnx  is a sequence in X such that ,limlim tgxfx n
n

n
n

==
∞→∞→

 

.Xt ∈  

Definition 8 [5]. Let X be a G-cone metric space and f, g be two self 
mappings of X. Then f and g are said to be weakly compatible if gtft =  

imply gftfgt =  for all .Xt ∈  

Remark 2. Compatible self mappings are weakly compatible. 

Lemma 3 [1]. Let f and g be weakly compatible self maps of a set X. If f 
and g have a unique coincidence point ,gxfxy ==  then y is the unique 

common fixed point of f and g. 

In 2002, Branciari [4] introduced a general contractive condition of 
integral type as follows. 

Theorem 1. Let ( )dX ,  be a complete metric space, ( )1,0∈α  and 

XXf →:  be a mapping such that, for all ,, Xyx ∈  

( ) ( )
( )( )

∫ ∫ ϕα≤ϕ
fyfxd yxd

dttdtt
,

0

,

0
,  
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where [ ) [ )∞→∞ϕ ,0,0:  is a Lebesgue integrable mapping which is 

summable (i.e., with finite integral) on each compact subset of [ ),,0 ∞  such 

that for each ,0>ε  ( )∫
ε

>ϕ
0

.0dtt  Then f has a unique fixed point Xa ∈  

such that for each ,Xx ∈  .lim axf n
n

=
∞→

 

Khojasteh et al. in [6] introduced the concept of integrability of the 
function [ ] Pba →ϕ ,:  with respect to a cone. We generalize this concept 

and result in G-cone metric spaces and obtain coincidence and common fixed 
point theorems for mappings defined on a G-cone metric space satisfying a 
generalized contractive condition of integral type. 

Definition 9 [6]. Suppose that P is a normal cone in E. Let Eba ∈,  and 

.ba <  We define 

[ ] ( ) [ ]{ },1,0somefor1::, ∈−+=∈= tattbxExba  

[ ) ( ) [ ){ }.1,0somefor1::, ∈−+=∈= tattbxExba  

Definition 10 [6]. The set { }bxxxa n === ...,,, 10P  is called a 

partition for [ ]ba,  if and only if the sets [ ){ }n
iii xx 11, =−  are pairwise disjoint 

and [ ] [ ) { }∪ ∪n
i ii bxxba 1 1 .,, = −=  

Definition 11 [6]. For each partition Q  of [ ]ba,  and each increasing 

function [ ] ,,: Pba →ϕ  we define cone lower summation and cone upper 

summation as 

( ) ( )∑
−

=
−−ϕ=ϕ

1

0
1 ,,

n

i
iii

Con
n xxxL Q  

( ) ( )∑
−

=
−+ −ϕ=ϕ

1

0
11 ,,

n

i
iii

Con
n xxxU Q  

respectively. 
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Definition 12 [6]. Let P be a normal cone in E. The function [ ]ba,:ϕ  

P→  is called an integrable function on [ ]ba,  with respect to cone P or to 

simplicity, cone integrable function if and only if for all partition Q  of 

[ ],, ba  

( ) ( ),,lim,lim QQ ϕ==ϕ
∞→∞→

Con
n

n
ConCon

n
n

USL  

where ConS  must be unique. We show that the common value ConS  is given 
by 

( ) ( )∫ ϕ
b

a
xdPx  or to simplicity, ∫ ϕ

b

a
dP.  

We denote the set of all cone integrable functions by [ ]( ).,,£1 Pba  

Lemma 4 [6]. For each ( )PXgf ,£, 1∈  and ,, R∈βα  we have: 

(a) If [ ] [ ],,, caba ⊂  then ∫ ∫≤
b
a

c
a

fdPfdP ;  

(b) ( )∫ ∫ ∫β+α=β+α
b
a

b
a

b
a

gdPfdPdPgf .  

Proof. See [6].  � 

In 2010, Beg et al. in [3] obtained a common fixed point theorem for 
mappings defined on a G-cone metric space, satisfying a generalized 
contractive condition: 

Theorem 2 [3]. Let X be a G-cone metric space and mappings 
f, XXg →:  satisfying 

( ) ( )( ),,,,, , zyxhufzfyfxG gf≤  

where 

( )( ) ( ) ( ) ( ) ( )
⎩
⎨
⎧∈ ,,,,,,,,,,,,,,, fzfzgzGfyfygyGfxfxgxGgzgygxGzyxu gf  

( ) ( ) ( ) ,2
,,,,,,,

⎭⎬
⎫+ fxfxgzGfyfygxGfzfzgyG  
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for all Xzyx ∈,,  and .10 <≤ h  If the range of g contains the range of f 

and ( )Xg  is a complete subspace of X, then f and g have a coincidence 

point in X. Furthermore, if f and g are weakly compatible, then f and g have 
a unique common fixed point. 

2. Main Results 

In this section, several coincidence and common fixed point theorems 
for  mappings defined on a G-cone metric space, satisfying generalized 
contractive conditions of integral type are obtained. 

Theorem 3. Let f and g be weakly compatible self mappings of G-cone 
metric space ( )GX ,  satisfying the following conditions: 

(a) ( ) ( )XgXf ⊂  and ( )Xg  is complete, 

(b) ( )( )( )
∫ ∫ ϕ≤ϕ

fzfyfxG zyxu gf dPhdP
,,

0
,,

0
,,  

for all Xzyx ∈,,  and [ ),1,0∈h  where 

( )( ) ( ) ( ) ( ) ( )
⎩
⎨
⎧∈ ,,,,,,,,,,,,,,, fzfzgzGfyfygyGfxfxgxGgzgygxGzyxu gf  

( ) ( ) ,2
,,,, fxfxgyGfyfygxG +  

( ) ( ) ,2
,,,, fxfxgzGfzfzgxG +  

( ) ( )
⎭⎬
⎫+

2
,,,, fyfygzGfzfzgyG  

and PP →ϕ :  is a nonvanishing map, cone integrable on each [ ] Pba ⊂,  

such that for all ,0 ε  ∫
ε
ϕ

0
.0 dP  Then f and g have a unique common 

fixed point. 
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Proof. Let 0x  be an arbitrary point in X. Since the range of g contains 

range of f, choose Xx ∈1  such that .10 gxfx =  Continuing this process, 

having choose ,Xxn ∈  we obtain .1 nn fxgx =+  Then, from (b), we have 

( )( )
∫ ∫

++ −
ϕ=ϕ

11 1,,

0

,,

0

nnn nnngxgxgxG fxfxfxG
dPdP  

( )( )
,

,,

0

1,
∫

−
ϕ≤

nnngf xxxu
dPh  

where 

( )( )nnngf xxxu ,,1, −  

( ) ( )
⎩
⎨
⎧∈ −−−− ,,,,,, 1111 nnnnnn fxfxgxGgxgxgxG  

 ( ) ( ) ( )
⎭
⎬
⎫+ −−−

2
,,,,,,, 111 nnnnnn

nnn
fxfxgxGfxfxgxGfxfxgxG  

( ) ( )
⎩
⎨
⎧= ++− 111 ,,,,, nnnnnn gxgxgxGgxgxgxG  

 ( ) ( )
⎭
⎬
⎫+++−

2
,,,, 111 nnnnnn gxgxgxGgxgxgxG  

( ) ( )
⎩
⎨
⎧= ++− 111 ,,,,, nnnnnn gxgxgxGgxgxgxG  

 ( ) .2
,, 111

⎭
⎬
⎫++− nnn gxgxgxG  

Case 1. If, for some n, ( )( ) ( ),,,,, 11, nnnnnngf gxgxgxGxxxu −− =  then 

( )( )
∫ ∫

++ −
ϕ≤ϕ

11 1,,

0

,,

0
.nnn nnngxgxgxG gxgxgxG

dPhdP  (2.1) 

Case 2. If, for some n, ( )( ) ( ),,,,, 111, ++− = nnnnnngf gxgxgxGxxxu  

then 
( )( )

∫ ∫
++ ++

ϕ≤ϕ
11 11,,

0

,,

0
.nnn nnngxgxgxG gxgxgxG

dPhdP  
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Since [ ),1,0∈h  we have ( ) ,0,, 11 =++ nnn gxgxgxG  which implies that 

nnn fxgxgx == +1  for each n, and f, g have nx  as a coincidence point. 

Case 3. If, for some n, ( )( ) ( ) ,2
,,,, 111

1,
++−

− = nnn
nnngf

gxgxgxGxxxu  

then using Definition 3(e), 

( )
2

,, 111 ++− nnn gxgxgxG  

( ) ( )
2

,,,, 111 ++− +
≤ nnnnnn gxgxgxGgxgxgxG  

( ) ( ){ }.,,,,,max 111 ++−≤ nnnnnn gxgxgxGgxgxgxG  

Therefore, we have 

( )
∫

++
ϕ

11,,

0

nnn gxgxgxG
dP  

( )

∫
++−

ϕ≤ 2
,,

0

111 nnn gxgxgxG

dPh  

( ) ( ){ }
∫

++−
ϕ≤

111 ,,,,,max

0

nnnnnn gxgxgxGgxgxgxG
dPh  

( )( )

⎭
⎬
⎫

⎩
⎨
⎧ ϕϕ= ∫ ∫

− ++nnn nnngxgxgxG gxgxgxG
dPdPh

,,

0

,,

0

1 11,max  

and Case 3 reduces to either Case 1 or Case 2. 

Suppose that there exist two distinct common coincidence points u and v; 
i.e., gufu =  and ,gvfv =  but .gvgu ≠  

( )( ) ( ) ( ) ( )
⎩
⎨
⎧∈ ,,,,,,,,,,,, fvfvgvGfufuguGgvgvguGvvuu gf  

( ) ( ) ( ) ,2
,,,,,,, fufugvGfvfvguGfvfvgvG +  
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( ) ( )
⎭
⎬
⎫+

2
,,,, fufugvGfvfvgvG  

( ) ( ) ( )
⎭⎬
⎫

⎩⎨
⎧ += 2

,,,,,,, gugugvGgvgvguGgvgvguG  

{ }21, qq=  say. 

Case I. Suppose that ( )( ) .,, 1, qvvuu gf =  Then we have 

( )( )( )
∫ ∫ ∫ ϕ≤ϕ=ϕ

fvfvfuG gvgvguG gvgvguG
dPhdPdP

,,

0

,,

0

,,

0
,  

which implies that ,gvgu =  a contradiction. 

Case II. Suppose that ( )( ) .,, 2, qvvuu gf =  Then we have, using 

Definition 3(c), 
( ) ( )( )

∫ ∫
+

ϕ≤ϕ
gvgvguG gugugvGgvgvguG

dPhdP
,,

0
2

,,,,

0
 

( )
∫ ϕ≤

gvgvguG
dP

,,

0
,  

which yields ,gvgu =  a contradiction, and the common coincidence point is 

unique. 

Since Case 2 immediately yields the uniqueness of the coincidence point, 
we shall assume that Case 1 is true for all n. 

Using (1), with ( ),,,: 11 ++= nnnn gxgxgxGd  

( )( )
∫ ∫

++ −
ϕ≤ϕ

11 1,,

0

,,

0

nnn nnngxgxgxG gxgxgxG
dPhdP  

"≤  
( )

∫ ϕ≤
110 ,,

0
,

gxgxgxGn dPh  

and therefore ( ) .0,,lim 11 =++ nnnn gxgxgxG  
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We shall now show that { }ngx  is G-Cauchy. From [9, Proposition 9], a 

sequence { }nx  is G-Cauchy if and only if for each ,0>ε  there exists an 

N∈N  such that ( ) ε<mmn xxxG ,,  for each ., Nmn ≥  

Suppose that { }ngx  is not G-Cauchy. Then there exists 0>ε  and 

subsequences ( )km  and ( ),kn  with ( ) ( ) ( )1+<< kmknkm  such that 

( ( ) ( ) ( ) ) ,,, ε≥knknkm gxgxgxG  and ( ( ) ( ) ( ) ) .,, 11 ε<−− knknkm gxgxgxG  (2.2) 

From (2.2), and using Definition 3(c), 

( ( ) ( ) ( ) )knknkm gxgxgxG ,,≤ε  

( ( ) ( ) ( ) ) ( ) .,, 111 −−− +≤ kmknknkm dgxgxgxG  (2.3) 

Taking the limit of (2.3) as ∞→n  yields 

( ( ) ( ) ( ) ) .,,lim ε=knknkmk
gxgxgxG  

From (b), 

( ( ) ( ) ( ) )( ( ) ( ) ( ) )
∫ ∫

−−−
ϕ≤ϕ

knknkm knknkmgxgxgxG gxgxgxG
dPhdP

,,

0

,,

0

111 .  (2.4) 

But, using Definition 3(e), 

( ( ) ( ) ( ) ) ( ( ) ( ) ( ) )kmkmkmknknkm gxgxgxGgxgxgxG ,,,, 1111 −−−− ≤  

( ( ) ( ) ( ) )11,, −−+ knknkm gxgxgxG  

( ) ( ( ) ( ) ( ) )knknkmkm gxgxgxGd ,,1 +≤ −  

( ( ) ( ) ( ) )11,, −−+ knknkn gxgxgxG  

( ) ( ( ) ( ) ( ) )knknkmkm gxgxgxGd ,,1 += −  

( ) .1−+ knd  
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Substituting into (2.4) and taking the limit as ∞→n  yields 

∫ ∫
ε ε

ϕ≤ϕ
0 0

,dPhdP  

a contradiction. Therefore, { }ngx  is G-Cauchy, hence convergent to some 

point .Xu ∈  Since ,1−= nn fxgx  the G-limit of nfx  is also u. Using 

hypothesis (a), there exists a point Xv ∈  such that .ugv =  

We claim that .gvfu =  Using (b), 

( )( )( )( )
∫ ∫ ∫

− −
ϕ≤ϕ=ϕ

fvfvgxG fvfvfxG vvxun n ngf dPhdPdP
,,

0

,,

0

,,

0

1 1, ,  

where 

( )( ) ( ) ( ) ( )
⎩
⎨
⎧∈ −−− ,,,,,,,,,,, 111, fvfvgvGgxgxgxGgvgvgxGvvxu nnnnngf  

( ) ( ) .2
,,,,1

⎭
⎬
⎫+− nnn gxgxgvGfvfvgxG  

Case 1. If, for some n, ( )( ) ( ),,,,, 11, gvgvgxGvvxu nngf −− =  then 

( )( )
∫ ∫

−
ϕ≤ϕ

fvfvgxG gvgvgxGn n dPhdP
,,

0

,,

0

1 .  (2.5) 

Case 2. If, for some n, ( )( ) ( ),,,,, 11, nnnngf gxgxgxGvvxu −− =  then 

( )( )
∫ ∫

−
ϕ≤ϕ

fvfvgxG gxgxgxGn nnn dPhdP
,,

0

,,

0

1 .  (2.6) 

Case 3. If, for some n, ( )( ) ( ),,,,,1, fvfvgvGvvxu ngf =−  then 

( )( )
∫ ∫ ϕ≤ϕ

fvfvgxG fvfvgvGn dPhdP
,,

0

,,

0
.  (2.7) 

Case 4. If, for some n, 

( )( ) ( ) ( ) ,2
,,,,,, 1

1,
nnn

ngf
gxgxgvGfvfvgxGvvxu +

= −
−  
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then 

( ) ( )( )
∫ ∫

+−

ϕ≤ϕ
fvfvgxG

gxgxgvGfvfvgxG
n

nnn

dPhdP
,,

0
2

,,,,

0

1
 

( ) ( )
∫

+−
ϕ≤

nnn gxgxgvGfvfvgxG
dPh

,,,,

0

1  

( )( )
∫ ∫

−
ϕ+ϕ≤

fvfvgxG gxgxgvGn nn dPhdPh
,,

0

,,

0

1 .  (2.8) 

At least one of (2.5)-(2.8) must occur for an infinite number of times. 
Taking the limit as ∞→n  of each of these inequalities yields 

( )( )
∫ ∫ ϕ≤ϕ

fvfvgvG fvfvgvG
dPhdP

,,

0

,,

0
,  

which implies that .fvgv =  

It has already been shown that the coincidence point is unique. The result 
now follows from Remark 2 and Lemma 3.  � 

Corollary 1. Let f and g be compatible self mappings of G-cone metric 
space ( ),, GX  such that for N∈m  satisfying the following conditions: 

(a) ( ) ( ),XgXf ⊂  ( )Xg  is complete, 

(b) ( )( )( )
∫ ∫ ϕ≤ϕ

zfyfxfG zyxummm
gf dPhdP

,,
0

,,
0

, ,  

for all [ ),1,0,,, ∈∈ hXzyx  where 

( )( ) ( ) ( )
⎪⎩

⎪
⎨
⎧

∈ ,,,,,,,,, xfxfxgGzgygxgGzyxu mmmmmm
gf  

( ) ( ),,,,,, zfzfzgGyfyfygG mmmmmm  

( ) ( ) ,2
,,,, xfxfygGyfyfxgG mmmmmm +  
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( ) ( ) ,2
,,,, xfxfzgGzfzfxgG mmmmmm +  

( ) ( )
⎪⎭

⎪
⎬
⎫+

2
,,,, yfyfzgGzfzfygG mmmmmm

 

and PP →ϕ :  is a nonvanishing subadditive cone integrable on each 

[ ] Pba ⊂,  such that for all ,0 ε  ( )∫
ε
ϕ

0
.0 dtt  Then f and g have a 

unique common fixed point. 

Proof. It follows from Theorem 3, that mm gf ,  have a unique common 

fixed point .Xp ∈  Therefore, ( ) ( ),1 fpfpfpfffp mmm === +  and 

( ) ( )fpgpgpgggp mmm === +1  implies that fp and gp are also fixed 

point for mf  and .mg  Hence .pgpfp ==  � 
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