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Abstract 

This paper studies the uniform stability in terms of two measures for 
impulsive functional differential equations with infinite delays by 
using Lyapunov functions and Razumikhin technique. The results 
obtained improve and extend some recent works. The main advantage 
is that it can be applied to the stability problem of nonlinear impulsive 
functional differential equations with infinite delays. Finally, two 
examples are given to illustrate the effectiveness and advantages of the 
results obtained. 
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1. Introduction 

Recently, there has been a significant development in the theory of 
impulsive functional differential equations, especially in the area of 
impulsive functional differential equations with finite delays; see ([1-10] and 
references therein). For example, by employing the Lyapunov functions and 
Razumikhin technique, several global exponential stability criteria are 
established for general impulsive functional differential equations with finite 
delays in [6]. Liu and Fu [11] considered the uniform stability and uniform 
asymptotic stability of impulsive functional differential equations with finite 
delays by establishing some comparison theorems. Recently, special interest 
has been devoted to the stability problem of impulsive functional differential 
equations with infinite delays, see [12-19] where Zhang and Sun [12] 
investigated the uniform stability of impulsive functional differential 
equations with infinite delays by using Lyapunov functions and partial 
variables method. More recently, Li [13] further developed and explored a 
new criterion for the uniform stability of impulsive functional differential 
equations with infinite delays and solved a class of nonlinear problem such 
as 
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However, those results can only be applied to some special cases and 
there are still many cases that cannot be solved to now such as 
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Motivated by the above discussions, we further investigate the uniform 
stability in terms of two measures for impulsive functional differential 
equations with infinite delays. The results obtained can be used to solve the 
stability of some nonlinear problems. The rest of this paper is organized as 
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follows: in Section 2, we introduce some basic notations and definitions. In 
Section 3, we get the main criterion for uniform stability of impulsive infinite 
delay differential equations. In Section 4, two examples are given to illustrate 
the effectiveness and advantages of the results obtained. 

2. Preliminaries 

Let R  denote the set of real numbers, +R  the set of nonnegative real 

numbers, +Z  the set of positive integers and nR  the n-dimensional real space 

equipped with the Euclidean norm .⋅  For any ,00 ∞−≥α−>≥≥ tt  let 

( )( ),, sxtf t  where [ ]tts ,α−∈  is a Volterra type functional. In the case, 

where ,+∞=α  the interval [ ]tt ,α−  is understood to be replaced by 

( ]., t∞−  

Consider the impulsive functional differential equations: 
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where ,00 ≥≥σ t  the impulse times kt  satisfy ,0 10 <<<<≤ kttt  

;lim +∞=
+∞→ kk

t  ,C∈φ  C  is an open set in ([ ] ),,0, nPC Rα−  where 

([ ] ) { [ ] nnPC RR →α−ψ=α− 0,:,0,  is continuous everywhere except at 

finite number of points ,kt  at which ( )+ψ kt  and ( )−ψ kt  exist and ( )+ψ kt  

( )};ktψ=  ([ ] )n
tt PCxx R,0,, α−∈−  are defined by ( ) ( )stxsxt +=  and 

( ) ( )stxsx
t

+= −
−  for ,0≤≤α− s  respectively. Define ( ) { :C∈= txtPCB  

}.boundedistx  For any ( ),tPCB∈ψ  the norm of ψ is defined by =ψ  

( ) ,sup
0

θψ
≤θ≤α−

 where ⋅  denotes the norm of vector in .nR  For any 

,0≥σ  let ( ) ( ){ }.: δ<ψσ∈ψ=σδ PCBPCB  
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For convenience, we define the following classes of functions: 

{ ( ) ( ) ( ) and0for0and00, >>=|∈= ++ ssaaCaK RR  

 }.indecreasing-nonis sa  

{ ( )
( )

( ) }.0,inf,
,

=|×∈=Γ ++ xthCh
xt

n RRR  

{ ([ ] ) ( )ψ|→α−×=Γ ++ ,,0,: 000 thPCBh n RRR  

 ( )( ) }.:,sup 00

0
Γ∈ψ+=

≤≤α−
hssth

s
 

In order to prove our main results, we need the following lemma and 
definitions: 

Lemma 2.1 [15]. The initial problem of system (1) exists with a unique 
solution which will be written in the form ( )φσ,,tx  if the following 

hypotheses hold: 

( )1H  [ ) ,,: 1
n

kk ttf RC →×−  ,+∈ Zk  is continuous and for all +∈ Zk  

and for any ,C∈ψ  the ( ) ( ) ( ) ( )ψ= −
ψ→ − ,,lim ,, ktxt txtf

k
 exist. 

( )2H  ( )ψ,tf  is Lipschitzian in ψ in each compact set in .C  

( )3H  ( ) [ ) nn
k txtI RR →×∞,:, 0  is continuous and for any ,0>ρ  

there exists a ( )ρ∈ρ ,01  such that ( )1ρ∈ Sx  implies that ( )xtIx kk ,+  

( ),ρ∈ S  where ( ) { }.,: nxxxd R∈ρ<=ρ  

( )4H  For any ( ) ([ ) ).,,,, 0
n

t tPCtf RC ∞∈ψ∈ψ  

Throughout this paper, we let ( ) ( )41 - HH  hold. Furthermore, we assume 

that ( ) ,00, =tf  ( ) ,00, =kk tI  ;+∈ Zk  then ( ) 0≡tx  is a solution of 

system (1), which is called the trivial solution. Moreover, we always assume 
that the solution ( )φσ,,tx  of (1) can be continued to ∞ from the right of –σ. 
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Definition 2.1 [13]. A function [ ) +→×∞α− RC,:V  is said to belong 

to class 0v  if 

 (i) V is continuous in each of the sets [ ) C×∞α− ,  and 

( ) ( ) ( ) ( )xtVytV kxtyt k
,,lim

,,
−

→
=−  exists; 

(ii) ( )xtV ,  is locally Lipschitzian in x and for all ( ) .00,,0 ≡≥ tVtt  

Definition 2.2 [13]. Given a function ,0vV ∈  the upper right-hand 

derivative of V along the solution ( )tx  of system (1) is defined by 

( )( ) ( ) ( )( ) ( )( )[ ].,,,1suplim,
0

txtVxthftxhtVhtxtVD t
h

−++=
+→

+  

Definition 2.3 [7]. Let ., 00 Γ∈Γ∈ hh  Then the system (1) is said to be 

( )1S  ( )hh ,0 -stable, if for any 0t≥σ  and ,0>ε  there exists some 

( ) 0, >σεδ=δ  such that ( )σ∈φ δPCB  implies ( ) ,,, ε<φσtx  ,σ≥t  

where ( ) ( )φσ= ,,txtx  is any solution of system (1). 

( )2S ( )hh ,0 -uniformly stable, if the δ in 1S  is independent of σ. 

Definition 2.4 [13]. The trivial solution ( ) 0=tx  of system (1) is said to 

be 

( )1P  stable, if for any 0t≥σ  and ,0>ε  there exists some =δ  

( ) 0, >σεδ  such that ( )σ∈φ δPCB  implies ( ) ,,, ε<φσtx  ,σ≥t  where 

( ) ( )φσ= ,,txtx  is any solution of system (1). 

( )2P  uniformly stable, if the δ in ( )1P  is independent of σ. 

3. Main Results 

Theorem 3.1. Let conditions ( ) ( )41 - HH  be satisfied. Assume that there 

exist functions ,0vV ∈  KWWW ∈321 ,,  and constants ,0>∗T  ,0≥βk  
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+∈ Zk  such that 

  (i) ( )( )( ) ( )( ) ( )( )( ),,0,0, 021 sthWtVthW ψ≥ψ≤ψ  where 

( ) [ ) ([ ] );,0,,, 0
nPCtt Rα−×∞α−∈ψ  

 (ii) ( )( ) ( )( )( ),0,0, 3 ψ≤ψ thWtV  where 

( ) [ ) ([ ] );,0,,, nPCTt Rα−×∞∈ψ ∗  

(iii) ( )( ) ( ) ( )( ) ( ),0,0, tgtVttVD +ψλ−≤ψ+  [ ),,1 kk ttt −∈  whenever 

( )( ) ( )( )sstVtV ψ+≥ψ ,0,  for [ ],0,0 α−∈s  where 

( ) [ )( ) ( ) ( ) [ ]( )++∞→
∞α−∈λ=∞α−∈ RR ,,,0lim,,, 00 tPCttgtPCtg

t
 

and ( ) ;0inf
0

>λ
≥

t
tt

 

(iv) ( ) ( )( ) ( ) ( ( ))0,1,0, ψβ+≤ψ+ψ −
kkkkk tVtItV  with ∑∞

= ∞<β1 .k k  

Then the system of (1) is ( )hh ,0 -uniformly stable. 

Proof. For any ,0t≥σ  let ( ) ( )φσ= ,,txtx  be a solution of system (1) 

through ( )., σσ  For any given ,0>ε  from the definitions of ,,, 321 WWW  

we can choose ( ) 0>εδ=δ  and ( )ε∈ε∗ ,0  such that 

 ( ) ( )εβ<δ −
1

1
2 WW  and ( ) ( ),1

1
3 εβ<ε −∗ WW  (2) 

where ( )∏∞
= β=β+1 .1k k  Next, we show that ( ) δ<φσ,0h  implies 

( )( ) .,, σ≥ε< ttxth  

Since ( ) ,0lim =
+∞→

tg
t

 there exists a 0>∗T  such that ∗> Tt  implies 

 ( ) ( ),2
1

1
1 ελβ< − Wtg  where ( ) .0inf

0
>λ=λ

≥
t

tt
 (3) 
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Set { }.,max ∗∗= TTT  Then there are two cases: 

Case 1. [ ].,0 Tt∈σ  We show that 

( )( ) .,, σ≥ε< ttxth  

By the continuity of solutions with respect to the initial values on the 

interval [ ],, Tσ  one may choose a small enough ( )δ∈δ∗ ,0  such that 

( ) ∗δ<φσ,0h  implies 

( )( ) [ ].,,, Tttxth σ∈ε<ε< ∗  

In particular, ( )( ) ., ∗ε<TxTh  Then it follows from (2), condition (ii) 

and ∗> TT  that 

( )( ) ( )( )( ) ( ) ( ).,, 1
1

33 εβ<ε<≤ −∗ WWTxThWTxTV  

Next, we prove that 

( )( ) .,, Tttxth ≥ε<  

Suppose that [ )mm ttT ,1−∈  for some ,+∈ Zm  then we show that 

 ( )( ) ( ) [ ).,,, 1
1

mtTtWtxtV ∈εβ≤ −  (4) 

If this assertion is not true, then there exists a [ )mtTt ,∈  such that 

( )( ) ( )., 1
1 εβ> − WtxtV  

Set { [ ) ( )( ) ( )}.,:,inf 1
1 εβ>∈= −∗ WtxtVtTtt m  Since 

( )( ) ( ),, 1
1 εβ< − WTxTV  

it holds that 

( ( )) ( ) ( )( ) ( ) [ ]∗−−∗∗∗ ∈εβ≤εβ=> tTtWtxtVWtxtVTt ,,,,,, 1
1

1
1  

and ( ( )) .0, ≥∗∗+ txtVD  Note that 

( ( )) ( ) ( ( )) [ ].0,,,, 1
1 α−∈++≥εβ= ∗∗−∗∗ sstxstVWtxtV  
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By conditions (iii) and (3), we have 

( ( )) ( ) ( ( )) ( )∗∗∗∗∗∗+ +λ−≤ tgtxtVttxtVD ,,  

( ) ( )ελβ+ελβ−≤ −−
1

1
1

1
2
1 WW  

( )ελβ−≤ −
1

1
2
1 W  

,0<  

which is a contradiction with ( ( )) 0, ≥∗∗+ txtVD  and thus (4) holds. 

Considering (i) and (4), it can be deduced that 

( )( ) [ ).,,, mtTttxth ∈ε<  

Then from (4) and condition (iv), we get 

( )( ) ( ( ) ( ( )))−− += mmmmmmm txtItxtVtxtV ,,,  

( ) ( ( ))−−β+≤ mmm txtV ,1  

( ) ( ).1 1
1 εβ+β≤ − Wm  

By the same argument, we may prove that 

 ( )( ) ( ) ( ) [ ).,,1, 11
1

+
− ∈εβ+β≤ mmm tttWtxtV  (5) 

If (5) does not hold, then there exists a [ )1, +∈ mm ttt  such that 

( )( ) ( ) ( ).1, 1
1 εβ+β> − WtxtV m  

Set { [ ) ( )( ) ( ) ( )}.1,:,inf 1
1

1 εβ+β>∈= −
+

∗ WtxtVtttt mmm  Since ( )( )mm txtV ,  

( ) ( ),1 1
1 εβ+β≤ − Wm  it holds that ,mtt >∗  

( ( )) ( ) ( ),1, 1
1 εβ+β= −∗∗ WtxtV m  

( )( ) ( ) ( ),1, 1
1 εβ+β≤ − WtxtV m  [ ]∗∈ ttt m ,  and ( ( )) .0, ≥∗∗+ txtVD  Note 
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that 

( ( )) ( ) ( ) ( ( )) [ ].0,,,1, 1
1 α−∈++≥εβ+β= ∗∗−∗∗ sstxstVWtxtV m  

From this and condition (iii), we have 

( ( )) ( ) ( ( )) ( )∗∗∗∗∗∗+ +λ−≤ tgtxtVttxtD ,,  

( ) ( ) ( )ελβ+εβ+λβ−≤ −−
1

1
1

1
2
11 WWm  

( ) ( ) ( ) ( )εβ+λβ+εβ+λβ−≤ −−
1

1
1

1 12
11 WW mm  

( ) ( )εβ+λβ−≤ −
1

1 12
1 Wm  

,0<  

which is a contradiction with ( ( )) 0, ≥∗∗+ txtVD  and thus (5) holds. 

Considering (i) and (5), it can be deduced that 

( )( ) [ ).,,, 1+∈ε< mm ttttxth  

By simple induction, we can prove that for [ ) [ ),,, 1+∈ kkm tttTt ∪  

,mk ≥  

( )( ) ( ) ( ) ( ) ( ),11, 11
1 ε<εβ+β+β≤ − WWtxtV km  

which implies that 

( )( )( ) ( )( ) ( ) .,,, 11 TtWtxtVtxthW ≥ε<≤  

So ( )( ) .,, Tttxth ≥ε<  

Case 2. [ )., ∞∈σ T  We show that 

( )( ) .,, σ≥ε< ttxth  

From condition (i) and (2), we have 

( )( ) ( )( ) ( ) ( ).,, 1
1

202 εβ<δ≤φσ≤σσ − WWhWxV  
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Then, by the same argument, it can be deduced that ( )( ) ,, ε<txth  

.σ≥t  The proof of Theorem 3.1 is complete. 

Remark 3.1. Theorem 3.1 presents a new criterion for the uniform 
stability in terms of two measures for impulsive functional differential 
equations with infinite delays. It can be applied to some nonlinear problems, 
which is different from the existing results given in [13]. The criterion is 
more general than several recent works. Furthermore, a few choices of 
two measures ( )hh ,0  can be given and the corresponding theory of stability 

would be established. In particular, we choose ( )( ) ( )( )txthtxth ,, 0=  

( ) ,tx=  then we have the following results by Theorem 3.1. 

Corollary 3.1. Let conditions ( ) ( )41 - HH  be satisfied. Assume that there 

exist functions KWWvV ∈∈ 210 ,,  and constant +∈≥β Zkk ,0  such that 

  (i) ( )( ) ( )( ) ( )( ) ( ) [ ) ;,,,, 021
ntxttxWtxtVtxW R×∞α−∈≤≤  

 (ii) ( )( ) ( ) ( )( ) ( ),0,0, tgtVttVD +ψλ−≤ψ+  [ ),,1 kk ttt −∈  whenever 

( )( ) ( )( )sstVtV ψ+≥ψ ,0,  for [ ],0,α−∈s  where 

( ) [ )( ) ( ) ( ) [ ]( )++∞→
∞α−∈λ=∞α−∈ RR ,,,0lim,,, 00 tPCttgtPCtg

t
 

and ( ) ;0inf
0

>λ
≥

t
tt

 

(iii) ( ) ( )( ) ( ) ( ( ))0,1,0, ψβ+≤ψ+ψ −
kkkkk tVtItV  with ∑∞

= ∞<β1 .k k  

Then the trivial solution of system (1) is uniformly stable. 

Proof. Choose ( )( ) ( )( ) ( ) .,, 0 txtxthtxth ==  By Theorem 3.1, we can 

obtain the above corollary. 

Remark 3.2. In [1], by using Lyapunov functions and Razumikhin 
technique, the author obtained some sufficient conditions for the uniform 
stability of system (1). But it can only be applied to solve the stability of 
some linear problems. Note that in our result, we require that the function 



Uniform Stability in Terms of Two Measures for Impulsive … 129 

VD+  satisfies the assumption (ii) to obtain the desirable stability. Therefore, 
our development result can be widely used in solving the stability problem of 
nonlinear impulsive functional differential equations with infinite delays. 
Later, we present an example to illustrate that our conditions are more 
feasible than that given in the earlier. 

Theorem 3.2. Let conditions ( ) ( )41 - HH  be satisfied. Assume that there 

exist functions KWWvV ∈∈ 210 ,,  and constant +∈≥β Zkk ,0  such that 

  (i) ( )( ) ( )( ) ( )( ) ( ) [ ) ;,,,, 021
ntxttxWtxtVtxW R×∞α−∈≤≤  

 (ii) ( )( ) ( ) ( )( ) ( ),0,0, tgtVttVD −ψλ≤ψ+  [ ),,1 kk ttt +∈  whenever 

( )( ) ( )( )sstVtV ψ+≥ψ ,0,  for [ ],0,α−∈s  where 

( ) ([ ) ) ( ) ( ) [ )( )RR ,,,0inf,,, 00
0

∞α−∈λ>∞α−∈
≥+ tPCttgtPCtg

tt
 

and ( ) ;sup
0

∞<λ
≥

t
tt

 

(iii) ( ) ( )( ) ( ) ( ( ))0,1,0, ψβ+≤ψ+ψ −
kkkkk tVtItV  with ∑∞

= ∞<β1 .k k  

Then the trivial solution of system (1) is uniformly stable. 

Proof. For any ,0t≥σ  let ( ) ( )φσ= ,,txtx  be a solution of system (1) 

through ( )., φσ  For any given ,0>ε  from the definitions of ,, 21 WW  we 

can choose ( ) 0>εδ=δ  such that 

( ) ( ),1
1

2 εβ<δ − WW  

where ( )∏∞
= β=β+1 .1k k  Next, we show that ( )σ∈φ δPCB  implies 

( ) ., σ≥ε< ttx  

First, it is obvious that 

( )( ) ( )( ) ( )( ) ( ) ( ) [ ].,,, 1
1

221 σα−σ∈εβ<δ≤≤≤ − tWWtxWtxtVtxW  
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Then suppose that [ )mm tt ,1−∈σ  for some ,+∈ Zm  next we show that 

 ( )( ) ( ) [ ).,,, 1
1

mttWtxtV σ∈εβ≤ −  (6) 

If this assertion is not true, then there exists a [ )mtt ,σ∈  such that 

( )( ) ( )., 1
1 εβ> − WtxtV  

Set { [ ) ( )( ) ( )}.,:,inf 1
1 εβ>σ∈= −∗ WtxtVttt m  Since ( )( ) ( ),, 1

1 εβ<σσ − WxV  

it holds that 

( ( )) ( ) ( )( ) ( ) [ ]∗−−∗∗∗ σ∈εβ≤εβ=σ> ttWtxtVWtxtVt ,,,,,, 1
1

1
1  

and ( ( )) .0, ≥∗∗+ txtVD  Note that 

( ( )) ( ) ( ( )) [ ].0,,,, 1
1 α−∈++≥εβ= ∗∗−∗∗ sstxstVWtxtV  

For any given ,,0 1
1 ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛
λ
βη

∈ε −W  by condition (ii), we have 

 ( ( )) ( ) ( ( )) ( )∗∗∗∗∗∗+ −λ≤ tgtxtVttxtVD ,,  

( ) η−ελβ≤ −
1

1W  

,0<  

where ( ) 0inf
0

>=η
≥

tg
tt

 and ( ) ,sup
0

∞<λ=λ
≥

t
tt

 which is a contradiction with 

( ( )) 0, ≥∗∗+ txtVD  and thus (6) holds. Considering (i) and (6), it can be 

deduced that 

( ) [ ).,, mtttx σ∈ε<  

Then, from (6) and condition (iii), we get 

 ( )( ) ( ( ) ( ( )))−− += mnmmmmm txtItxtVtxtV ,,,  

( ) ( ( ))−−β+≤ mmm txtV ,1  

( ) ( ).1 1
1 εβ+β≤ − Wm  
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By the same argument, one may prove that 

 ( )( ) ( ) ( ) [ ).,,1, 11
1

+
− ∈εβ+β≤ mmm tttWtxtV  (7) 

If (7) does not hold, then there exists a [ )1, +∈ mm ttt  such that 

( )( ) ( ) ( ).1, 1
1 εβ+β> − WtxtV m  

Set { [ ) ( )( ) ( ) ( )}.1,:,inf 1
1

1 εβ+β>∈= −
+

∗ WtxtVtttt mmm  Since ( )( )mm txtV ,  

( ) ( ),1 1
1 εβ+β≤ − Wm  it holds that ( ( )) ( ) ( ),1,, 1

1 εβ+β=> −∗∗∗ WtxtVtt mm  

( )( ) ( ) ( ) [ )∗− ∈εβ+β≤ tttWtxtV mm ,,1, 1
1  and ( ( )) .0, ≥∗∗+ txtVD  Note that 

( ( )) ( ) ( ) ( ( )) [ ].0,,,1, 1
1 α−∈++≥εβ+β= ∗∗−∗∗ sstxstVWtxtV m  

By the choice of ε and condition (ii), we have 

 ( ( )) ( ) ( ( )) ( )∗∗∗∗∗∗+ −λ≤ tgtxtVttxtVD ,,  

( ) ( ) η−εβ+λβ≤ −
1

1 1 Wm  

,0<  

which is a contradiction with ( ( )) 0, ≥∗∗+ txtVD  and thus (7) holds. 

Considering (i) and (7), we get 

( ) [ ).,, 1+∈ε< mm ttttx  

By simple induction, we can prove that for [ ) [ ),,, 1+σ∈ kkm tttt ∪  

,mk ≥  

( )( ) ( ) ( ) ( ) ( ),11, 11
1 ε<εβ+β+β≤ − WWtxtV km  

which implies that 

( )( ) ( )( ) ( ) .,, 11 σ≥ε<≤ tWtxtVtxW  

So ( ) ., σ≥ε< ttx  The proof of Theorem 3.2 is complete. 
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Remark 3.3. By Theorem 3.2, it can be easy to check that system (B) is 
uniformly stable. Also, this assertion can be shown by following Example 
4.2. 

4. Applications 

In this section, we shall give two examples to show the effectiveness and 
advantages of our results. 

Example 4.1. Consider the following impulsive functional differential 
equations: 

 
( ) ( ) ( ) ( ) ( )( ) ( )

( )
( )

( ) ( ) ( )⎪⎩

⎪
⎨
⎧

∈γ=−
+

+τ−+−=

+
−− ,,

,
1 2

Zktxtxtx

th
tx

txttxtbtxtatx

kkkk

 (8) 

where ( ),, ++∈ RRCa  ( ),, RR+∈ Cb  ( ) [ ) [ )( ),,0,,0 ∞∞∈τ Ct  ( ) ,tt <τ  

( ) ( ),∞→∞→τ− ttt  ( ) [ )( ),,,0 R∞∈ Cth  ( ) kt
th γ=

+∞→
,0lim  are some 

nonnegative constants which satisfy ∑∞
= ∞<γ1 .k k  

Property 4.1. The trivial solution of system (8) is uniformly stable if 
( ) ( ){ } .0inf

0
>−

≥
tbta

tt
 

Proof. Choose ( ) ( ),, 2 txxtV =  then we have 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )
( )

( )
⎭
⎬
⎫

⎩
⎨
⎧

+
+τ−+−≤+ th

tx
txttxtbtxtatxxtVD 21

2,  

( ) ( ) ( ) { ( ) ( )( )} ( )
( )

( )th
tx

txttxtxtbtxta 2

2
222

1
22
+

+τ−++−≤  

( ) ( ) ( ) ( ) ( )thxtVtbxtVta 2,2,2 ++−≤  

( ) ( ){ } ( ) ( )thxtVtbta 2,2 +−−≤  

( ) ( ),2,2 thxtV +λ−≤  

where ( ) ( ){ }.inf
0

tbta
tt

−=λ
≥

 In addition, note that 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),,1,11, 2222 xtVxtVtxtxxtV kkkkkkkk
−−− β+=γ+=γ+==  

where ( ) .11 2 −γ+=β kk  Obviously, ∑∞
= ∞<β1k k  if ∑∞

= ∞<γ1 .k k  By 

Corollary 3.1, we can obtain the above property easily. 

Remark 4.1. In particular, we choose ( ) ,
1

1
2t

th
+

=  then the trivial 

solution of (8) is uniformly stable. 

Example 4.2. Consider the following impulsive functional differential 
equations: 

 
( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )

( ) ( ) ( )⎩
⎨
⎧

∈β=−

−τ−+=

+
−− ,,

,sgn

Zktxtxtx

tHtxttxtbtxtatx

kkkk
 (9) 

where ( ),, ++∈ RRCa  ( ),, RR+∈ Cb  ( ) [ ) [ )( ),,0,,0 ∞∞∈τ Ct  ( ) ,tt <τ  

( ) ( ),∞→∞→τ− ttt  ( ) [ )( ),,,0 R∞∈ Cth  ( ) ktt
tH β>

≥
,0inf

0
 are some 

nonnegative constants which satisfy ∑∞
= ∞<β1 .k k  

Property 4.2. The trivial solution of system (9) is uniformly stable if 
( ) ( ){ } .sup

0

∞<+
≥

tbta
tt

 

Proof. Choose ( ) ( ) ,, txxtV =  then we have 

( ) ( ) ( ) ( ) ( )( ) ( )tHttxtbtxtaxtVD −τ−+≤+ ,  

( ) ( ) ( ) ( ) ( )tHxtVtbxtVta −+≤ ,,  

( ) ( ){ } ( ) ( )tHxtVtbta −+≤ ,  

( ) ( ),, tHxtV −λ≤  

where ( ) ( ){ } .sup
0

∞<+=λ
≥

tbta
tt

 In addition, note that 

( ) ( ) ( ) ( ) ( ) ( ),,11, xtVtxtxxtV kkkkkk
−− β+=β+==  

where ∑∞
= ∞<β1 .k k  By Theorem 3.2, we can obtain the above property 

easily. 
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Remark 4.2. From the above examples, we can find that the results 
obtained are very simple and effective for implementing in real problems. 
We believe that this provides some theoretical guidelines for investigation of 
uniformly stable in terms of two measures for impulsive functional 
differential equations with infinite delays. 

5. Conclusion 

In this paper, in terms of two measures for impulsive functional 
differential equations with infinite delays is considered. We obtain a new 
sufficient criterion ensuring uniform stability of the trivial solution for such 
impulsive functional differential equations by using Lyapunov functions and 
Razumikhin technique. Also, the results here can solve some stability 
problems of nonlinear impulsive functional differential equations with 
infinite delays. Our results can be applied to the cases not covered in some 
earlier references. Finally, two examples have been given to illustrate the 
effectiveness and advantages of the results obtained. 
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