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Abstract

This paper studies the uniform stability in terms of two measures for
impulsive functional differential equations with infinite delays by
using Lyapunov functions and Razumikhin technique. The results
obtained improve and extend some recent works. The main advantage
is that it can be applied to the stability problem of nonlinear impulsive
functional differential equations with infinite delays. Finally, two
examples are given to illustrate the effectiveness and advantages of the
results obtained.
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1. Introduction

Recently, there has been a significant development in the theory of
impulsive functional differential equations, especially in the area of
impulsive functional differential equations with finite delays; see ([1-10] and
references therein). For example, by employing the Lyapunov functions and
Razumikhin technique, several global exponential stability criteria are
established for general impulsive functional differential equations with finite
delays in [6]. Liu and Fu [11] considered the uniform stability and uniform
asymptotic stability of impulsive functional differential equations with finite
delays by establishing some comparison theorems. Recently, special interest
has been devoted to the stability problem of impulsive functional differential
equations with infinite delays, see [12-19] where Zhang and Sun [12]
investigated the uniform stability of impulsive functional differential
equations with infinite delays by using Lyapunov functions and partial
variables method. More recently, Li [13] further developed and explored a
new criterion for the uniform stability of impulsive functional differential
equations with infinite delays and solved a class of nonlinear problem such
as

t) = —2x(t SxN(t-s)ds, t>0, t=k,
X(t) x()+I e °x  (t—s)ds, # A

xt)-x(t7), t=k, keZ,.

However, those results can only be applied to some special cases and
there are still many cases that cannot be solved to now such as

PR | x(t)
x(t)—Ex(t)+x(t 1(t)) - ()(1+t) t>0, t=#1, -
X(t) = x(t7) = Bpx(t™), tztk, keZ,.

Motivated by the above discussions, we further investigate the uniform
stability in terms of two measures for impulsive functional differential
equations with infinite delays. The results obtained can be used to solve the
stability of some nonlinear problems. The rest of this paper is organized as
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follows: in Section 2, we introduce some basic notations and definitions. In
Section 3, we get the main criterion for uniform stability of impulsive infinite
delay differential equations. In Section 4, two examples are given to illustrate
the effectiveness and advantages of the results obtained.

2. Preliminaries

Let R denote the set of real numbers, R, the set of nonnegative real

numbers, Z. the set of positive integers and R" the n-dimensional real space
equipped with the Euclidean norm ||-|. For any t >ty > 0 > —a > —oo, let
f(t, x(s)), where s e[t —a, t] is a Volterra type functional. In the case,

where o = +oo, the interval [t —a, t] is understood to be replaced by
(o0, 1]
Consider the impulsive functional differential equations:
X(t)= f(t, x), t=>o, t=t,
AX(ty) = X(tc ) = x(t) = Ix(t, x(t ), keZy, @)
Xo = 0(s), s e[-a, 0],
where o >ty > 0, the impulse times t, satisfy 0 <ty <t; <--- <ty <---,

I(Iim t, =+0; ¢ C, C is an open set in PC([-a, 0], R"), where
—>+00

PC([-a, 0], R") = {y : [-a, 0] = R" is continuous everywhere except at
finite number of points t,, at which y(tg) and wy(t;) exist and w(tg)
= y(t )} %, X- € PC([~a, 0], R") are defined by xi(s) = x(t +s) and
X~ (s) = x(t™ +s) for —a < s <0, respectively. Define PCB(t) = {x; € C:
X is bounded}. For any y e PCB(t), the norm of v is defined by |y | =

sup |w(0)|, where |-| denotes the norm of vector in R". For any
-a<0<0

c >0, let PCBs(c) = {y € PCB(c) : || v | < &}.
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For convenience, we define the following classes of functions:

K ={aeC(R,, R,)la(0)=0and a(s) > 0 for s > 0 and

a is non-decreasing in s}.

I ={heCR, xR", R+)|(inf)h(t, x) = 0}.
t, X

Iy = {hy : R, x PCB([~ a, 0], R") - R, |hy(t, )

sup h%(t+s, w(s)): h0 e r}.

—a<s<0

In order to prove our main results, we need the following lemma and
definitions:

Lemma 2.1 [15]. The initial problem of system (1) exists with a unique
solution which will be written in the form x(t, o, ¢) if the following

hypotheses hold:
(Hy) f:[tq, t)xC — R", k € Z,, is continuous and for all k € Z.

and for any y € C, the “m(t,x)—>(tk_,\|/) f(t, x) = (t, y) exist.
(H,) f(t, v) is Lipschitzian in y in each compact set in C.

(H3) I (t, X) :[tg, ©)xR" — R" is continuous and for any p > 0,

there exists a p; € (0, p) such that x e S(py) implies that x + Iy (ty, X)
€ S(p), where d(p) = {x:| x| <p, x e R"}.

(Hy) Forany y € C, f(t, y;) € PC([tg, ), R").

Throughout this paper, we let (H1)-(H4) hold. Furthermore, we assume
that f(t,0)=0, I (t,0)=0, k eZ,; then x(t)=0 is a solution of
system (1), which is called the trivial solution. Moreover, we always assume
that the solution x(t, o, ¢) of (1) can be continued to « from the right of —c.
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Definition 2.1 [13]. A function V : [-a, ) x C — R, is said to belong
to class vq if

(i) V is continuous in each of the sets [-a, ©)xC and
lim _ V(t, y)=V(t, X) exists;

(t, y)—> (g, X) ( y) ( k )

(i) V(t, x) is locally Lipschitzian in x and for all t > ty, V(t, 0) = 0.

Definition 2.2 [13]. Given a function V € vy, the upper right-hand

derivative of V along the solution x(t) of system (1) is defined by

DV (t, x(t)) = Iimsup%[V(t +h, x(t) + hf(t, x)) =V (t, x(t))].

h—0"

Definition 2.3 [7]. Let h € T', hy € Ty. Then the system (1) is said to be

(S1) (hg, h)-stable, if for any o >ty and ¢ > 0, there exists some
8 =38(g, 5) > 0 such that ¢ € PCB;s(c) implies |x(t, o, ¢)| <&, t=o,

where x(t) = x(t, o, ¢) is any solution of system (1).
(S») (hg, h)-uniformly stable, if the § in S; is independent of o.

Definition 2.4 [13]. The trivial solution x(t) = 0 of system (1) is said to
be

(R) stable, if for any o >t; and ¢ >0, there exists some & =
8(e, o) > 0 such that ¢ € PCB;(c) implies | x(t, o, ¢)| <&, t=o, where
X(t) = x(t, o, ¢) is any solution of system (1).

(P,) uniformly stable, if the 5 in (R) is independent of .
3. Main Results

Theorem 3.1. Let conditions (Hq)-(H,4) be satisfied. Assume that there

exist functions V e vy, Wy, W, W3 € K and constants T* > 0, By >0,
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k € Z, such that
() Wa(h(t, w(0))) <V (t, w(0)) = Wy (ho(t, w(s))), where
(t, v) € [ty —a, ©) x PC([~a, 0], R");
(i) V(t, w(0)) < Wa(h(t, y(0))), where
(t, y) e [T*, 0)x PC([- o, O], R");

(iii) D*V(t, y(0)) < —A(t)V(t, w(0)) + g(t), te[te_q,tx), whenever
V(t, w(0)) = V(t +s, y(s)) for s € [0 — a, 0], where

9(t) € PC([ty —at, ), R),  lim g(t) =0, A(t) e PC([to — at, 0] R,)

and inf A(t) > 0;
t=tg

(V) V (i, w(0) + Tie(te, w)) < (@ + B )V (tc, w(0)) with 377 By < oo.
Then the system of (1) is (hg, h)-uniformly stable.

Proof. For any o > tg, let x(t) = x(t, o, ¢) be a solution of system (1)

through (o, o). For any given ¢ > 0, from the definitions of Wy, W,, W5,

we can choose & = §(g) > 0 and £* < (0, €) such that
W5(8) < B~Wi(e) and Ws(e") < B~ Wa(e), v
where [T, (1+By) = B. Next, we show that hy(s, ¢) < & implies
hit, x(t) <& t>o.

Since lim g(t) = 0, thereexistsa T* > 0 suchthat t > T" implies
t—+o0

lg(t)] < %XB‘]\Nl(e), where A = tintf AMt) > 0. €))
2ty
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Set T = max{T", T"}. Then there are two cases:
Case 1. ¢ € [tg, T]. We show that
hit, x(t) <& t>o.

By the continuity of solutions with respect to the initial values on the

interval [o, T], one may choose a small enough 8 e (0, 8) such that
ho(o, ¢) < 8" implies
h(t, x(t)) <e* <e, telo, T]
In particular, h(T, x(T)) < &*. Then it follows from (2), condition (ii)
and T > T" that
V(T, X(T)) <W3(h(T, X(T))) < W3(e") < B~ Wy(e).

Next, we prove that
h(t, x(t)) <e, t>T.

Suppose that T € [ty_1, ty) for some m e Z,, then we show that
V(t x(®) < BWie), e[ ty). (4)
If this assertion is not true, then there existsa t e [T, t,) such that
V(t, X(1) > B Wy(s).
Set t* = inf{t e [T, ty) : V(t, x(t)) > B‘l\Nl(g)}. Since

V(T, x(T)) < B Wy(e),
it holds that

t* > T, V(5 x(t") = P Wy(e), V(t, x(t)) < P Wy (e), t e [T, t*]
and DV (t*, x(t*)) > 0. Note that

V(L5 x(t*)) = B Wy(e) = V(" +s, x(t* +5)), se[-a, 0]
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By conditions (iii) and (3), we have

DV(t", x(t*)) < AtV (", x(t*)) + g(t¥)

< 1B We) + 515 W)

<2 2B M)
<0,

which is a contradiction with D*V(t*, x(t*)) > 0 and thus (4) holds.
Considering (i) and (4), it can be deduced that

h(t, x(t)) <&, tell,ty).
Then from (4) and condition (iv), we get
V(tm, X(tm)) =V (tm, X(tm) + I (tm, X(tm)))
< @+ Bm)V(tm, X(tm))
< BHL+ B )Wy (e).
By the same argument, we may prove that
V(X)) < BHL+ B )Wa(e),  t € [t tmsa). ®)
If (5) does not hold, then there exists a t € [ty,, ty,1) such that
V(t, (1) > BHL+ B )Wa(e).
Set t* =inf{t e[ty tyg):V (t, X(1))> B 1L+ By )Wy (e)}. Since V (ty, X(t,))
< B+ By Wy (e), it holds that t* > t,,
V", X(t)) = BHL+ B )WA(e),

V(t, x(t)) < B0+ By Wy (e), t e[ty t*] and DTV(t*, x(t*)) > 0. Note
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that
V(t*, x(t*) = B0+ By )Wy(e) = V(t* +5, X(t* +5)), s e[-a, 0]
From this and condition (iii), we have

DF(t", x(t%)) < —A(t*)V (", x(t*)) + g(t¥)

< AP+ B WAe) + 3 AP WA (e)
< 1B HL+ B Wale) + 5 AL+ B A(e)

< S ABHL+ WA (e)
< 0,

which is a contradiction with D*V(t*, x(t*)) >0 and thus (5) holds.
Considering (i) and (5), it can be deduced that

h(t, x(t) <&t e[ty tnsg).

By simple induction, we can prove that for t e [T, ty,) U [t, tki1),
k>m,

V(t, X(1) < BHL+ B+ (L + B OWa(e) < Wi (e),
which implies that
Wy (n(t, x(t))) < V(t, x(t)) <Wy(e), t>T.
So h(t, x(t)) < t>T.
Case 2. ¢ [T, ). We show that
ht, x(t)) <& t2o.
From condition (i) and (2), we have

V(o, X(6)) < Wa(hg(o, §)) < Wy(8) < B~ Wi(s).
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Then, by the same argument, it can be deduced that h(t, x(t)) < &,
t > o. The proof of Theorem 3.1 is complete.

Remark 3.1. Theorem 3.1 presents a new criterion for the uniform
stability in terms of two measures for impulsive functional differential
equations with infinite delays. It can be applied to some nonlinear problems,
which is different from the existing results given in [13]. The criterion is
more general than several recent works. Furthermore, a few choices of
two measures (hg, h) can be given and the corresponding theory of stability

would be established. In particular, we choose h(t, x(t)) = hg(t, x(t))

= | x(t)|, then we have the following results by Theorem 3.1.

Corollary 3.1. Let conditions (Hq)-(H,4) be satisfied. Assume that there

exist functions V € v, Wy, W, € K and constant B > 0, k € Z, such that
() Wa( (O ) <V (&, (1) < W X(1)]) (¢ X) € [to - a1, ) x R,

(i) D*V(t, w(0)) < ML)V (L, w(0)) + g(t), te[ty_q,te), whenever
V(t, w(0)) =2 V(t +s, y(s)) for s € [-a, 0], where

g(t) e PC([ty — @, »), R), tEToo g(t)=0, A(t) e PC(Jtg — o, ], R)

and inf A(t) > 0;
t=tg

(i) V (t, w(0) + I (t, w)) < (L+ B )V (&, w(0)) with 337 By < oo,
Then the trivial solution of system (1) is uniformly stable.

Proof. Choose h(t, x(t)) = hy(t, x(t)) =| x(t) | By Theorem 3.1, we can

obtain the above corollary.

Remark 3.2. In [1], by using Lyapunov functions and Razumikhin
technique, the author obtained some sufficient conditions for the uniform
stability of system (1). But it can only be applied to solve the stability of
some linear problems. Note that in our result, we require that the function
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D'V satisfies the assumption (ii) to obtain the desirable stability. Therefore,
our development result can be widely used in solving the stability problem of
nonlinear impulsive functional differential equations with infinite delays.
Later, we present an example to illustrate that our conditions are more
feasible than that given in the earlier.

Theorem 3.2. Let conditions (Hq)-(H,) be satisfied. Assume that there
exist functions V € v, Wy, W, € K and constant B > 0, k € Z, such that

() Wil x(®) ) < V(t x(1) < Wo( x()]), (t x) € [to — e, 0) x R

(i) DV(t, y(0)) < M)V (t, w(0)) — g(t), t e[ty t), whenever
V(t, y(0)) = V(t +s, y(s)) for s € [-a, 0], where

g(t) e PC([ty — a, »), R,), tigtfo g(t) >0, A(t) e PC(Jtg — o, ), R)

and sup A(t) < oo;
t=tg

(iii) V (i, w(0) + I (t, w)) < L+ By )V (tic, w(0)) with D77 By < eo.
Then the trivial solution of system (1) is uniformly stable.

Proof. For any o > tg, let x(t) = x(t, o, ¢) be a solution of system (1)
through (o, ¢). For any given ¢ > 0, from the definitions of W;, W5, we

can choose & = 8(¢) > 0 such that
W (8) < B~ Wi (e),
where Hf:1(1+ Bk) = B. Next, we show that ¢ € PCBg(c) implies

|x(t)|<e t=o
First, it is obvious that

Wa(| X(B) ) <V (t X(1)) < Wa(| X() ) < W(3) < B~Wi(e), t € [o - a, o]
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Then suppose that & € [ty,_1, ty,) for some m e Z,, next we show that
V(t x() <BWi(e), telo, ty). (6)
If this assertion is not true, then there existsa t € [o, ty) such that
V(t, x(t) > B Wy (e).

Set t* =inf{t e[o, ty):V(t, x(t)) > B~ W (e)}. Since V (o, X(c)) < B~ W, (¢),
it holds that

t* > o, V(t*, x(t*)) = B Wy(e), V(t, x(t) < B~ W(e), telo,t*]
and D*V(t*, x(t*)) > 0. Note that

V(5 x(t*) = B Wy (e) = V(" +s, x(t* +5)), sel[-a, 0]

For any given ¢ e (0, Wl_l(BTnD, by condition (ii), we have

DYV (t*, x(t™)) < At*)V (", x(t¥)) - g(t¥)
< ABTWy(e) - m
<0,

where n = inf g(t) > 0 and A = sup A(t) < oo, which is a contradiction with
t=tg t>tg

D*V(t*, x(t*)) > 0 and thus (6) holds. Considering (i) and (6), it can be
deduced that
Ix(t)|<e, telo, ty)
Then, from (6) and condition (iii), we get
V(tm, X(tm)) =V, X(tm) + In(tn, X(tm)))
< (14 Bm)V (tm, x(tm))

< BHL+ B )Wi(e).
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By the same argument, one may prove that
V(t x() < B+ Bn)Wale) € [ty tnn): @)
I (7) does not hold, then there exists a t < [ty, ty.1) Such that
V(t x(V) > BHL+ B )Wa(e).

Set t* =inf{t € [tm, tns1):V (t, X(1)) > B~ (L+ B Wa(e)}. Since V (t, X(tm))
< B+ By )Wy (e), it holds that t* >t V(t*, x(t*)) = B~(L+ By )Wy (e),
V(t, X(t)) < B0+ By Wy (), t € [ty t¥) and DV (t*, x(t*)) > 0. Note that

V(T X(t) = B+ Bn)Wa(e) 2 V(" +55, x(t" +9)), s € [0, 0]

By the choice of & and condition (ii), we have

DV(t", x(t)) < AtV (L, x(t) - g(t")
< ABTHL+ B )Wa(e) — m

< 0,

which is a contradiction with D*V(t*, x(t*)) >0 and thus (7) holds.
Considering (i) and (7), we get

Ix(t)| <& teltm tni)-

By simple induction, we can prove that for t € [o, ty) U [tc, tki1),

k > m,

V(L X(1) < BHL+ B )+ (L + B W () < Wi (e),
which implies that
Wi(| x(t)]) S V(H, x(t) <Wyi(e), t=o.

So | x(t)| < &, t > o. The proof of Theorem 3.2 is complete.
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Remark 3.3. By Theorem 3.2, it can be easy to check that system (B) is
uniformly stable. Also, this assertion can be shown by following Example
4.2.

4. Applications

In this section, we shall give two examples to show the effectiveness and
advantages of our results.

Example 4.1. Consider the following impulsive functional differential

equations:

%(t) = —a(t)x(t) + bt)x(t — <(t)) + X(t)(t) h(t), ©

X(te) — x(t) = vex(te ), ke Zy,
where a € C(R,, R,), beC(R,, R), 1(t) e C([0, ), [0, ©)), 1(t)<t,
t —1(t) > oo(t — o), h(t) e C([0, =), R), ’[ETOO h(t) =0, y, are some

nonnegative constants which satisfy chleyk < o0,

Property 4.1. The trivial solution of system (8) is uniformly stable if
inf {a(t) —| b(t) |} > 0.
=ty

Proof. Choose V(t, X) = x?(t), then we have

DVt x) < 2X<t>{— a(t)x(t) + b(t)x(t - ¥(t)) + “2)( 5 h(o}
< =2a(t)x*(t) + | b(t) | {X*(t) + X*(t — w(t)} + 12X2(t)

+ X2(t) )

< —2a(t)V(t, x) + 2 b(t)|V(t, x) + 2h(t)
< =2{a(t) - |b(t) [}V (t, x)+ 2h(t)
< -2AV(t, x) + 2h(t),

where A = t|£1tf {a(t) — | b(t)|}. Inaddition, note that
=0



Uniform Stability in Terms of Two Measures for Impulsive ... 133
2 2.2 2\ (4— _
Vtk, X) = x“(tc) = L+ v )7 x () = @+ v )V (., x) = L+ By )V (&, %),

where By = (L+ yy)? —1. Obviously, Bk <o if 30y <. By

Corollary 3.1, we can obtain the above property easily.

Remark 4.1. In particular, we choose h(t) = Lz then the trivial
1+t

solution of (8) is uniformly stable.

Example 4.2. Consider the following impulsive functional differential
equations:

{X(t) = a(t)x(t) + b(t)x(t — =(t)) — sgn(x(t))H(t), ©

X(tc) = x(t ) = Bix(te ), ke Zy,

where a € C(R,, R,), beC(R,, R), t(t) e C([0, o), [0, ®)), (t)<t,

t —1(t) = oot - ©), h(t) e C([0, »), R), tintf H(t) >0, B, are some
=)

nonnegative constants which satisfy ZC;:lBk < o0,

Property 4.2. The trivial solution of system (9) is uniformly stable if

sup{a(t) + | b(t) [} < .
t>tg

Proof. Choose V(t, x) =| x(t)|, then we have
DV (t, x) < at)] x(t)| + | b) || x(t — =(t) | - H(t)
<a(t)V(t, x)+|b(t)|V(t, x) - H(t)
<{a(t) +|b(t) [}V (t, x) - H(t)
< AV(L, X) = H(t),

where A = sup{a(t) +|b(t) |} < . Inaddition, note that
t>tg

V(t, x) = x(t)| = @+ By )| x(te ) [ = @+ By )V (b, %),

where Zleﬁk < . By Theorem 3.2, we can obtain the above property

easily.
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Remark 4.2. From the above examples, we can find that the results
obtained are very simple and effective for implementing in real problems.
We believe that this provides some theoretical guidelines for investigation of
uniformly stable in terms of two measures for impulsive functional
differential equations with infinite delays.

5. Conclusion

In this paper, in terms of two measures for impulsive functional
differential equations with infinite delays is considered. We obtain a new
sufficient criterion ensuring uniform stability of the trivial solution for such
impulsive functional differential equations by using Lyapunov functions and
Razumikhin technique. Also, the results here can solve some stability
problems of nonlinear impulsive functional differential equations with
infinite delays. Our results can be applied to the cases not covered in some
earlier references. Finally, two examples have been given to illustrate the
effectiveness and advantages of the results obtained.
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